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ABSTRACT

KEYWORDS Unsteady flows; Flapping wings; Immersed boundary method;

Physics informed neural networks; Deep learning; Sequential

learning.

Unsteady flows past rigid or flexible moving bodies, such as flapping wings, are

characterized by complex, nonlinear interactions spanning multiple spatial and temporal

scales. These intricate flow features can be accurately resolved using high-fidelity

computational fluid dynamics (CFD) techniques such as the Immersed Boundary Method

(IBM),which enable the simulation ofmoving bodies on a fixedEulerian grid. By doing so,

IBM eliminates the need for mesh regeneration at every time step, significantly reducing

computational overhead compared to Arbitrary Lagrangian–Eulerian (ALE) formulations.

Nevertheless, IBM-based simulations remain memory-intensive and computationally

expensive, particularly for long-time integrations or large-scale parametric studies.

Whether through experiments or numerical simulations, accurately characterizing the

underlying flow dynamics often requires resolving the unsteady flow field over extended

time horizons. This demand for long-duration, high-fidelity data can impose severe

memory and storage constraints, thereby limiting achievable spatiotemporal resolution.

Moreover, even when the solid-body kinematics are periodic, the flow field itself may

exhibit aperiodic / quasi-periodic behavior due to the inherent nonlinearities of the

Navier–Stokes equations, resulting in rich and broadband temporal spectra. In many

practical scenarios, such constraints lead to sparse or coarse spatio-temporal flow-

field data, or cases where only a subset of flow variables is stored. Rerunning the

corresponding simulations or experiments to reconstruct the missing or hidden flow

variables can be prohibitively expensive. Furthermore, in cases involving moving bodies

within the computational domain where a rich temporal spectra due to aperiodicity / quasi-

periodicity is observed, inadequate temporal resolution can degrade the reconstruction

accuracy of both observed and unobserved flow-field quantities. Consequently, there is
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a strong need for surrogate modeling frameworks capable of efficiently handling these

temporal and spatial complexities in unsteady flows past moving bodies.

Classically, researchers have attempted to address moving-boundary problems through

rigid body or conformal transformations that map the computational domain to a body-

attached reference frame. However, such formulations become cumbersome when

extended to multiple moving bodies or flexible, deforming structures. In contrast,

frameworks that model moving-body interactions within a fixed Eulerian reference

frame—without domain remeshing—offer greater flexibility and generality. At the

same time, these frameworks must remain data-efficient, computationally lightweight for

querying, and capable of addressing inverse problems such as hidden-variable recovery. In

recent years, Physics-InformedNeural Networks (PINNs) have shown remarkable promise

in solving a wide range of forward and inverse problems in computational mechanics. Yet,

their potential remains underexplored for unsteady flows involving moving boundaries.

Given the advantages of working in a fixed Eulerian frame—akin to the Immersed

Boundary Method—and the ability of PINNs to operate over arbitrary geometries, they

present a powerful foundation for building surrogate modeling frameworks.

This dissertation introduces an immersed-boundary-aware (IBA) surrogate modeling

framework based on PINNs for unsteady flows past moving bodies. The framework

emphasizes two primary challenges: (i) hidden-variable recovery from sparse data, and

(ii) modeling under temporal domain complexities in unsteady flow-field measurements.

The methodology is demonstrated on the canonical problem of flow past a plunging

airfoil, with training datasets generated using an in-house, GPU-parallelized, discrete-

forcing IBM-based unsteady flow solver implemented in C++. Pressure recovery from

velocity-field data is considered as the primary representative inverse problem. Two

PINN formulations are investigated within the IBA framework: one based directly on

the incompressible Navier–Stokes equations and another derived from the Immersed

Boundary Method (IBM) formulation. Their relative performance is systematically



evaluated and compared using a novel multi-part physics loss weighting strategy to

determine suitable scenarios where these formulations will be applicable. To improve

data efficiency while preserving accuracy, a physics-based undersampling technique

is introduced.The potential of the framework is further explored to address hidden-

boundary estimation, super-resolution reconstruction from coarse or sparse velocity

data, and a forward problem prediction. In addition, sequential learning strategies

are developed to tackle temporal complexities in unsteady flow datasets, including

temporal sparsity, long time horizons, and rich temporal spectra associated with aperiodic

dynamics. A preferential spatio-temporal sampling approach combined with physics-

based undersampling is proposed to enhance near-field pressure recovery and overall

model performance under limited data. Together, these contributions establish a unified,

data-efficient, and physics-informed surrogate modeling paradigm for inverse and forward

problems in unsteady fluid–structure interaction systems, with strong potential for both

numerical and experimental applications.
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CFD Computational Fluid Dynamics.

DL Deep Learning.

GPU Graphics Processing Unit for accelerated
computing.

Gradient Imbalance A condition in PINN training where loss
gradients vary significantly across spatial
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Hidden Variable Recovery The process of inferring unmeasured
physical quantities, such as pressure fields,
from sparse or indirect data using
physics-informed models..
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infrastructure.
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geometries.

IC Initial Condition of PDE domain.

Immersed Boundary Aware Framework A unified mesh-agnostic surrogate modeling
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both fluid and solid domains for unsteady
flows past moving bodies in an inertial frame
of reference..

Leading Edge Vortex (LEV) A coherent vortex structure formed near the
leading edge of a flapping or pitching airfoil,
contributing significantly to lift and unsteady
aerodynamic forces..

Loss Function Objective function minimized during
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NOTATION

𝒖 Fluid velocity vector field

Γ𝐼𝐵 Solid boundary denoted by Lagrangian markers

Γ𝑖𝑛𝑙𝑒𝑡 Inlet boundary for the overall domain

Γ𝑟
𝑙𝑒 𝑓 𝑡

, Γ𝑟𝑡𝑜𝑝, Γ
𝑟
𝑏𝑜𝑡𝑡𝑜𝑚

, Γ𝑟𝑖𝑔ℎ𝑡 left, right, top and bottom boundaries of the truncated spatial
domain.

Γ𝑜𝑢𝑡𝑙𝑒𝑡 Inlet boundary for the overall domain

Γ𝑤𝑎𝑙𝑙 Wall boundary for the overall domain

𝜆𝐵𝐶 Loss weight for Dirichlet boundary condition loss components

𝜆𝐵𝑢𝑙𝑘 Loss weight for bulk data loss component

𝜆 𝑓 𝑙𝑢𝑖𝑑 Loss weight for physics informed loss computed in the fluid region

𝜆𝐼𝐵𝑣𝑎𝑟 weight for immersed boundary auxillary variable (IBVar) loss component

𝜆𝐼𝐵 Loss weight for no-slip boundary condition loss component computed on the
lagrangian markers

𝜆𝐼𝐶 Loss weight for initial condition loss

𝜆𝑠𝑜𝑙𝑖𝑑 weight for physics informed loss computed in the solid region

L Loss function

L𝐵𝑢𝑙𝑘 Bulk data loss function

L𝐼𝐵 No slip boundary condition loss function

L𝑃ℎ𝑦 Physics loss function

Ω Spatial domain
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Ω 𝑓 Spatial domain excluding the moving solid region

Ω𝑟
𝑓

Truncated spatial domain excluding the moving solid region

Ω𝑠(𝑡) Moving solid region in the domain

𝜔𝑧 Vorticity

𝜙 Activation function

𝜋 ratio of the circumference of a circle to its diameter

𝑐 Chord length of the airfoil

𝐶𝐷 Aerodynamic drag coefficient

𝐶𝐿 Aerodynamic lift coefficient

ℎ Plunging amplitude

𝑘 Reduced plunging frequency

𝑝 Pressure

𝑅𝑒 Reynolds number

𝑇 Plunging time period

𝑡 Time
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𝑋 Data matrix
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CHAPTER 1

INTRODUCTION

Unsteady flow generally manifests in different forms: (i) vortical structures in the wake of

a stationary object (Derakhshandeh and Alam, 2019), (ii) impinging flow disturbances

on an object (Sørensen, 2011), and (iii) resultant flow field around moving bodies

immersed in a fluid medium (Shelley and Zhang, 2011). In the present study, we are

interested in the third kind. Such flows are often characterized by the flow field having a

strong spatio-temporal dependence. Often, this spatio-temporal dependence manifests

through vortices surrounding and trailing the structures (Lewin and Haj-Hariri, 2003;

Derakhshandeh and Alam, 2019; Khalid et al., 2018; Lai and Platzer, 1999; Shelley and

Zhang, 2011; Young and Lai, 2007). These vortices stretch, rotate, merge, attach, and

detach, with each of these mechanisms having varying effects on the loads acting on the

structures (Bose and Sarkar, 2018; Majumdar et al., 2020). These mechanisms are also

in return affected by displacement or deformation of the structures (Shelley and Zhang,

2011).

Interactions between fluid and flexible structure either submerged or surrounding the

fluid are found in many biological and engineering systems. These systems come in

different sizes and their study is undeniably intriguing owing to the rich physics they

exhibit (Paidoussis, 1998; Dowell andHall, 2001; Païdoussis et al., 2010). The importance

of studying such fluid structure interaction (FSI) systems have only grown over the years

owing to the need for efficient, effective, biomimetic practical realizations (Paidoussis,

1998; Bisplinghoff et al., 1996; Heil and Hazel, 2011; Païdoussis et al., 2010; Shyy et al.,

2013; Singh et al., 2012; Xiao and Zhu, 2014).

In order to understand fundamental barriers to optimal design of mechanical structures



in flow, in-depth computational or experimental investigations are thus necessary.

Experiments and high-fidelity numerical simulations are gateways to understanding

the underlying aero (hydro)-dynamic principles that lead to effective load generation

in natural flyers and swimmers. However, to build efficient aerial or underwater

vehicles, one must not just understand the mechanisms but also harness them. This

requires exploration of a vast multi-dimensional design space for determining the optimal

system parameters. Once designed, these systems need to actively execute maneuvers

in difficult urban/forest environments and adapt to sudden impinging disturbances in

the flow requiring performant real time control laws. However, to achieve the above,

experiments or high-fidelity simulations are often extremely expensive and are not

suitable for real-time query applications like active control and design optimization.

Both experimental and numerical approaches demand that the unsteady flow field

be resolved over long time horizons to accurately capture the underlying dynamics.

This requirement often leads to significant memory constraints, limiting the attainable

spatiotemporal resolution of the data. Furthermore, even under periodic solid-body

kinematics, the flow field may exhibit aperiodic or quasi-periodic behavior due to

the nonlinear nature of the Navier–Stokes equations, resulting in broadband temporal

spectra (Lewin and Haj-Hariri, 2003; Khalid et al., 2015; Bose and Sarkar). In practical

scenarios, only sparse or coarse spatio-temporal data may be available, and often only

a subset of flow variables may be stored—leaving critical hidden flow-field variables

unrecorded. Rerunning these experiments or simulations to recover such missing

variables can be prohibitively expensive. Moreover, in cases involving temporal sparsity

and moving bodies within the computational domain, insufficient temporal resolution

could further degrades the reconstruction accuracy of both observed and hidden flow-field

quantities. These limitations highlight the pressing need for data-efficient surrogate

modeling frameworks that not only accelerate flow-field prediction but also enable

hidden-physics recovery, sparse data reconstruction, and robust handling of temporal-

domain complexities. Such frameworks can bridge the gap between physical fidelity and
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computational tractability—paving the way for the design and control of next-generation

bio-inspired vehicles.

In recent years, deep learning (Bishop, 2006; Goodfellow et al., 2016) has demonstrated

remarkable success across a wide range of challenging applications, including computer

vision (Krizhevsky et al., 2017), time series analysis (Ismail Fawaz et al., 2020), natural

language processing (Vaswani et al., 2023), and geospatial analytics (Bodnar et al.,

2024). Motivated by these advances, deep learning has increasingly attracted attention for

solving forward and inverse problems in unsteady aero- and hydrodynamics. Nevertheless,

applying machine learning to unsteady flows past moving bodies remains highly non-

trivial due to the intricate nonlinear interactions and multi-scale dynamics inherent in

such systems. This study therefore focuses on physics-informed deep learning approaches

for surrogate modeling of unsteady flows past moving bodies, emphasizing the recovery

of hidden flow-field variables, reconstruction from sparse data, and robust handling of

temporal-domain complexities.

1.1 UNSTEADY FLOWS PAST MOVING BODIES AND THEIR

APPLICATIONS

Mighty birds soaring high in the skies, insects buzzing around flowers, and fish diving

deep into the oceans, are all marvelous beings capable of performing complex aerial or

underwater locomotion. Moreover, these organisms execute complex maneuvers with

minimal energy expenditure (Chin and Lentink, 2016). Hence, the undying intrigue of

these organisms motivated humans to catch up with these natural flyers and swimmers.

Over the recent decades, significant efforts have been dedicated by scientists and engineers

to design autonomous micro-aerial vehicles (MAVs) and underwater Vehicles (AUVs)

that are capable of harnessing aero/hydrodynamic principles to fly or swim. In both the

cases, flapping mechanism is used to generate lift and thrust for their efficient locomotion.

Flapping wing micro aerial vehicles and autonomous underwater vehicles have received
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significant attention owing to their multi-fold applications in surveillance, environmental

monitoring, and security (Shelley and Zhang, 2011). These devices are often expected to

be small in size and operate at slow flight speeds which is realized only at a low Reynolds

(𝑅𝑒) number flow regime. In this low Reynolds number regime, both fixed wing and

rotary wing flying models for MAVs are inefficient due to poor aerodynamic performance

and extensive noise generation, respectively. Both are impediments to effective design.

This is where bio-mimicry is promising, because insects with their flapping wings can

execute complex maneuvers in tight spaces while operating at low 𝑅𝑒 (Chin and Lentink,

2016). However, the aerodynamic principles governing flapping wing flight are complex

in nature due to the non-linear interactions between the fluid medium and the flapping

wing (Lai and Platzer, 1999; Chin and Lentink, 2016; Bose et al., 2019). Hence, inspired

by natural flyers, in recent years, significant research efforts have been dedicated to

understand the unsteady flow around flapping wings in the low 𝑅𝑒 regime, and allow

the effective flight devices of flapping wings (Platzer et al., 2008; Lewin and Haj-Hariri,

2003; Khalid et al., 2015; Bose and Sarkar, 2018; Bose et al., 2017, 2019; Majumdar

et al., 2020, 2022; Shah et al., 2024a,b; Xie et al., 2023).

Often the flapping wing system is modeled simplistically as an oscillating foil suspended

in a free stream. The interactions between the oscillating foil and the surrounding fluid

medium can lead to a diverse set of wake patterns. Earlier works on flow past oscillating

foils such as Platzer et al. (2008); Gursul and Cleaver (2019); Wu et al. (2020) report a

variety of wake patterns and its consequence on aerodynamic load generation as an effect

of varying kinematic parameters such as the oscillation frequency and amplitude. The

topology of this diverse wake patterns can help characterize and classify the flow-field

behavior (Majumdar et al., 2020; Bose and Sarkar, 2018). Over the recent years, many

works have employed tools from nonlinear time series analysis and dynamical systems

theory to characterize the dynamic signatures of the flow. In fact Bose et al. (2019);

Majumdar et al. (2020); Shah et al. (2024a) investigated the routes to chaos for rigid

and flexible flapping wing systems. Specific attention was drawn to quasi-periodic
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scenarios where the flow-field exhibits a seemingly regular or periodic behavior but on

careful analysis reveals the present of additional incommensurate frequencies leading

to the phase space trajectories filling the phase-space. Moreover, quasi-periodic flows

demonstrated aerodynamic load enhancing behavior. Such quasi-periodicity can be

expected from natural flyers/ swimmers because exact periodicity cannot be maintained

by such natural systems due to the constant stimuli-response adaptivity required from

these organisms.

Numerous ways exist to understand the physics of such unsteady flow: (1) experimental

investigations using wind/water tunnels (Koochesfahani, 1989; Platzer et al., 2008), (2)

analytical or phenomenological models (Facchinetti et al., 2004), and (3) numerical

approximations (Kim and Choi, 2019). Over the last two decades, the unsteady

aerodynamics community has dedicated significant efforts to understand the various load

generatingmechanisms, and vortex dynamics through physical experiments and numerical

simulations across different flow-scales. A comprehensive review of aerodynamics of

flapping wing systems are discussed in the works of Ansari et al. (2006) and Xie et al.

(2023).

While the present dissertation primarily focuses on numerical simulations, the role and

potential of data-driven and physics-informed learning methods are highlighted in the

broader context of both experimental and computational studies involving flows past

moving bodies. For the investigations reported here, the flow-field data are obtained

from high-fidelity CFD simulations using our in-house, GPU-parallelized code.

The next section discusses the evolution of numerical modeling techniques for unsteady

flows past moving bodies, setting the stage for introducing the motivation and applications

of machine learning in this domain.
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1.2 EVOLUTION OF NUMERICAL MODELING OF UNSTEADY FLOWS

PAST MOVING BODIES

The numerical modeling of unsteady flows past moving bodies has undergone substantial

evolution over the decades, transforming from simplified analytical approaches to

sophisticated computational methods that leverage modern hardware capabilities. This

development has allowed researchers to better understand complex fluid-structure

interactions that are critical in numerous applications ranging from aircraft design to

biomedical engineering.

1.2.1 Historical context and early developments

The quest to understand unsteady flows past moving bodies originated with the human

ambition to achieve flight and mimic the aerodynamics of bird flight. As attempts

at mechanized human flight progressed, engineers encountered catastrophic structural

failures due to flow-induced vibrations of aircraft wings. This challenge gave birth to

aeroelasticity (Bisplinghoff et al., 1996; Fung, 2008), which integrated aerodynamics

and structural dynamics to model the complex non-linear interactions between fluid and

structure. In these early days, experimental investigations using wind and water tunnels

served as primary tools for studying unsteady flows, while mathematical models provided

an elegant means to formalize the understanding gained from experiments. However,

while the structural dynamics equations were relatively straightforward to derive from

first principles, fluid forces governed by the more complex nonlinear Navier-Stokes

equations, defied analytical solutions in most practical scenarios.

1.2.2 Early analytical models

Due to computational limitations of the era, researchers developed simplifiedmathematical

models that captured essential flow physics while remaining mathematically tractable.

These included steady, quasi-steady, and unsteady analytical aerodynamic models for

pitch-plunge motion. Researchers such as Wagner (1925) and Theodorsen (1935)

developed analytical models for lift and moment that captured the delay and phase effects
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inherent in unsteady lift generation on oscillating airfoils. For example, the Wagner

function model describes the time-delayed lift response of an airfoil to an abrupt change in

angle of attack, and Theodorsen’s theory provides a frequency-domain representation for

oscillating airfoils by accounting for circulatory effects. Thesemodels—although based on

simplifying assumptions such as inviscid flow and small-amplitude oscillations—offered

significant insight into the dynamics of flight and the onset of aeroelastic issues that led

to catastrophic wing failures. Many other authors have further expanded on the thin

arifoil theory of Theodorsen (1935) to estimate thrust (Garrick, 1937; Lighthill, 1970).

Also, in recent times, adapting from the Wagner theory (Wagner, 1925), and the lifting

line theory (Jones, 1939), Boutet and Dimitriadis (2018) modeled the unsteady lift and

moment for 3D thin wings undergoing pitch and plunge motions. Directed towards

estimating aerodynamic loads for insect flight, many works discuss the quasi-steady

models (Sane and Dickinson, 2002; Fung, 2008) which assume that the forces can be

predicted solely from the instantaneous angle of attack of the foil while totally ignoring

the past history of the wake. In a recent effort, Wang et al. (2020a) proposed a quasi

steady aerodynamic model taking inspiration from the blade element method (BEM)

considering the aerodynamic mechanisms of circulation,dissipation, added mass and

inertial effects. It is worth noting that these methods can only estimate the aerodynamic

loads and not simulate the flow-field. Hence, it is not possible to possible to determine

the vortex interactions leading to load generation, both in the near field and in the wake.

Moreover, in time, materials became lighter and structures more flexible, resulting in

larger oscillations due to fluid forces, and as interest grew in mimicking natural flyers and

swimmers, these models proved inadequate for capturing the complete flow physics. This

was because the analytical or quasi-steady models were incapable of modeling viscous

effects and were valid only for thin airfoils / flat plates and small amplitude oscillations.

1.2.3 Vortex-based methods

As the demands for more accurate and robust predictions of unsteady flow phenomena

increased, especially in the context of large-amplitude motions and emerging interests in
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biologically inspired flight, researchers transitioned to vortex-based methods addressing

the limitations of earlier models. Specifically, this included vortex circulation-based

approaches such as the unsteady vortex lattice methods (UVLM) (Katz and Plotkin, 2001).

UVLM improved on the classical analytical approaches by modeling the formation and

evolution of vortex wakes behind moving bodies and their respective effect on the solid

body forces. These methods could capture the shedding and interaction of discrete

vortices more realistically than small perturbation models - even though they often

retained the assumption of inviscid flow. Seminal works such as Hess and Smith (1967);

Katz and Weihs (1978) in the 1976s and 1970s laid the groundwork for later numerical

implementations that integrated vortex shedding physics into reduced-order frameworks.

Although these methods improved the predictions, they still maintained the inviscid flow

assumption potentially limiting their accuracy in low Reynolds number regime flows

where viscous effects dominate. Moreover, these methods were incapable of resolving

the leading edge vortices which were crucial contributors to load generation in flapping

wings. Although some works such as Ramesh et al. (2014) proposed artificial modeling

of nonlinear viscous separations to capture the LEV growth behavior in terms of a

leading-edge suction parameter (LESP), they are inadequate to capture the intricate

the complex interactions between different vortex structures such as LEV/ TEV in the

flow-field (Lewin and Haj-Hariri, 2003; Bose and Sarkar, 2018; Chin and Lentink, 2016).

Hence, there arose the need for high-fidelity simulations of flow-field dynamics which

could resolve not just the wake effects, but also account for viscous effects, the boundary

layer and the leading edge/ trailing edge vortex formation and their complex dynamical

interactions.

1.2.4 Computational fluid dynamics for high-fidelity simulations

With advancements in high-performance computing, high-fidelity computational fluid

dynamics (CFD) simulations have become essential tools for understanding complex

flow phenomena that are difficult to measure experimentally. Typically, in physical

experiments, load cells in physical experiments using wind tunnels, one can measure

8



the aggregate forces on a body (Platzer et al., 2008). On the other hand, numerical

simulations can go further and reveal the underlying causes of these forces by providing

detailed velocity and pressure fields throughout the domain.

Despite advancements, high-fidelity simulations remain computationally intensive for

unsteady flows past moving bodies due to: the dynamic nature of the solid boundaries,

iterative linear algebra routines in Navier-Stokes solvers, mesh quality concerns due to

body movement, and memory demands for parametric exploration (Álvarez-Farré et al.

(2021); Mader et al. (2020); Reguly and Mudalige (2020)).

Earlier CFD methods employed either purely Lagrangian or Eulerian approaches for

solving the N-S equations. Lagrangian methods such as Discrete vortex methods

which allowed following of the solid interfaces accurately, are often limited to two

dimensional flow and focused on simulating only the vortex elements and not the entire

fluid flow (Ramesh et al., 2014). Eulerian methods on the other hand could resolve this

issue but required that the boundary conditions on the moving boundaries be handled

carefully. Hence two primary spatial discretization strategies for unsteady flows past

moving bodies arose: the arbitrary lagrange eulerian (ALE) and the immersed/embedded

boundary method (IBM) based approaches. The ALE methods (Hirt et al., 1974; Sarrate

et al., 2001; Wick, 2013) involve body-conformal meshes that must be updated or

regenerated as the solid body moves through the fluid domain. The body conformal mesh

is designed to strictly follows the moving body. This deformation of the mesh is informed

by solving a modified set of N-S equations, where the convective acceleration term in

the momentum conservation equation now depends on the relative velocity between

the fluid and the moving solid mesh. Although effective, this approach necessitates

computationally expensive remeshing operations, and stringent mesh quality concerns

as deformations become extreme. Moreover, when there are multiple moving bodies

like, say, a school of fish, a cascade of vibrating airfoils, or an array of freely vibrating

cylinders, ALE becomes inadequate in handling multiple moving body frequencies or

9



very large deformations.

Hence, it is desirable to employ body-non-conformal mesh-based approaches as such

methods would allow the free movement of single or multiple moving or deforming

bodies in the fluid domain. Motivated by such an idea, Peskin (1972) introduced the

immersed boundary method to study flow patterns around heart valves. In IBM, a fixed

Eulerian grid is used to discretize the domain where the solid boundary (described

by a set of Lagrangian marker points), is immersed. This allows one to use simple

orthogonal/cartesian grids thereby easing the computations. However, incorporating

the boundary conditions on the moving body surface is a non-trivial task. This is why

an external momentum forcing term is often added to the N-S equations to account for

the moving body. Over the years, different improvements have occurred in the method

leading to a broad classification of IBM into continuous and discrete forcing based

methods.

In the continous forcing approach as in Peskin (1972, 2002), the momentum forcing is

a continuous function of space and time. However, the continuous forcing approach

suffered from a diffused boundary problem due to poor mass conservation in the solid

region and its vicinity. To tackle this, Peskin and Printz (1993) employed a divergence free

finite-difference operators to improve the mass conservation. Noting that the extension

of this approach to rigid moving bodies was limiting, a feedback forcing scheme was

proposed by Goldstein et al. (1993) borrowing from control theory to model the moving

solid body. However, this led to spurious oscillations in the flow predictions and

necessitated heavy restrictions on the computational time-step size to ensure numerical

stability.

To overcome these challenges of continuous forcing approach, a discrete forcing approach

was adopted by researchers such as Mohd-Yusof (1997); Kim et al. (2001); Farhat et al.

(2001); Mittal and Iaccarino (2005) which allowed better handling of the boundary
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conditions on the moving body. In the discrete forcing approach, the forcing term

is essentially not a real physical force as in the continuous forcing approach (Peskin,

1972). Whereas, it is numerically calculated from the discretized momentum equation

such that the no-slip boundary condition on the moving body is satisfied. It was later

explained by Fadlun et al. (2000) that the discrete forcing approach is indeed equivalent

to setting velocity values to grid points in such a way that boundary conditions on the

solid body are satisfied. However, even the discrete forcing IB methods suffered from

spurious force oscillations in the computed fluid forces mainly due to spatio-temporal

discontinuity at the fluid-solid interface. Kim et al. (2001) developed an improved

the approach of Mohd-Yusof (1997) by accompanying the application of momentum

forcing with the introduction of a mass source/sink in the continuity equation. This

ensured a rigorous satisfaction of the mass continuity, ensured numerical stability .

Here, a fractional step method was implemented for pressure-velocity coupling and the

momentum forcing was implemented just inside the solid boundary and elsewhere it was

fixed to zero. This help overcome spurious force oscillations problem plaguing the IBM

earlier (Lee et al., 2011). Ever since, many authors have actively adopted and improved

Kim et al. (2001)’s approach such as (Kim et al., 2001; Huang and Sung, 2007; Nicolaou

et al., 2015; Majumdar et al., 2020) . Nicolaou et al. (2015) improved the method by

using a semi-implicit discretization of the N-S equations instead of the earlier explicit

schemes. In the recent work of Majumdar et al. (2020), a flow-solver based on the

dicrete forcing IBM was developed in C++ to simulate and capture dynamical transitions

in unsteady flow past a harmonically plunging rigid elliptic foil in the low Reynolds

number incompressible laminar flow regime. It has been extended and applied to study

the unsteady aerodynamics of rigid body flapping (Majumdar et al., 2022), dipteran

flight (Shah et al., 2021), chord-wise flexible flapping foils (Shah et al., 2024a) and

flow-induced vibration based energy harvesting (Chatterjee et al., 2024). In the present

thesis, the flow solver developed by Majumdar et al. (2020) has been used to generate

datasets for unsteady flow past a rigid plunging foil. Overall, IBM enables handling

11



complex geometries and multiple moving bodies more easily by alleviating the need for

mesh motion, re-meshing and the associated mesh quality constraints otherwise required

in ALE (see table1.1 for a comparison between IBM and ALE). As a result, IBM incurs

comparatively lesser computational and memory costs.

Table 1.1: Comparison of IBM and ALE.

Criterion IBM ALE
Mesh Handling Fixed grid; no remeshing Dynamic mesh

deformation/regeneration

Computational Cost Lower (avoids mesh
motion workflows)

Higher (quality control,
Jacobian updates)

Geometry Complexity Handles sharp/irregular
shapes effortlessly

Requires smooth,
structured meshes

Moving Boundaries Native support via
Lagrangian markers

Difficult to apply for large
deformations or complex

geometries

A fluid solid interaction (FSI) system is often studied in contexts involving non-linear

flow and structural dynamics, control, and optimization (Shyy et al., 2016). Investigating

such systems requires evolving the spatio-temporal dynamics of the system over a long

time domain, and frequently require exploring large parameteric spaces (Majumdar

et al., 2022). Such a data acquisition becomes computationally intensive, and becomes

extremely costly for inverse problems such as hidden physics recovery (Pawar et al.,

2020), system identification (Brunton et al., 2020), and model order reduction (Towne

et al., 2023). These challenges clearly highlight the need for efficient, fast, accurate

numerical solvers, accurate and highly reliable reduced order models and cost effective

methods to solve inverse problems in the FSI domain. Following the work of Majumdar

et al. (2020), solvers were parallelized using OpenMP (Shah et al., 2019), enabling

shared-memory CPU acceleration. With the advent of general-purpose GPU computing,

the massive parallelism of modern hardware allows significant further speedups (Yuen

et al., 2013; Xue and Roy; Kotsalos et al., 2020). While CPU parallelization reduces
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turnaround time, offloading linear algebra routines to GPUs can accelerate computations

by orders of magnitude, enabling more extensive parametric sweeps and longer temporal

simulations. Motivated by this, GPU parallelization, of an in-house IBM based unsteady

flow solver is undertaken to accelerate data generation.

1.3 NEED FOR MOVING BOUNDARY AWARE SURROGATE MODELING

Even with GPU-accelerated solvers, high-fidelity simulations are still computationally

intensive, especially for long temporal integrations, large parametric sweeps, and

inverse problems such as system identification (Brunton et al., 2020) or hidden-variable

recovery (Raissi and Karniadakis, 2018; Pawar et al., 2020). Moreover, in practical

scenarios, flow-field datasets can often be sparse or incomplete, and critical variables

such as pressure may remain unobserved. The reconstruction of such hidden physics,

especially under temporal sparsity and complex dynamical behavior, remains a key

challenge. This highlights the need for alternative, data-efficient approaches that can

complement high-fidelity simulations while enabling accurate recovery of unobserved

variables and efficient handling of temporal-domain complexities.

Surrogate modeling frameworks have emerged as low-cost alternatives that complement

high-fidelity simulations or experiments (Bhushan et al., 2020). Typically, surrogates are

of two kinds: (i) phenomenological model developed using physical assumptions along

with some empirical data (Facchinetti et al., 2004), and (ii) data-driven reduced order

models (Benner et al., 2015). Whereas, traditional reduced-order modeling approaches

are largely based on linear projection-based dimensionality reduction techniques such as

Proper Orthogonal Decomposition (POD) and Dynamic Mode Decomposition (DMD).

These methods provide low-dimensional representations of high-dimensional flow fields

by identifying coherent spatial modes and their temporal evolution (Lumley, 1967;

Rowley, 2005). However, their reliance on complete datasets and fixed spatial domains

limits their applicability in dynamically evolving domains. More importantly, these
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approaches do not generalize well when only partial observables are available. As a

result, they may struggle to recover hidden flow variables that are not directly measured

but are essential for characterizing the dynamics. In such cases, hidden physics must be

inferred indirectly or recovered from governing constraints, as demonstrated in Raissi

and Karniadakis (2018); Raissi et al. (2020) for a stationary cylinder problem.

Furthermore, the evolving flow topology and domain geometry in moving-body problems

violate the spatial coherence and orthogonality assumptions underpinning the POD

basis functions/modes. Consequently, snapshot alignment, consistent mode extraction,

and basis transferability across parametric regimes become non-trivial, restricting the

applicability of these methods in strongly nonlinear and time-varying domains (Goza and

Colonius, 2018; Wang and Shoele, 2021). To mitigate these issues, several studies have

either excluded near-body regions or transformed the domain to a body-attached frame

via affine or conformal mappings—for example, analyzing the flapping-foil flow-field

from the wake region (Bose and Sarkar), or performing DMD in transformed coordinate

systems (Menon and Mittal, 2020). While such methods simplify the problem, they

remain unsuitable for unsteady flow scenarios with deforming structures or multiple

moving bodies, where flow features in the near-field/body surface are also crucial.

These gaps underscore the need for surrogate modelling frameworks that (i) recover

hidden variables along with reconstructing sparse data, (ii) model temporal dependencies

inherent in moving-body flows, and are (iii) capable of incorporating knowledge of

underlying physics to ensure physical consistency.

However, constructing such surrogates becomes particularly challenging especially

when using body non-conformal mesh strategies for CFD simulations such as the

Immersed Boundary Method (IBM) (Mittal and Iaccarino, 2005; Kim and Choi, 2019).

For incompressible unsteady flows with moving or deforming boundaries, IBM-based

simulations inherently produce fictitious flow fields within the solid regions due to the use

of body non-conformal meshes and modified Navier–Stokes equations that incorporate
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forcing terms to satisfy no-slip boundary conditions (Kim et al., 2001; Majumdar et al.,

2020).

With fictitious or physically meaningless data present, traditional decomposition

techniques such as POD and DMD cannot be directly applied without domain

transformations (e.g., mapping to a body-attached reference frame). Such

transformations, are however restrictive when dealing with multiple moving bodies or

flexible structures. If one attempts to use IBM data as-is, without transformation, the

decomposition lacks a closed-form low-rank solution, as demonstrated by Balajewicz

and Farhat (2014). The subsequent section builds on this foundation, formally posing

immersed boundary method (IBM) data reconstruction as a machine learning problem,

following the theoretical and computational insights of Balajewicz and Farhat (2014) and

related works.

1.4 IBM DATA RECONSTRUCTION AS A MACHINE LEARNING PROBLEM

In IBM, the flow-field computations are carried out on a fixed background Eulerian

grid while the body is allowed to freely move in this domain. Thus, at any time, there

exist grid points in the domain within the envelope of the solid body motion that switch

between fluid and solid domains. This results in fictitious flow-field values at the solid

grid points at any time unlike a body conformal mesh based methods such as the Arbitrary

Lagrange-Eulerian (ALE) framework (Sarrate et al., 2001) where such a problem does

not arise. However, IBM is preferred by the fluid-structure interaction community

as it can handle complex geometries, multiple moving bodies, and largely deforming

structures (Kim et al., 2001; Peskin, 2002; Kim and Choi, 2019; Mittal and Iaccarino,

2005).

Obtaining compact representations of the flow-field data is crucial for developing

surrogate models for hidden physics recovery (Pawar et al., 2020). For flow-fields

past stationary bodies, such compact representations can be directly obtained using

15



linear-low rank decomposition techniques such as POD, DMD and Spectral POD (Taira

et al., 2017, 2020). Given the fictitious data present in the solid region, one of the

approaches to obtaining linear low-rank decompositions and reconstructions of IBM data

involves transforming to a body-attached frame of reference using affine or conformal

transformation (Wang and Shoele, 2021). Once transformed, the traditional modal

analysis techniques such as POD or DMD can be applied (Menon and Mittal, 2020; Wang

and Shoele, 2021) making this a case specific transformation. In a recent comparative

study of POD, DMD and Spectral POD, Thirunavukkarasu et al. (2024) highlighted that

while the domain transformation approach is suitable for rigid body motion based flows,

multiple moving bodies with varying frequencies or flexible deforming bodies cannot be

handled by this approach.

Although IBM provides advantages when it comes to high-fidelity simulations of

unsteady flows past moving bodies, Balajewicz and Farhat (2014) showed that a low rank

reconstruction and reduction of IBM-obtained flow-field data is a non-trivial task when

building low-order or surrogate models. Typically, given the data matrix X consisting

of spatio-temporal snapshots of the flow-field data, a simple linear projection based

low-rank decomposition problem is defined as follows

J := arg min
𝑈𝑉
∥X −𝑈𝑉 ∥2𝐿2

(1.1)

Here, 𝑈,𝑉 are the spatial and temporal modes which can be obtained by solving a

singular value decomposition problem (SVD).

However, this is not applicable for IBM generated data because there exist fictitious or

zero valued flow-field in the region bounded by the solid boundary at any time instant

(see Majumdar et al. (2020); Peskin (2002); Kim et al. (2001) for more details). As a

result, flow-field reconstruction or dimensionality reduction becomes a weighted low-rank

matrix decomposition problem.
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The weighted-low rank decomposition problem in the context of IBM data can be

re-framed as follows

J := arg min
𝑈𝑉
∥M ⊙ (X −𝑈𝑉)∥2𝐿2

, (1.2)

which in a generalized way can be written as

J := arg min
𝜃
∥M ⊙ (X − f(𝜃, 𝜇))∥2𝐿2

. (1.3)

Here, instead of obtaining a linear approximation x̂ = 𝑈𝑉 , a general approximation

f(𝜃, 𝜇) can be modeled by a set of learnable parameters 𝜃 which depend on the function’s

form and input parameters 𝜇 which can be the flow/structural parameters or even just the

spatiotemporal domain. The weightsM represent the binary valued masks at any given

time instant taking the value of one in the fluid region and zero elsewhere. Such a weighted

low-rank decomposition problem does not have a closed-form solution as in the form

of a Singular Value Decomposition for example. This motivated Balajewicz and Farhat

(2014) to solve the weighted low-rank decomposition using alternating least-squares

(ALS) based approach to obtain the low-rank modes which still showed spurious values

near the solid boundary. Importantly, the ALS approach required multiple iterations

to converge to the reconstruction capacity of a standard POD-based reconstruction of

ALE-obtained data.

Hence, while it is computationally advantageous to obtain high-fidelity simulations

using IBM compared to ALE for complex cases, obtaining low-dimensional models

from IBM data is relatively more challenging. As outlined above, IBM data

reconstruction can be formulated as a weighted least-squares optimization problem that

minimizes the reconstruction error over observed (non-fictitious) grid points. However,

when solved using Alternating Least Squares (ALS), the resulting low-rank

decomposition still remains a linear approximation of the underlying flow manifold.

This restricts its expressivity—particularly under data-sparse or computationally
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constrained conditions—where nonlinear correlations and temporal dynamics cannot be

adequately captured. This strongly serves as the need to investigate machine

learning-based methods for IBM-obtained data. The subsequent section will detail

relevant earlier works which have attempted to implement machine learning methods for

moving boundary problems. Specific focus will first be diverted towards outlining the

mathematical preliminaries of deep learning, then data-driven modeling based

approaches involving traditional and deep learning along with their effectiveness so far.

1.5 DEEP LEARNING PRELIMINARIES

Machine learning has proven to be effective in solving various pattern recognition

problems in domains like computer vision, bio medical engineering, and time series

analysis, etc (Paliouras et al., 2003; Angra and Ahuja, 2017; Bishop, 2006).

Broadly, Machine learning is a set of algorithmic techniques to convert information

to experiential knowledge and automate routine tasks that otherwise involve human

intervention (Bishop, 2006).

Mathematically, the above definition translates to the following. Given an input data

𝑋 and its corresponding output/label data 𝑌 , machine learning methods help identify a

mapping 𝑓 : 𝑋 → 𝑌 such that 𝑓 = 𝑓 (𝜃, 𝑋) where, 𝜃 is a vector of unknown parameters

of the function. The unknown parameters are to be estimated such that an objective

function,

L = L(𝜃)

is minimized. The objective function L is also called as cost/loss function of the machine

learning algorithm (Bishop, 2006).

Process of minimising the loss and obtaining the parameters 𝜃 of the model is often

called training. The design of a loss function for a given machine learning model itself

is a detailed field of study, as the accuracy of the results largely depend on the Loss
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function (Bishop, 2006; Goodfellow et al., 2016; Haykin, 2009).

Broadly, there are three paradigms of machine learning, which are (1) Supervised

learning[Ex: Classification, Regression], (2) Reinforcement learning and (3)

Unsupervised learning [Ex: Clustering]

Under supervised learning, we mainly come across the following problem types:

• Classification : Given input data 𝑋(For example: flow field data of flow over a
cylinder), obtain a mapping 𝑓 = 𝑓 (𝑊, 𝑏, 𝑋) such that 𝑓 𝜖[0, 1] and maps to the
out put data containing corresponding labels(For example, the flow regime being
turbulent/laminar)

• Regression: Given input data 𝑋(For example: flow field data of flow over a
cylinder), obtain a mapping 𝑓 = 𝑓 (𝑊, 𝑏, 𝑋) such that 𝑓 fits to the output data 𝑌
which could in this case be the lift/drag forces.

In simpler terms, classification predicts a label, regression predicts a quantity. The latter

problem of regression is of focus in this thesis.

The algorithms used to perform machine learning are often called models, and there

are many models such as artificial neural networks, decision trees, genetic algorithms,

support vector machines, and others (Bishop, 2006; Goodfellow et al., 2016). In this

study, however, we shall focus only on artificial neural networks and the associated deep

learning theory.

Deep learning is essentially a subset of machine learning where, extremely complex

representations/features can be learnt from data through specific stacking of layers of

neurons that perform various tensor operations. Deep learning finds its applications

in areas such as Computer Vision, Speech Recognition, Natural Language processing,

complex dynamical systems and the scope of this field only keeps growing with time

(Bishop, 2006; Goodfellow et al., 2016; Haykin, 2009; Hornik et al., 1989; Lagaris et al.,

1998; Liu et al., 2017). Most of the topics discussed in this section are covered in the

works of Bishop (2006) and Goodfellow et al. (2016).
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1.5.1 Artificial neuron

Artificial neuron is a mathematical function (Haykin, 1994) conceived from the idea

of a biological neuron’s capability to transmit information through electrical impulses.

Perceptron (see figure 1.1) is an example of an artificial neuron which can perform either

binary classification or non-linear regression (Haykin, 1994; Bishop, 2006).

Artificial neural networks consist of a network of artificial neurons as connecting units

and they map input data to corresponding output data through a multivariate function.

There are many models of artificial neuron but the one in common use nowadays is the

perceptron which is an algorithm that learns a binary classifier/ threshold function: a

function that maps its input data to a single binary output value based on a threshold

condition. Perceptron is the simplest feed forward neural network and multi layer

perceptrons are nothing but length and breadth wise stacking of perceptrons that can fit

more complex functions. With the well established capability of Deep Neural Networks

to work as universal function approximators, it is thus possible to arrive at an alternative

approach to solving forward and inverse problems in physical systems.

Mathematical representation of the above artificial neuron is as follows:

𝑦 = 𝜙(W𝑇X + 𝑏) (1.4)

Where, X = {𝑥𝑖}𝑛𝑖=1 is the input data, 𝑦 being the Output,W = {𝑤𝑖}𝑛𝑖=1 the weights and

𝑏, the bias. In general, the output variable 𝑦 could be a vector, and thus, bias 𝑏 would

also be a vector. A bias vector is an additional set of weights in a neural network that

requires no input. It corresponds to the output of an artificial neural network when it has

zero input. Here, 𝜙(.) is the activation function that operates on the linear combination

of inputs. This function could be linear or nonlinear. More details about activation

functions are presented in section 1.5.6.
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Figure 1.1: An artificial neuron, where, 𝑥𝑖, 𝑤𝑖 represent the inputs and synaptic weights
and Σ represents a linear combination of the inputs with coefficients as
weights and 𝜙(.) is the activation function and 𝑦 is the output of the neuron

1.5.2 Artificial neural network

An artificial neural network (Bishop, 2006; Haykin, 2009) is a massively parallel

distributed processor made up of artificial neurons as connecting units, which has a

natural ability for storing experiential knowledge and making it available for use.

It resembles the brain in two respects:

• Knowledge is acquired by the network from its environment through a learning
process.

• Inter-neuron connection strengths, known as synaptic weights, are used to store
the acquired knowledge.

There are a plethora of neural network architectures/models (Liu et al., 2017) that have

varied applications and learning rules. In this work, as a stepping stone to understand

the more complex model architectures, the Fully connected Feed Forward Neural

Networks (Bishop, 2006; Goodfellow et al., 2016) are discussed in in the following
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section. An artificial neural network where information is passed in a unidirectional

manner and that too from input to output is called a feed forward neural network. Feed

back neural networks are where there exists a feedback to the preceeding neuron/layer

from the succeeeding layer(s) (Haykin, 1994). In this work we currently shall discuss

only fully connected feed forward neural networks (Haykin, 1994).

A three layer fully connected feed forward neural network where there is only a single

hidden layer of neurons and it is also called a "shallow FNN" as it contains only one

hidden layer. However, if there are 𝑁 > 2 hidden layers of neurons between input and

output layers, with same or different activation functions, then they are called deep neural

networks (Goodfellow et al., 2016). Deep neural networks form the strong foundation

for deep learning (Goodfellow et al., 2016). A very general graphical representation of a

deep neural network is given in figure 1.2.

Figure 1.2: A general representation of a deep neural network
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1.5.3 Fully connected feed forward neural network

Fully connected feed forward neural network (FNN) is a simple neural network architecture

each layer’s neurons are completely connected to its preceeding/succeeding layer of

neurons. As discussed earlier, FNN can be either shallow or deep, depending on the

number of hidden layers between input and output layers(see figures 1.3 and 1.4 for a

graphical representation).

Figure 1.3: A graphical representation of a 3 layer FNN with one hidden layer

The mathematical representation of the above FNN is as follows:

ℎ0 = 𝑋 (1.5)

ℎ1 = 𝜙(𝑊𝑇
𝑥 ℎ0 + 𝑏0) (1.6)

ℎ2 = 𝜙(𝑊𝑇
ℎ1
ℎ1 + 𝑏1) (1.7)

. (1.8)

. (1.9)
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ℎ𝑛 = 𝜙(𝑊𝑇
ℎ𝑛−1

ℎ𝑛−1 + 𝑏𝑛−1) (1.10)

𝑌 = 𝑊𝑇
ℎ𝑛
ℎ𝑛 + 𝑏𝑛 (1.11)

Here, 𝑋 and 𝑌 are input and output values and ℎ𝑖 is the activated set of values at each

layer. Here, 𝑊ℎ𝑛 and 𝑏𝑛 are the weights and biases of 𝑛𝑡ℎ hidden layer. 𝜙(.) is the

activation function which can be chosen based on the type of problem being solved (Cyr

et al., 2020; Jagtap et al., 2020a; Nwankpa et al., 2018).

Figure 1.4: A graphical representation of a deep 4 FNN with 2 hidden layer

1.5.4 Loss function and types

Approximation of a function and its derivative can be understood as a regression problem.

Hence, in this work, we discuss the basics of Machine learning in the context of regression.

For regression problems there are different loss functions that one can choose from and

some of the commonly used ones are as follows:
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Mean Square Error/Quadratic Loss/𝐿2 Loss This is the most used loss in regression

problems. MSE is the mean of sum of 𝐿2 errors between the actual (𝑦) and predicted

values(𝑦𝑝𝑟𝑒𝑑).

𝑴𝑺𝑬 =
∑𝑁
𝑖=1∥𝑦𝑖 − 𝑦

𝑝𝑟𝑒𝑑

𝑖
∥𝐿2

𝑁
(1.12)

Sum of Squares Error/Quadratic Loss/𝐿2 Loss This is also used in regression

problems. SSE is the sum of 𝐿2 errors between the actual (𝑦) and predicted values(𝑦𝑝𝑟𝑒𝑑).

𝑺𝑺𝑬 =
𝑁∑︁
𝑖=1
∥𝑦𝑖 − 𝑦𝑝𝑟𝑒𝑑𝑖

∥𝐿2 (1.13)

Mean Absolute Error/𝐿1 Loss Similar to MSE but instead of L2 errors we consider

the L1/absolute errors of the actual and predicted values.

𝑴𝑨𝑬 =
∑𝑁
𝑖=1∥𝑦𝑖 − 𝑦

𝑝𝑟𝑒𝑑

𝑖
∥𝐿1

𝑁
(1.14)

Smooth Mean Absolute Error/ Huber Loss

𝐿𝛿(𝑦, 𝑦𝑝𝑟𝑒𝑑) =


1/2∥𝑦 − 𝑦𝑝𝑟𝑒𝑑 ∥𝐿2 for |𝑦 − 𝑦𝑝𝑟𝑒𝑑 |≤ 𝛿

𝛿 |𝑦 − 𝑦𝑝𝑟𝑒𝑑 |−1
2𝛿

2 otherwise.
(1.15)

Log Cosh Loss

𝐿(𝑦, 𝑦𝑝𝑟𝑒𝑑) =
𝑁∑︁
𝑖=1

log(cosh(𝑦𝑖 − 𝑦𝑝𝑟𝑒𝑑𝑖
)) (1.16)

Each loss function has its own set of merits and demerits. However, importantly a loss

function should be continuously differentiability and should be unaffected by outliers

in case the data is corrupted (Bishop, 2006). Differentiability of a loss function plays

a crucial role while training a neural network as it generally involves calculating the

gradients with respect to the unknown parameters (see section 1.5.5).
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Algorithm 1: Standard Gradient Descent: Given a loss function L((®𝑥, ®𝑦) ®𝑊, ®𝑏),
®𝑊 and ®𝑏 are flattened weight and bias vectors respectively and (®𝑥, ®𝑦 ) is the training
data which is known apriori. The learnable parameters being ®𝑊 and ®𝑏, we can
concatenate them together to form ®𝜃 which is a single vector representing all the
unknowns in the loss functions belonging to the 𝑅𝑛 space. Here, 𝑛 is the total number
of unknowns/learnable parameters of the neural network and also called degrees of
freedom of the neural network (Bishop, 2006). A local minima in the weights space
is obtained when the gradients of the function ∇L(®𝜃), with respect to ®𝜃 become 0.
Given an initial set of weights ( ®𝑊0) and biases ®𝑏0, Gradient descent converges to the
local minima by exploring the weight space in the direction of steepest descent at a
specified learning rate 𝛼.
Require: Loss function L((®𝑥, ®𝑦), ®𝜃)
Require: Initialize the weights and biases ®𝜃 = ®𝜃0
Require: Choose a base learning rate 𝛼
Require: Choose a tolerance value for ∇®𝜃=®𝜃𝑜𝑝𝑡L
Require: Choose number of iterations 𝑁𝑖𝑡𝑒𝑟
Require: Evaluate the expected value of the gradients, 𝐸[∇®𝜃=®𝜃0

L] for the given training
data {𝑥𝑖, 𝑦𝑖}𝑁𝑡𝑟𝑎𝑖𝑛

𝑖=1
Require: Initialize counter 𝑖 = 0

for 𝑖 < 𝑁𝑖𝑡𝑒𝑟 do
if ∇®𝜃=®𝜃𝑖L ≤ 𝑡𝑜𝑙 then
®𝜃𝑜𝑝𝑡 = ®𝜃𝑖
break;

else
Simultaneous update: ®𝜃𝑖+1 = ®𝜃𝑖 − 𝛼𝐸[∇®𝜃=®𝜃𝑖L]
𝑖 + +

end
end
Result: ®𝜃𝑜𝑝𝑡 = ®𝜃𝑁𝑖𝑡𝑒𝑟

- Optimum weights and biases have been obtained
corresponding to a local minima

1.5.5 Training a neural network using gradient based optimisation methods

As discussed earlier, the training /learning of a neural network model involves minimising

a loss/cost function L associated with the unknown parameters(weights and biases) of

the neural network. Here, training of a neural network is thus posed as an optimisation

problem. Given the loss/cost/objective function L corresponding to the non-linear map

of the neural network 𝑓 to be approximated, the most popular optimisation algorithms

belong to the class of gradient descent methods which require the gradients of the loss

with respect to the unknowns(weights and biases). These gradients are required to be
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Algorithm 2: Stochastic/Batch Gradient Descent (Bottou, 1999): Given a loss
function L((®𝑥, ®𝑦) ®𝑊, ®𝑏), as earlier in Algorithm 1, Stochastic/batch gradient descent
is different from standard gradient descent that it performs gradient descent over
batches of the randomly shuffled training data instead of the whole data, thus reducing
the training time required.
Require: Loss function L((®𝑥, ®𝑦), ®𝜃)
Require: Initialize the weights and biases ®𝜃 = ®𝜃0
Require: Number of training data points - 𝑁𝑡𝑟𝑎𝑖𝑛
Require: Batch size - 𝑁𝑏𝑎𝑡𝑐ℎ
Require: Choose a base learning rate 𝛼
Require: Choose a tolerance value for ∇®𝜃=®𝜃𝑜𝑝𝑡L
Require: Number of iterations/epochs - 𝑁𝑖𝑡𝑒𝑟
Require: Evaluate the expected value of the gradients, ∇®𝜃=®𝜃0

L 𝑗 over a randomly
shuffled batch 𝑗 of the given training data {𝑥𝑖, 𝑦𝑖}𝑁𝑡𝑟𝑎𝑖𝑛

𝑖=1
Require: Initialize counter 𝑖 = 0

for 𝑖 < 𝑁𝑖𝑡𝑒𝑟 do
for 𝑗 < 𝑁𝑡𝑟𝑎𝑖𝑛/𝑁𝑏𝑎𝑡𝑐ℎ do
Evaluate ∇®𝜃=®𝜃𝑖L

𝑗 over data points of 𝑗 𝑡ℎ batch
Simultaneous update: ®𝜃𝑖+ 𝑗+1 = ®𝜃𝑖+ 𝑗 − 𝛼𝐸[∇®𝜃=®𝜃𝑖L

𝑗 ]
if 𝐸[∇®𝜃=®𝜃𝑖L] ≤ 𝑡𝑜𝑙 then
®𝜃𝑜𝑝𝑡 = ®𝜃𝑖+ 𝑗
break;

end
𝑗 + +

end
𝑖 + +

end
®𝜃 𝑓 𝑖𝑛𝑎𝑙 = ®𝜃𝑁𝑖𝑡𝑒𝑟+𝑁𝑡𝑟𝑎𝑖𝑛/𝑁𝑏𝑎𝑡𝑐ℎ

Result: ®𝜃𝑜𝑝𝑡 = ®𝜃 𝑓 𝑖𝑛𝑎𝑙 - Optimum weights and biases have been obtained
corresponding to a local minima

calculated at every pass due to the iterative nature of the optimisation algorithms. The

machine learning community has been using automatic differentiation (Baydin et al.,

2017), as it is an efficient method to calculate the gradients without having to struggle

with pure symbolic or numerical differentiation but at the same time achieving machine

level precision.
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Standard gradient descent method

Gradient descent is a first-order iterative optimization algorithm for finding a local

minimum of a differentiable function. There have been mulitple improvements of this

algorithm and hence most optimizers used in the field of Machine Learning come under

the class of gradient descent methods. Given a differentiable multivariable function

𝑓 (𝑥1, 𝑥2, .....𝑥𝑛) : 𝑅𝑛 → 𝑅, then gradient of the function 𝑓 is given by:

∇𝑥 𝑓 =
𝑛∑︁
𝑖=1

𝜕 𝑓

𝜕𝑥𝑖
®𝑒𝑖 (1.17)

Physically, gradient of a function gives the direction in which the function increases

the fastest. In optimisation problems, negative gradient is used as we are interested in

finding out a local minimum of the function 𝑓 . The working of standard gradient descent

method is mentioned in algorithm 1.

Problem with using the standard gradient descent method is that the training happens

sequentially throught the data which generally proves to be time consuming.

Stochastic gradient descent

An alternative to that is Stochastic Gradient Descent where (Bottou, 1999), the gradient of

the objective function is evaluated on the entire randomized data batchwise(see algorithm

2). Stochasticity here comes due to evaluation of the loss function /gradients at random

subsamples/batches of the training data.

Though Stochastic Gradient descent improves the training speed, the objective/loss

functions of neural networks can have other sources of noise other than the shuffling of

the data such as regularisation, dropout (Hinton et al., 2012).

Adaptive moment optimisation

Hence, Adaptive Moment optimisation or ADAM (Kingma and Ba, 2017) was proposed

which works for stochastic objective functions. ADAM works only with first-order

gradients thus having little memory requirement. The method computes individual
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Algorithm 3: ADaptive Moment algorithm: Here, 𝑔2
𝑖
indicates the elementwise

square of the gradient value 𝑔𝑖 at 𝑖𝑡ℎ iteration. Default settings for the tested machine
learning problems (Kingma and Ba, 2017) are 𝛼 = 0.001, 𝛽1 = 0.9, 𝛽2 = 0.999 and
𝜖 = 10−8. All operations on vectors are element-wise. With 𝛽1𝑘 and 𝛽2𝑘 we denote
𝛽1 and 𝛽2 to the power 𝑘 . Either a batch wise apporach(algo2) or full size approach
can be adopted(algo1).
Require: Loss function L((®𝑥, ®𝑦), ®𝜃)
Require: Base learning rate 𝛼
Require: 𝛽1, 𝛽2 ∈ [0, 1): Exponential decay rates for the moment estimates
Require: Tolerance value for ∇®𝜃=®𝜃𝑜𝑝𝑡L
Require: Number of iterations/epochs = 𝑁𝑖𝑡𝑒𝑟
Require: Initialize counter 𝑖 = 0
Require: Initialize the weights and biases ®𝜃 = ®𝜃0
Initialize 1𝑠𝑡 moment vector - ®𝑚0
Initialize 2𝑛𝑑 moment vector - ®𝑣0
while 𝐸[∇®𝜃=®𝜃𝑖L] ≤ 𝑡𝑜𝑙 do
Evaluate ∇®𝜃=®𝜃𝑖L

𝑗 over data points of 𝑗 𝑡ℎ batch
Simultaneous update: 𝑔𝑖 = 𝛼∇®𝜃=®𝜃𝑖L
𝑚𝑡 ← 𝛽1.𝑚𝑖−1 + (1 − 𝛽1).𝑔𝑖(Update biased first moment estimate)
𝑣𝑡 ← 𝛽2.𝑣𝑖−1 + (1 − 𝛽2).𝑔2

𝑖
(Update biased second moment estimate)

𝑚̂𝑡 ← 𝑚𝑡/(1 − 𝛽1𝑖)(Compute bias-corrected first moment estimate)
𝑣𝑡 ← 𝑣𝑡/(1 − 𝛽2𝑖)(Compute bias-corrected second moment estimate)
®𝜃𝑖+1 = ®𝜃𝑖+ 𝑗 − 𝛼𝑚̂𝑡/

√
((𝑣𝑡 + 𝜖)) (Update parameters)

𝑖 + +
end
®𝜃 𝑓 𝑖𝑛𝑎𝑙 = ®𝜃𝑁𝑖𝑡𝑒𝑟

Result: ®𝜃𝑜𝑝𝑡 = ®𝜃 𝑓 𝑖𝑛𝑎𝑙 - Optimum weights and biases have been obtained
corresponding to a local minima

adaptive learning rates for different parameters from estimates of first and second

moments of the gradients. We are interested in minimising the 𝐸[∇𝜃L] for parameters 𝜃,

and let 𝐿(𝜃1), 𝐿(𝜃2) · · · 𝐿(𝜃𝑁𝑖𝑡𝑒𝑟) represent the realisations of the Loss function at each

iteration. ADAM updates the moving averages of the gradient and square of the gradient.

In Algorithm 3, 𝛽1, 𝛽2 ∈ [0, 1) control the exponential decay rate of the moving averages.

See Algorithm 3 for more details on implementation. Advantages of ADAM are that

magnitudes of parameter updates are invariant to rescaling of the gradient, its learning

rate updates are bounded, it does not require a stationary objective, it works with sparse

gradients, and it naturally performs a learning rate annealing.
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Though there are other iterative optimisation algorithms of the first (ex: AdaGrad) and

second order (ex:L-BFGS), in this work, to retain consistency with earlier works, we will

use ADAM optimizer following the works of Raissi et al. (2019b,a); Wang et al. (2020b).

1.5.6 Activations functions

Activation functions are primal parts of an artificial neural network which decide which

neurons need to be activated by a set of weighted combination of input data. had there

been no activation function in the artificial neuron, the output would have been just a

linear combination of the input data. Hence activation functions play a major role in

extending the capabilities of a neuron/neural network to map more complex functions to

the output data.

There are mainly two types of activation functions: (1) linear or identity and (2) non-linear.

It is well established in literature that for high dimensional data, non-linear regression

using neural network performs better than linear polynomial regression (Bishop, 2006;

Goodfellow et al., 2016; Hornik et al., 1989).

Linear activation

𝜙𝑙𝑖𝑛𝑒𝑎𝑟(𝑧) = 𝑐𝑧, where, c is a constant (1.18)

Step function

𝜙𝑠𝑡𝑒𝑝(𝑧) =


0 for 𝑧 < 0

1 for 𝑧 ≥ 0
(1.19)

Sigmoid

𝜙𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑧) =
1

1 + exp( −𝑧)
(1.20)
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Hyperbolic tangent

𝜙𝑡𝑎𝑛ℎ(𝑧) = tanh(𝑧), for all z (1.21)

Rectified linear unit (ReLU)

𝜙𝑅𝑒𝐿𝑈(𝑧) =


0 for 𝑧 < 0

𝑧 for 𝑧 ≥ 0
, or, (1.22)

𝜙𝑅𝑒𝐿𝑈(𝑧) = max(0, 𝑧) (1.23)

SiLU/ Swish

𝜙𝑠𝑤𝑖𝑠ℎ(𝑧) = 𝑧
(

1
1 + exp−𝑧

)
(1.24)

Here z is the linear combination of values from the input units/preceding hidden layer.

The above mentioned activation functions are the popular in use, but from the works of

Jagtap et al. (2020a,b) and Cyr et al. (2020), it is evident that the activation functions

can be tailored suitably and can have learnable parameters which adapt as the learning

progresses thus becoming appropriate for the problem being solved. With adaptive

activations, there are new learnable parameters along with network weights and biases

resulting in an additional computational overhead during backpropagation. While

adaptive activation functions are performant, the works do not compare with networks of

similar order of learnable parameters. From many earlier works such as Ramachandran

et al. (2017); Dubey et al. (2022); Jagtap and Karniadakis (2023); Al Safwan et al. (2021),

it is noticed that Swish/SiLU activation function is performant in various empirical

studies as it is smooth and differentiable at zero, and at the same time has the benefit of

monotonicity on the right half of the input plane. Hence, Swish/SiLU activation will be

used throughout the rest of the study.
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1.5.7 Initialisation of Weights

Initialisation of weights is an important step because inappropriate initialisation would

lead to either exploding or vanishing of weights as training progresses (Glorot and

Bengio, 2010). This would hence lead to an increased training time. Hence there have

been many methods proposed to take care of such issues. One can refer to the survey

article by Kumar (2017). Here we mention two novel initialisation techniques popularly

used by the machine learning community, namely the Xavier initialisation (Glorot and

Bengio, 2010) and Kaiming/He initialisation (He et al., 2015).

Xavier/Glorot initialisation Proposed by (Glorot and Bengio, 2010), this method

works for smooth functions like tanh, sigmoid, etc. In this method sets a layer’s weights

to values chosen from a random uniform distribution that’s bounded between

±
√

6
√
𝑛𝑙 + 𝑛𝑙−1

. (1.25)

This type of intialisation is preferred for continuous activation functions.

Kaiming He initialisation This method works for piecewise continuous activation

functions like ReLU, LReLU, etc. Firstly, initialize the biases to be 0 and initialize the

weights in each layer from a zero mean gaussian distribution with standard deviation of

𝜎𝑙 =
√︂

2
𝑛𝑙
, (1.26)

where, 𝑛𝑙 is the number of units from the preceeding layer

Hyperparameter tuning

Hyperparameters of a neural network are those parameters of the neural network which

are set before hand and are not often the learnable parameters of the model. Number of

hidden layers, neurons per hidden layer, activation functions, learning rate, number of
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epochs, penalties if introduced for any loss function regularisation are all hyper parameters

that are to be set before training of the neural network is commenced. Choosing these

hyperparameters optimally for a particular is an iterative process though some discretion

can be exercised in narrowing down the range of variation (Cyr et al., 2020; Bishop,

2006; Goodfellow et al., 2016) also known as hyperparameter tuning. Now that the

key concepts of deep learning are covered, the data-driven modeling techniques in the

context of unsteady flows will be discussed in the next section.

1.6 DATA-DRIVEN MODELING AND DEEP LEARNING FOR UNSTEADY

FLOWS PAST MOVING BODIES

Data-driven modeling has been evolving over many decades with advancements in

numerical methods and compute. Some core applications of data driven modeling

are: assimilating data from experimental observations and numerical simulations, solve

inverse problems such as hidden physics recovery, design optimization and real time

query applications such as control. For all these applications, the core premise is to build

a surrogate or reduced-order models that can cost effectively account for parametric

variations, and/or spatio-temporal dynamics of the underlying physical system in turn

enabling real time query applications mentioned above.

1.6.1 Projection based reduced order modeling

Typically, constructing a ROM involves generating low-dimensional representations

(latent space) of the spatiotemporal flow-field data. The governing equations are then

projected onto these obtained latent or low-order representations. This is required

because CFD simulations often have about a million 𝑂(105) grid points resulting in

a high dimensionality of the spatiotemporal domain. Hence, constructing low-order

models or surrogates by extracting meaningful low-dimensional representations from

such flow-field data would be beneficial for real-time query applications and aid in the

design of experiments and simulations. This has been widely acknowledged in the
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comprehensive reviews by Benner et al. (2015); Taira et al. (2017); Rowley and Dawson

(2017); Taira et al. (2020) which discuss application of ROMs, and their efficacy in

modeling the flow-field accurately.

To a great extent, linear projection-based modal techniques such snapshot proper

orthogonal decomposition (POD) and dynamic mode decomposition (DMD) form the

backbone of traditional ROMs, leveraging modal analysis to extract dominant flow

features from high-fidelity simulations. Originally introduced by Lumley (1967), the

POD method has seen multiple advancements, such as the introduction of snapshot-based

POD by Sirovich (1987) for analysis of spatiotemporal turbulent flow-field data. Snapshot

POD employs singular value decomposition to find the most energetically dominant

features from the flow. Towards data-assimilation and reconstructing missing data,

Gappy-POD was introduced by Everson and Sirovich (1995) which was later extended

by (Venturi and Karniadakis, 2004) to reconstruct missing snapshots of flow past a

cylinder. However, in a later work by Gunes et al. (2006), it was shown that gappy POD

falls short when the temporal resolution of the available data is not enough limiting its

application for spatio-temporally sparse datasets. In the reduced order modeling front,

POD alone does not form a ROM and it is often coupled with a least squares Galerkin

projection approach in an intrusive fashion which requires modifying the governing

equations (Benner et al., 2015). Moreover, such techniques could suffer from stability

and convergence issues due to discarding higher order modes resulting in unresolved

physics (Pawar et al., 2020). While many have proposed closure methods to stabilize

POD based ROMs, they are often problem specific, cumbersome due to dependence on

discretization and are not generalizable (Benner et al., 2015; Ahmed et al., 2021).

On the other hand, dynamical mode decomposition which was introduced by Rowley et al.

(2009), is a relatively recent technique that identifies relevant coherent spatiotemporal

modes of a dynamical system at discrete frequencies. Unlike POD which only produces

a latent space, DMD performs a local linear approximation of the dynamical system
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making it a ROM by itself. This is particularly valuable for time-dependent unsteady

flows, and hence been adopted across various domains apart from fluid dynamics (Wang

and Yu) like neuroscience (Brunton et al., 2016), and climate modeling (Sofi and

Oseledets, 2025), among others. However, the construction of low-order representations

in DMD is a non trivial task, as there is no particular ranking of among the modes like

in POD. The conventional approach to rank DMD modes based on their amplitudes

have been ineffective, leading to the proposal of alternative strategies Kou and Zhang

(2017); Krake et al. (2021); Xu et al. (2023). However, these techniques have not been

applied to unsteady flows generated around flapping wings. Overall, the POD and DMD

family of methods have been applied to a variety of problems including flow-induced

vibrations (Perrin et al., 2007; Bose and Sarkar), turbulent flows (Hilberg et al., 1994;

Hijazi et al., 2020), and multi-phase flows (Bao and Gildin, 2017; Xiao et al., 2017).

While POD cannot directly provide insights into the dynamics of the flow, DMD cannot

directly provide insights into the dominant features. Certain vortical patterns might play

crucial roles in determining the dynamical state but contribute less to the flow-field’s

overall energy content and these patterns may be excluded in the latent space (Noack

et al., 2003). Hence, recently, significant attention has been directed towards the spectral

proper orthogonal decomposition (SPOD) (Towne et al., 2018) to tackle the challenge of

extracting low-dimensional spatio-temporal modes or features of the flow which capture

the essence of dynamics as in DMD while also enabling ordering of these modes akin

to the energetic dominance of POD. This is achieved in SPOD in the following way:

the spatio-temporal flow-field data is first transformed into the frequency domain via a

Fourier transform and singular value decomposition (SVD) is applied to the now obtained

spectral frequency domain data. The modes now obtained contain the spatio-temporal

spectral information. Towne et al. (2018) showed that SPOD modes are essentially

optimally averaged DMD modes obtained from an ensemble DMD problem in case of

stationary flows, thereby establishing a connection between DMD and SPOD. SPOD

has found diverse applications in various domains in fluid mechanics, encompassing
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pipe flows (Hellström and Smits, 2017), turbulent jets (Schmidt et al., 2018; Pickering

et al., 2020), channel flows (Muralidhar et al., 2019), and flow past bluff bodies (Ghate

et al., 2020; Nidhan et al., 2020). Similar to POD, even SPOD is not a ROM by itself as

in DMD. Hence further projection of governing equations onto these modes might be

necessary to build a ROM.

The aforementioned model reduction tools were often employed in the downstream wake

of the moving body (Perrin et al., 2007; Bose and Sarkar) or, assumed a thin solid body

possessing negligible thickness Goza and Colonius (2018). As a result, the near-field

vortices, the LEV in particularly is ignored from the anlaysis although evidence suggests

its significant influence on the dynamics of flapping airfoils (Lewin and Haj-Hariri, 2003;

Deng et al., 2016; Wang et al., 2020c; Majumdar et al., 2020). Application of the above

mentioned techniques becomes even more difficult when the flow-field data is generated

using body non-conformal mesh based approaches like the Immersed Boundary Methods

(IBM) (Peskin, 1972; Mittal and Iaccarino, 2005; Kim and Choi, 2019). The grid points

within the bounds of the solid body motion are often time-varying fluid-solid regions.

When these model reduction techniques are directly applied to such flow-field data, the

resulting modes represent the solid body as an average of the its positions over time. In

such a scenario, the reconstructed flow-field using this latent space would be erroneous

with unphysical spurious structures close to the solid boundaries (Balajewicz and Farhat,

2014; Wang and Shoele, 2021; Menon and Mittal, 2020; Goza and Colonius, 2018).

This requires that the domain be transferred to body attached frame of reference through

conformal or affine transformations as in the work of Menon and Mittal (2020). However,

such transformations are cumbersome when handling multiple moving bodies or flexible

deforming structures. Moreover, studies such as Wang and Shoele (2021); Balajewicz

and Farhat (2014) have pointed out the difficulty in handling moving body problems

with data generated in an IBM setup. Wang and Shoele (2021) discussed how first of all

data generated using IBM is not amenable to conformal or affine transformations of the

domain to a body attached frame of reference simply because of using a non-conformal
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background mesh. Secondly, it was also pointed out that using POD, DMD or even SPOD

over such data would be equivalent to fitting a step function using fourier series resulting

in artifacts like Gibbs phenomena at the discontinuity. Such artifacts were also observed

by Balajewicz and Farhat (2014) where an alternative Least Squares based approach was

used to obtain least squares optimal modes in the Eulerian frame of reference.

To deal with incomplete or corrupted measurements, gappy POD (Everson and Sirovich,

1995) was proposed as a reconstruction framework capable of inferring missing data

using a truncated set of precomputed modes. Its extension to unsteady flow

reconstruction (Venturi and Karniadakis, 2004; Willcox, 2006) allows interpolation of

missing spatial or temporal information by projecting the available data onto the POD

basis. However, for non-stationary problems, this reconstruction must be performed at

every time step—an approach that quickly becomes computationally cumbersome.

Moreover, Gappy POD fundamentally relies on the existence of a well-posed POD basis

obtained from a sufficiently rich prior snapshot ensemble. When such a basis is

unavailable or only partially representative (as in moving boundary flows), iterative

methods have been proposed to refine the basis from incomplete data (Venturi and

Karniadakis, 2004). Yet, these remain purely data-driven and lack physical

regularization, making them ill-suited for scenarios with sparse measurements or rapidly

evolving dynamics.

Recent advances such as gappy spectral POD (Nekkanti and Schmidt, 2023) attempt to

overcome some of these limitations by leveraging spectral coherence or nonlinear latent

representations to improve reconstruction fidelity. While promising, these methods still

assume that the latent manifold inferred from data sufficiently encodes the underlying

physical processes; a premise which becomes invalid for transient, non-periodic, or

geometry-coupled flow systems. In particular, for immersed boundary formulations,

where the solid–fluid interface moves dynamically within the computational domain,

enforcing consistent boundary conditions across time-varying snapshots becomes highly
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non-trivial. This evolving geometry alters the underlying flow manifold itself, thereby

invalidating the fixed basis assumptions of projection-based ROMs.

Thus, despite their algorithmic elegance, traditional ROMs and gappy extensions remain

limited in generalizability and physical consistency when applied to unsteady, nonlinear,

or sparsely observed flow or FSI systems. These observations build upon the difficulties

highlighted previously—where domain deformation, moving interfaces, and near-body

flow complexity disrupt the very assumptions enabling low-rank approximations. When

coupled with sparsity and nonlinearity, these restrictions make classical ROMs

fundamentally unsuitable for reconstructing or predicting unsteady FSI dynamics. This

gap underscores the need for surrogate modeling frameworks that are (i) computationally

efficient, (ii) capable of incorporating physics priors, (iii) robust to sparse and noisy data,

and (iv) able to capture latent temporal dependencies inherent in moving body flows.

Moreover, with traditional intrusive reduced order modeling strategies involve obtaining

spatio-temporal modes from data followed by their projection onto the governing

equations. While these are data-driven and physics based, the stability of the solutions are

not often guaranteed. Many first principle and data-driven closure modeling strategies

have been explored in this regard, a comprehensive review of which can be found in

(Ahmed et al., 2021). Recognizing this limitation in intrusive reduced order modeling

approach such as the POD-Galerkin (Benner et al., 2015), data-driven non-intrusive

reduced order modeling strategies have become popular (Gao et al., 2020; Xiao et al.,

2017). This includes the integration of POD/DMD and SPOD with other data-driven

techniques, including machine learning and deep neural networks (Renganathan et al.,

2020; Fu et al., 2023; Kim et al., 2024; Eivazi et al., 2020), enabling the development of

non-intrusive ROMs.

38



1.6.2 Data driven modelling using deep learning

Recently, such machine learning (ML) methods have gained particular interest in the

fluid mechanics community towards developing surrogate models as ML is effective in

solving complex inverse and ill-posed problems while also suitable for real-time query

applications (Brunton et al., 2020; Vinuesa and Brunton, 2022b,a; Cheng et al., 2023).

There are two paradigms in ML based approaches, (i) data-driven (Vinuesa and Brunton,

2022b; Brunton et al., 2021), and, (ii) physics informed (Brunton et al., 2020; Willard

et al., 2022; Karniadakis et al., 2021; Cuomo et al., 2022).

In some non-intrusive reduced order modeling works (Gao et al., 2020; Xiao and Zhu,

2014; Lee and Carlberg, 2020; Eivazi et al., 2020; El Garroussi et al., 2022; Nony

et al., 2023), a variant of an autoencoder neural network is often employed for obtaining

low-order representations of the data. Autoencoders are a deep neural networks which

trained to compress the input to a bottleneck layer or a latent space and reconstruct the

input (Goodfellow et al., 2016). Such autoencoders are often trained using a stochastic

optimization algorithm (Kingma and Ba, 2017). Theoretically, an autoencoder can be

considered a non-linear generalization of POD as shown by Baldi and Hornik (1989). (Lee

and Carlberg, 2020) proposed a convolutional neural network (CNN) based autoencoder

architecture for intrusive nonlinear reduction of convection dominated flows which was

shown to be more effective than POD based approach. Eivazi et al. (2020) proposed

an autoencoder-DMD based approach for predictive modeling of flow past a pitching

plate and further improved it by replacing DMD with a long-term short memory network

(LSTM) (Goodfellow et al., 2016). However, in the case of non-intrusive reduced-order

modeling which is purely data-driven, a large amount of data is often required to obtain

meaningful in-distribution predictions for the test set while these models often suffer

when evaluating on out-of-distribution input parameters.

Although data-driven approaches are well developed, they require large amount of

data to capture the essential dynamics of complex physical systems. For example
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in the work of Fukami et al. (2019), a CNN based super-resolution model was built

with 𝑂(103) flow-field snapshots, and it was demonstrated that the accuracy of their

model only improved with increasing number of snapshots for training. Importantly,

generalizability of trained models to unseen input data happens to be a concern. Moreover,

purely data-driven ROMs, while powerful in pattern recognition, could possibly violate

fundamental conservation laws (Eivazi et al., 2020; Gao et al., 2020). Moreover, these

data driven deep learning based methods often become inappropriate for coarse or sparse

data regime. Since large data acquisition of real engineering systems for inverse problems

is often costly, a new paradigm has emerged to integrate the physical laws and machine

learning (Willard et al., 2022) such that learning in small data regimes and solving

forward/inverse problems of physical systems become possible. By finding a way to

encode the physical laws of the system into the neural network, one is able to preseve the

inherent invariances and symmetries while performing machine learning tasks.

In a recent survey, Willard et al. (2022) presented the emerging trends in integrating

physics and machine learning. By combining Machine learning and physics the following

objectives are often satisfied: (1) improving predictions beyond that of state-of-the-art

physical models (2) parameterization/model order reduction (Lui and Wolf, 2019) (3)

forward solving partial differential equations (Avrutskiy, 2020) (4) inverse Modeling

(Raissi and Karniadakis, 2018) (5) discovering Governing Equations (Raissi et al., 2019a)

and (6) multifidelity learning (Meng and Karniadakis, 2020). Willard et al. (2022) also

point out the key areas in which active research is performed to use a combination of

Physics and ML: (1) physics guided or informed Learning - the physical laws are encoded

in the objective function to be minimized, (2) physics guided architecture:- the neural

network architecture is designed such a way that some properties of a physical system

can be imbibed, (3) residual learning : the purpose here is to reduce the errors/residuals

of the physical laws (Kani and Elsheikh, 2017) . (4) Hybrid Physics - ML models : the

neural network is designed so as to predict intermediate values of a physics model.
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While data-driven methods are physics agnostic, physics informed machine learning

methods are capable of embedding partial/complete information of the underlying physics

into the objective function. The present work focuses on the physics informed machine

learning approach, specifically, the physics informed neural networks (PINNs) (Raissi

et al., 2019a) which is a class of deep neural networks (Goodfellow et al., 2016). More

background and related work are discussed in the subsequent section in the context of

unsteady flows.

1.7 PHYSICS INFORMED MACHINE LEARNING

Physics informed machine learning is a novel paradigm which traces its origins to the

seminal work by Lagaris et al. (1998), where neural networks were applied to solve

canonical boundary value problems governed by PDEs. Under coarse discretizations of

the domain, Lagaris et al. (1998) showed that such neural networks with PDE constraints

were better interpolants than traditional finite element method based approach. This

is especially valuable when dealing with coarse or sparse data. Widely expanding on

it, Raissi et al. (2019a) in their seminal work proposed the physics informed neural

networks (PINNs) which have become extremely popular in recent times, finding its

applications across various scientific domain.

Formulated as an optimization problem, PINNs embed prior knowledge of the governing

physics through the objective/loss function (Raissi et al., 2019a). In the context of fluid

mechanics, PINNs embed governing equations—such as the Navier-Stokes equations—as

soft constraints within neural network loss functions, enabling data-efficient solutions to

forward and inverse problems (Raissi et al., 2019a). Unlike conventional CFD methods

that rely on spatial discretization (e.g., finite volume or spectral methods), PINNs

parameterize solutions as continuous functions approximated by deep networks.

PINNs often employ feed forward neural networks to build pointwise space-time / space-

time-parameter input based approximations of the underlying physical system. While
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there exist various types of neural networks (Goodfellow et al., 2016), the commonly used

families of networks in data-driven modeling (Brunton et al., 2020) include feed-forward

neural networks (FNNs), convolutional neural networks (CNNs), and recurrent neural

networks (RNNs). Among these, CNNs are designed to handle spatially discrete data,

while RNNs handle sequential data. They can only provide a discrete approximation of

the spatiotemporal data which in turn limits the size/resolution of the spatiotemporal

grid one can train these networks on. Once trained on a specific spatio-temporal grid,

it wouldn’t be possible to predict on another grid using these networks. This is where,

although a precursor to these variants, a FNN is promising as one can train on point-wise

data, and handle any arbitrary distribution of the spatial grid points as well. This

advantage of FNNs coupled with the encoding of the underlying flow-field physics

into the network while training through the objective/cost/loss functions makes PINNs

using FNNs as backbones, very promising. This approach eliminates mesh generation

challenges as one could sample the input grid points from anywhere in the domain and

can consider any arbitrary domain (Raissi et al., 2020). This is a valuable feature of

PINNs particularly for moving boundaries and complex geometries.

Standard collocation PINNs (Raissi et al., 2019a) could be difficult to train due to

various failure modes such as competing objectives (Wang et al., 2021a), and propagation

failures (Krishnapriyan et al., 2021), especially in the case of forward problems. Various

strategies have been proposed lately– such as, loss component balancing (Wang et al.,

2021a; Jin et al., 2021), modified backbone architectures (Wang et al., 2021a), adaptive

sampling (Wu et al., 2023), domain decomposition (Jagtap et al., 2020c) and sequential

learning (Krishnapriyan et al., 2021; Penwarden et al., 2023) – to tackle these problems.

Many authors have also proposed adaptive loss component weighting (Wang et al.,

2021a; Heydari et al., 2019), domain decomposition strategies (Jagtap et al., 2020c;

Dwivedi et al., 2021), adaptive activation functions (Jagtap et al., 2020b), and modified

architectures (Wang et al., 2021a), to mitigate the above failure modes. A more detailed

list of scalable algorithms to train PINNs efficiently can be found in Shukla et al. (2022),
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and Penwarden et al. (2023). Recently, Krishnapriyan et al. (2021) and Penwarden

et al. (2023) have shown that standard PINNs are difficult to train in situations when

no measurements/simulation data are available, especially for unsteady convection-

dominated problems. On the other hand, Gopakumar et al. (2023) showed that PINNs

become relatively easier to train if at least some sparse/coarse simulation data or partially

observed experimental data are available. It has also been shown that when simulation

data is available, the expressivity of PINNs can be improved by appropriately relaxing

the physics loss components, without the need for any architectural modifications (Lucor

et al., 2022). In light of this, with simulation data being available in the present study, it

is also of particular interest to investigate strategies that improve the predictive capability

of PINNs under a fixed computational budget without the need for architectural changes.

The added physics loss component regularizes learning on the available data and

also enables solving different forward/inverse problems with minimal change in the

architecture (Raissi et al., 2019a). In the context of inverse/ill-posed problems, PINNs

are commonly used for, data-driven discovery of PDEs (Raissi et al., 2019a), data

assimilation (Raissi et al., 2019b), uncertainty quantification (Cheng et al., 2023), and,

hidden physics discovery (Raissi et al., 2020). Recent surveys have presented the diverse

set of domains in which PINNs have been applied (Karniadakis et al., 2021; Cuomo

et al., 2022). Once trained on a given spatio-temporal domain, the model allows for

query at any temporal/ spatial location within the given domain. Moreover, PINNs are

memory efficient; once trained, the model parameters alone are sufficient to be saved to

carry out the querying. Other advantages are, they are automatically differentiable by

obtaining a continuous function of input variables, and extremely flexible to implement

using the well developed deep learning (Goodfellow et al., 2016) software platforms

capable of automatic differentiation (Baydin et al., 2017) such as Tensorflow (Abadi,

2016), PyTorch (Paszke et al., 2019) and Jax (Bradbury et al., 2018).

A seminal advancement by Rao et al. (2020) demonstrated PINNs’ capability to solve
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Newtonian laminar flows over cylinders using a mixed-variable formulation. By

decomposing governing equations into continuum and constitutive components while

enforcing divergence-free conditions via stream functions, their method reduced

derivative orders, improving training stability and prediction accuracy. This framework

was extended to conjugate heat transfer problems in obstructed domains, revealing that

architectural choices and equation normalization critically influence solution fidelity.

Unsteady flows introduce temporal dependencies that exacerbate computational costs in

traditional CFD. PINNs inherently handle spatiotemporal coherence through continuous

space-time domain formulations. Recently, Sliwinski and Rigas (2023) and Patel et al.

(2024) pioneered PINN-based mean flow reconstruction for unsteady flows, leveraging

Reynolds-averaged Navier-Stokes (RANS) equations without requiring turbulence

closure models. Their approach demonstrated superior performance in reconstructing

transient velocity fields from sparse measurements compared to proper orthogonal

decomposition methods. In an other study, Sun et al. (2020) developed parametric

surrogate in a data-free manner with PINNs for hemodynamic flows in irregular

geometries, contrasting soft versus hard boundary condition enforcement. Hard

constraints, which exactly satisfy Dirichlet/Neumann conditions at input coordinates,

proved essential for unique solution identification—a critical requirement for inverse

problems. Adaptive activation functions (Jagtap et al., 2020a,b) further enhanced

convergence rates but were secondary to proper boundary treatment. It is however

important to note that such a boundary condition enforcement will be non-trivial when

working with moving bodies in an inertial frame of reference. PINNs excel in ill-posed

problems where boundary conditions or material properties are unknown. Tartakovsky

et al. (2020) estimated heterogeneous hydraulic conductivity in subsurface flows using

PINNs constrained by Darcy’s law and sparse measurements. In turbulent flow regimes,

Raghu et al. (2024) coupled PINNs with the Boussinesq hypothesis to predict Reynolds

stresses in free shear flows. Their dual-network architecture separated mean flow

variables from eddy viscosity estimation, while dynamic loss weighting balanced
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gradient contributions across momentum equations. Non-dimensionalizing governing

equations further stabilized training, underscoring the importance of preprocessing in

PINN implementations.

Traditional CFD methods like immersed boundary (IBM) or arbitrary Lagrangian-

Eulerian (ALE) techniques face mesh quality and remeshing challenges for moving

bodies. PINNs can circumvent these issues through meshless formulations, proving

particularly advantageous for fluid-structure interaction (FSI) problems involving large

deformations. While high-fidelity IBM simulations require GPU acceleration for

parametric studies, PINNs can achieve reasonable accuracy at reduced computational

cost once trained on the generated data even if sparse. But physics informed methods

that handle moving boundaries and complex geometries in a non-conformal mesh setting

are still in infancy (Wang and Perdikaris, 2021; Buhendwa et al., 2021; Raissi et al.,

2019b; Calicchia et al., 2023).

1.7.1 Relevance of PINNs for unsteady flows past moving bodies

Instantaneous pressure field for flow around moving bodies such as natural swimmers

or flyers is important due to the complex interactions between pressure associated with

the acceleration of the body and the vortices generated in the flow (Daniel, 2015). In

experiments, either flow visualization data of a passive scalar such as the concentration

of contrast agents/smoke/dye is available (Lai and Platzer, 1999), or, planar velocity data

is available through particle image velocimetry (PIV) measurements (Dabiri et al., 2014).

Often, pressure field measurements are not taken. Hence, recovering instantaneous

pressure non-invasively from the flow visualization/PIV velocity data would be extremely

useful in understanding the underlying mechanisms and also for estimating the loads on

a moving test specimen (Liu and Katz, 2013; Dabiri et al., 2014; Pirnia et al., 2020).

In the case of numerical simulations, too, near-field pressure recovery from velocity

data is desirable. In some variants of IBM (Lee et al., 2011; Majumdar et al., 2020),

a mathematical artifice is used to enable the computation of the aero-/hydro-dynamic

45



loads from the total time derivative of velocity and the momentum forcing terms in the

momentum conservation equation. In such cases, the pressure data are not even used

or stored. Therefore, an appropriate surrogate for accurate physics-consistent near-field

pressure recovery and simultaneous velocity reconstruction from the coarse/sparse

velocity data alone, would be highly desirable. This also adds to the effort towards further

reducing the high memory costs, often incurred in storing high-fidelity simulation data.

Indeed, it would be convenient to have a surrogate to query both velocity and pressure

once recovered at a specific spatio-temporal coordinate within the region of interest, with

minimal effort. Hence, hidden physics recovery using PINNs in the context of moving

body flows is a major research question addressed in this thesis.

Surrogate modeling based on simulation data obtained from IBM poses several

challenges (Balajewicz and Farhat, 2014). Specifically, as a result of employing a fixed

Eulerian background grid, the region of the grid bounded by the Lagrangian markers

contains fictitious flow-field values that are necessary to the IBM computation. Thus, at

any time instant, the Eulerian grid points falling within the range of the solid body

motion could either lie in the fictitious flow domain (that shall be called the solid domain

from now on) or the fluid domain. Moreover, enforcing the no-slip boundary condition

on the solid boundary becomes difficult as the Lagrangian markers are disjoint from the

underlying Eulerian grid points. Thus, while handling moving bodies or complex

geometries becomes easier with IBM (Kim and Choi, 2019), obtaining a surrogate

capable of both recovering pressure and reconstructing the velocity accurately becomes

challenging.

PINNs based approaches have also been recently tested for problems involving moving

boundaries/interfaces. A PINN was proposed (Wang and Perdikaris, 2021) with a

two-network architecture to solve simple benchmark problems on free/moving interfaces

(known as Stefan problems), in both forward and inverse settings. One network

predicts/learns the previously unknown/known moving interface position, and the other
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learns the complete solution of the underlying PDEs with appropriate constraints at the

interface, enforced through the loss function. A two-phase incompressible flow problem

with moving interface was solved in both forward and inverse settings (Buhendwa et al.,

2021), using PINNs with a volume of fluid formulation. Hidden physics recovery was

performed using the volume fraction as training variables, where the velocity and pressure

fields were recovered as hidden variables. Motivated by the fictitious domain method

(FDM), Yang et al. (2023b) proposed a FDM-PINN approach and demonstrated its

capability in solving forward problems with stationary and moving bodies involving

linear elliptic/parabolic PDEs. A few studies in the area of vortex induced vibrations of

a bluff-body have also been reported (Raissi et al., 2019b; Bai and Zhang, 2022; Tang

et al., 2022; Bai and Zhang, 2022). These studies considered a body attached frame of

reference to model the flow around the body. Note that transferring CFD data from an

Eulerian frame of reference to a body attached frame of reference is not feasible in the

case of multiple moving bodies or multiple deforming structures. In such situations, a

fixed Eulerian frame of reference (as used in IBM) is beneficial and effective. To combine

the advantages of IBM and PINNs, Huang et al. (2022) proposed a direct forcing based

IB-PINNs approach and applied it on a steady flow problem past a stationary cylinder for

Reynolds numbers 𝑅𝑒 < 40. The physics losses were minimized in the entire domain

considering the solid and fluid regions together. However, it is not clear if in the IB-PINN

formulation, including the solid region in the physics loss calculation is necessary when

the body position and velocity are known a priori. More recently, in another application

on moving body (Calicchia et al., 2023), a standard Navier-Stokes (N-S) formulation

based PINN considering a non body-attached (inertial) frame of reference was used. PIV

data was used and the near-field pressure data around the moving body was recovered

effectively in this approach. Given the flexibility of PINNs in choosing collocation

points anywhere in the domain, under a body non-conformal approach, it would thus be

interesting to test the efficacy of IB-PINN (Huang et al., 2022) in comparison with the

standard collocation based PINN in an inertial frame of reference, where the solid region
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is discarded. Such a comparison has not been undertaken in the literature, to the best of

the author’s knowledge. The role of the solid region grid points in an IBM setting on

the overall performance of the PINN is also yet to be understood. These are some of

the pertinent issues that need to be addressed in light of the above discussion and in the

context of handling flow past moving bodies, especially in a non body-attached frame

of reference. More recently, in some contemporary works of Zhu et al. (2023, 2024),

PINNs were employed only in the fluid region to solve forward and inverse problems.

Notably, forward problems are extremely challenging to solve. In the work of Zhu et al.

(2024), to obtain forward solutions with reasonable precision for a flapping wing case

study, Zhu et al. (2023) resorted to a very small time domain for training such that it

contributed only a fraction of the overall flapping time period. Thus forward problems

being paricularly challenging to solve using PINNs, GPU accelerated traditional CFD

solvers (Chuang and Barba, 2022; Yuen et al., 2013) are preferable for such problems

considering the overwhelming benefits of low turnaround times.

Systems with moving boundaries are particularly challenging for PINNs to model because

the domain evolves over time, complicating the enforcement of boundary conditions and

increasing computational complexity. Additionally, moving boundaries often involve

coupled nonlinear dynamics and can introduce sharp gradients or discontinuities in the

solution, which are challenging for neural networks to approximate accurately. In this

context, some previous studies relied on domain transformations to body-attached frame

of reference (Raissi et al., 2019b). But this can be limiting when handling multiple

moving bodies and deforming flexible structures. Hence, in the context of unsteady

flows past moving/flapping wing-like bodies, the use of a fixed background Eulerian grid

would be advantageous for training PINNs. This served as the motivation for some of

the recent works (Huang et al., 2022; Yang et al., 2023b; Calicchia et al., 2023; Zhu

et al., 2024). While the results were promising, a deeper understanding of the relative

merits of standard NS-based PINNs or IBM-based PINNs was missing.
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Some of the major challenges, when working with unsteady flow-field data past moving

bodies, arise in the temporal domain of the problem. It is possible that even with periodic

actuation of the solid body, the resultant flow-field could be aperiodic in nature, which

can bring in multiple time scales (Lewin and Haj-Hariri, 2003). Adequate sampling

of the flow-field becomes important to represent all the time scales. Moreover, an

understanding of the dynamical behavior of the flow and its interaction with the moving

body depends on long time integration of the flow-field, posing a challenge for PINNs as

they do not train well on long-time domains (Krishnapriyan et al., 2021). Often, due to

memory/storage constraints, the temporal resolution of the obtained data can be coarser

than the minimum required Nyquist sampling criterion. In such scenarios, standard

interpolation techniques might not suffice for flow-field reconstruction at intermediate

time stamps. Moreover, it might not be feasible to rerun the simulations or experiments for

the entire spatial domain when the region of interest is often a truncated spatial subdomain

encompassing the near-field region and the moving body. Hence, a physics-informed

continuous time-space interpolator like a PINN would be beneficial as it can work under

data-sparse conditions (Cai et al., 2021b), and with any arbitrary domain (Raissi et al.,

2020). Importantly, sparsity is a computational source of complexity for PINNs, whereas

flow-field aperiodicity necessitates long-time integration and thus strongly tied to the

physics of the flow. Aperiodic flows past flapping foils have been investigated by the

community owing to their ability to enhance lift/thrust generation (Khalid et al., 2018;

Lewin and Haj-Hariri, 2003; Platzer et al., 2008; Bose and Sarkar, 2018; Majumdar

et al., 2022; Shah et al., 2021). Such flow-fields contain rich temporal scales although

the flow-field might look seemingly regular. A rich spectral content might prove to be

challenging for PINNs owing to their frequency bias issues. One way to mitigate this is

to use Fourier embeddings (Wang et al., 2021b). However, it is impossible to pre-assess

the frequency content of the flow-field, before experiments/simulations. Also, even

with available data, it might be challenging to determine the spectrum if the temporal

resolution is poor.
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Considering the above situations, effective training strategies need to be employed to

handle the temporal domain complexity of different forms: (1) temporal sparsity, (2)

long-time domain integration, and (3) rich spectral content in case of aperiodicity. A

unified causal framework for soft/hard causality enforcement through weighting or

time domain decomposition strategies was proposed recently (Penwarden et al., 2023).

These sequential learning strategies, more than parallel training, can benefit from the

transfer learnability of traditional neural networks. But this is applicable only when the

networks train on equidistant time/spatial windows in the physical domain. Although it

might seem promising to consider varied sizes of networks to train different temporal

segments (Jagtap and Karniadakis, 2020), transfer learning would only be beneficial when

the time windows/segments chosen are the same, given that spatial features are often quite

similar across temporal snapshots of periodic/aperiodic flows. This motivates the present

study in which different sequential learning strategies have also been explored, including

time marching (Krishnapriyan et al., 2021), backward compatible training (Mattey and

Ghosh, 2022), and sequential learning with transfer learning methods (Tang et al., 2022).

These have also been investigated in the context of unsteady flows past a flapping airfoil

in the current dissertation.

1.8 RESEARCH GAPS AND OPEN PROBLEMS

Based on the review of relevant literature in previous sections, the following open

problems have been identified:

• Immersed BoundaryMethods (IBM) provide a computationally efficient framework
for simulating flows over complex, deforming, and multi-body geometries using
fixed Eulerian grids. However, the resulting data contain fictitious or non-physical
flow values within the solid region, limiting the direct use of classical projection-
based model reduction techniques such as POD or DMD. Reconstructing physically
consistent fields in this body-non-conformal, domain-agnostic setting thus remains
an open challenge—one that motivates recasting IBM data reconstruction as a
physics-constrained learning problem, and developing a framework with broad
applicability to single or multiple moving bodies.

• In many experimental and numerical IBM setups, pressure fields or boundary load

50



distributions are either unrecorded or under-resolved, since momentum forcing
alone suffices for force computation in certain IBM variants (Kim et al., 2001;
Majumdar et al., 2020). Recovering such hidden physical quantities—particularly
pressure—from limited spatio-temporal flow data becomes essential for post-
analysis, model validation, and load estimation. Developing non-intrusive, data-
efficient surrogate models that can infer these hidden variables without explicit
boundary data forms a key focus of this thesis.

• Most of the recent studies (Huang et al., 2022; Yang et al., 2023b) which discussed
immersed boundary or fictitious domain based PINNs, attempted either steady
state problems or time dependent but linear problems. Unsteady flows past
moving bodies governed by NS equations and that too with some temporal domain
complexities are challenging and not tackled in earlier studies (see table 1.2 for a
brief summary of list of earlier and some contemporary contributions).

• In realistic moving-body flow problems, body shape, position, or kinematic
quantities such as velocity and acceleration are often unavailable or inaccurately
represented. In such cases, inference must proceed in an inertial,
body-nonconformal frame while implicitly recovering the hidden boundary
motion. The feasibility of surrogate formulations capable of learning both the flow
field and boundary evolution simultaneously, ensuring consistent reconstruction of
pressure and surface forces needs to be investigated. Similarly, feasibility of the
surrogate formulations under no-data scenarios such as forward problems also
need to be investigated.

• Unsteady flows past moving bodies can exhibit complex dynamics and a broadband
temporal spectra even with periodic actuation of the moving body which challenges
development of both data-driven and physics-informed learning frameworks.
In addition, sparsity of collected spatio-temporal data or limited observation
windows can hinder the ability of the model to capture relevant dynamical modes
at intermediate time instants where data is unavailable. Understanding how
temporal resolution, physics loss formulation, and time-domain decomposition
affect surrogate model performance constitutes an important gap addressed in this
study.

1.9 SCOPE AND OBJECTIVES OF THE THESIS

Keeping the need and potential benefits of physics informed neural networks in mind,

the primary focus of the thesis is to develop a mesh agnostic and data efficient surrogate

modeling framework for unsteady flows past moving bodies. This study will establish

an unsteady flow past plunging airfoil as the ideal test bench to develop data-driven

or physics-informed models owing to its key characteristics. Hence, throughout this

study, flow past a plunging foil is considered at a low Reynolds number 𝑂(100). A
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Study Method Key contribution Test case
Raissi et al.

(2019b)
PINN PINN for hidden

variable recovery
in a body attached
frame of reference

Two dimensional
flow past vibrating

cylinder

Wang and
Perdikaris (2021)

PINNs Two sub-networks.
One for the fluid
and the other for
the moving
interface.

Stefan PDEs

Buhendwa et al.
(2021)

PINNs Volume of fluid
based PINN was
proposed

Two phase
incompressible

flow
Tang et al. (2022) TL-PINNs Transfer learning

was adopted to
reconstruct flow
past a two

dimensional fixed
cylinder

Two dimensional
fixed cylinder

Huang et al. (2022) IB-PINN IBM based PINN
for time

independent BVP

Fixed cylinder
steady flow

Yang et al. (2023b) FDM-PINN Fictitious domain
PINN for forward
problems

Linear elliptic and
parabolic steady
and unsteady PDEs

Zhu et al. (2023) PINN Demonstrated the
effectiveness of
PINNs for dynamic
interface problems

Steady state
fluid-solid

interaction without
deformation of the

structure

Table 1.2: Summary of contributions of earlier and some contemporary studies on PINNs
for moving boundary problems.
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high fidelity incompressive Navier Stokes based solver based on the discrete forcing

immersed boundary method shall be primarily used to obtain the required training data

for the machine learning based models. Although CFD simulations of unsteady flow are

possible, they are still computationally intensive (Álvarez-Farré et al., 2021; Mader et al.,

2020; Reguly and Mudalige, 2020). This is because, the CFD algorithms are dominated

by iterative linear algebra routinesWood et al. for the solution of Navier-Stokes (N-S) and

allied governing equations. With parallel computing it is possible to accelerate such linear

algebraic routines. With the advent of general purpose praphics processing units (GPUs),

these compute intensive linear algebraic routines can be parallelised and offloaded onto

the GPUs. Hence, the inhouse IBM solver which is written in C++ is parallelized on the

GPU using OpenACC (OpenACC-Standard.org, 2015), a directive based parallelization

framework by NVIDIA. A directive based paradigm is chosen because of lesser code

intrusion and minimal development time to migrate a previous CPU parallel version to

the GPU. The machine learning models are built in Python language using the Tensorflow

deep learning framework. Machine learning model predictions especially the pressure

recovered will be compared against the pressure fields of ALE framework.

Overall, this study aims to provide a novel framework to tackle inverse problems arising

in unsteady flow past moving bodies. Specifically, attention will be towards the problem

of pressure recovery as a hidden variable using PINNs under different spatio-temporal

sparsity and temporal complexity conditions. The study uses a single moving body

example, but the framework is not restricted to a single body and is applicable for multiple

moving bodies. Note that, moving body problem encompasses key characteristics of the

flows past moving bodies: strong vortices with localized regions of strong gradients, and

time varying flow behavior. The above mentioned characteristics would pose challenges

while training for PINNs in general owing to their failure modes as discussed in earlier

sections.

The key contributions of the present study are identified as follows:
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• In order to build surrogate models for unsteady flows past moving bodies in a fixed
frame of reference, a body non-conformal immersed boundary aware framework
based on PINNs has been developed.

• Using this framework, recovery of near-field pressure and reconstruction of velocity
data at any spatio-temporal coordinate within a domain of interest while enabling
real time query have been done.

• Under the above framework, two PINN formulations, based on the standard N-S
equation, and IBM, have been evaluated, specifically for non-intrusive recovery of
pressure from coarse velocity data.

• To improve the model performance under a fixed computational budget, the efficacy
of physics residual loss relaxation has been investigated.

• A multi-part physics loss weighting strategy, in addition to the standard physics
loss relaxation, has been devised for the IBM-based PINN formulation to isolate
and explain the effects of the solid region on the model performance.

• To improve data efficiency while maintaining acceptable levels of accuracy, a
physics-based undersampling strategy has been proposed.

• To evaluate the framework for velocity reconstruction and pressure recovery under
different temporal domain complexities and identify the limitations.

• Extension of the IBA framework to efficiently handle temporal domain
complexities using time marching, and temporal decomposition based sequential
strategies (Krishnapriyan et al., 2021; Mattey and Ghosh, 2022) coupled with
transfer learning (Tang et al., 2022) has been attempted along with a preferential
spatio-temporal sampling strategy devised to handle data sparse conditions.

• Detailed evaluation of the proposed methods under a fixed training budget over
both periodic and quasi-periodic flow situations past a flapping body depicting the
different temporal domain complexities discussed above.

Note that PINNs based modeling of the flow in a body-attached frame of reference could

be restrictive and is not amenable for multiple moving bodies or deforming structures. But

the generality of the proposed boundary non-conformal approach would allow handling

multiple moving bodies/deforming structures in an inertial frame of reference. For the

sake of simplicity, a single moving body has been considered in the present study for

demonstrating the framework. To the best of the author’s knowledge, this is the first time

performance of PINNs has been analysed in the context of flapping wings, and that too
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in a body non-conformal setting. Moreover, through a set of investigations in a proof

of concept manner, the proposed framework would also be amenable to tackle inverse

problems such as hidden boundary shape and velocity estimation, super-resolution, and

a forward problem involving flows past a single movind body. Note that the forward

problem example is attempted in the current study only as a proof of concept to highlight

the persistent difficulties in training PINNs over a long time domain for a forward

problem (Krishnapriyan et al., 2021; Wang et al., 2024; Zhu et al., 2024) where one has

absolutely no data in the time domain except for the initial condition.

1.10 OUTLINE OF THE THESIS

The thesis is structured as follows. The development of the immersed boundary aware

framework and its application to the pressure recovery problem is discussed in Chapter 2.

Followed the detailed evaluation of the formulations presented in Chapter 2, in Chapter 3,

the potential of the IBA framework under different data availability scenarios will be

explored and limitations will be highlighted. In Chapter 4, the need to tackle different

temporal domain complexities arising in unsteady flow datasets such as (1) temporal

sparsity of data sets, (2) long time domains integration to determine the flow physics, and

(3) aperiodicity will be discussed. The IBA framework would be subsequently extended

to handle these complexities using sequential learning methods and data-efficient physics

based sampling techniques. Finally in Chapter 5, the overall summary and conclusion,

salient contributions, key limitations and future work will be highlighted. Appendix A

presents the development and validation of the GPU accelerated IBM solver used in the

study to generate the training data. In addition, Appendix B shall present case studies

demonstrating input subdomain level contributions from different spatial zones towards

training of PINN models, and discusses the combined effectiveness of the proposed

physics-based data sampling and physics loss relaxation.
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CHAPTER 2

IMMERSED BOUNDARY AWARE FRAMEWORK OF
SURROGATE MODELING USING PHYSICS

INFORMED NEURAL NETWORKS

2.1 INTRODUCTION

Instantaneous pressure fields around moving bodies such as natural swimmers or flyers

are crucial for understanding the coupled dynamics between body acceleration and

vortex-induced flow structures (Daniel, 2015). In experimental studies, however, only

indirect measurements—such as flow visualization of passive scalars (smoke, dye,

contrast agents) (Lai and Platzer, 1999) or planar velocity fields from particle image

velocimetry (PIV) (Dabiri et al., 2014)—are typically available, as these are far easier

to obtain than direct pressure data. Consequently, the ability to recover instantaneous

pressure non-invasively from flow visualization or PIV-based velocity data becomes

invaluable, enabling deeper insight into flow mechanisms and facilitating accurate load

estimation on moving bodies (Liu and Katz, 2013; Dabiri et al., 2014; Pirnia et al., 2020).

In numerical simulations, similar challenges arise. For instance, certain variants of the

Immersed Boundary Method (IBM) (Lee et al., 2011; Majumdar et al., 2020) compute

hydrodynamic loads through the total time derivative of velocity and momentum forcing

terms in the Navier–Stokes equations, without explicitly solving for or storing pressure

fields. This omission, while computationally efficient, limits post-processing and physical

interpretability. Hence, developing accurate, physics-consistent surrogate modeling

approaches for near-field pressure recovery—simultaneously reconstructing velocity

fields from coarse or sparse data—is of considerable interest. Beyond improving flow

analysis, such methods can substantially reduce storage requirements for high-fidelity

simulations by eliminating the need to store full pressure fields, allowing efficient



querying of both velocity and pressure at arbitrary spatio-temporal locations.

Nevertheless, surrogate modeling based on IBM-generated simulation data presents

several challenges (Balajewicz and Farhat, 2014). Owing to the use of a fixed Eulerian

background grid, regions enclosed by Lagrangian markers (representing the moving

solid boundary) contain fictitious flow-field values essential for IBM computations.

Consequently, at any given time, Eulerian grid points within the range of the solid-

body motion may belong either to the fictitious (solid) domain or the physical fluid

domain. Furthermore, enforcing the no-slip boundary condition is non-trivial, since the

Lagrangian markers are not collocated with the Eulerian grid points. Thus, although

IBM simplifies the treatment of moving bodies and complex geometries (Kim and

Choi, 2019), constructing a surrogate capable of accurately reconstructing velocity and

recovering pressure fields remains a significant challenge. In Chapter 1 section 1.4

it was discussed that IBM data reconstruction can be formulated as a weighted least-

squares optimization problem. However, the ALS-based decomposition as proposed

by Balajewicz and Farhat (2014) offers only a linear approximation of the underlying

data structure, which inherently restricts the model expressivity under computational

or data constraints. This limitation naturally motivates the adoption of deep learning

frameworks, which can capture nonlinear dependencies and complex latent structures

beyond the reach of conventional linear methods.

In order to accommodate potential data availability constraints often faced in real datasets,

the present work adopts through Physics-InformedNeural Networks (PINNs) (Raissi et al.,

2019a), a class of deep neural networks (Goodfellow et al., 2016) which incorporate

governing equations into the loss function. This way, PINNs regularize learning

on available limited/sparse/coarse data and enable the solution of both forward and

inverse problems with minimal architectural modification (Raissi et al., 2019a). PINNs

have been successfully employed in inverse or ill-posed settings, for data-driven PDE

discovery (Raissi et al., 2019a), data assimilation (Raissi et al., 2019b), and hidden
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physics recovery (Raissi et al., 2020), with recent surveys highlighting their broad

applicability across scientific domains (Karniadakis et al., 2021; Cuomo et al., 2022).

The key advantages are that the data points can be selected arbitrarily anywhere in the

domain (Raissi et al., 2020) while training, and once trained, a PINN can be queried

continuously in space and time within the training domain. Moreover, PINNs are

memory-efficient—storing only model parameters suffices for inference—and naturally

differentiable owing to automatic differentiation capabilities of modern deep learning

frameworks such as TensorFlow (Abadi, 2016), PyTorch (Paszke et al., 2019), and

JAX (Bradbury et al., 2018)

As discussed in the Introduction Chapter 1, standard collocation PINNs (Raissi et al.,

2019a) are sometimes difficult to train for forward problems due to underlying failure

modes, broadly classified under: competing optimization objectives, and, propagation

failures as discussed in (Wang et al., 2021a; Krishnapriyan et al., 2021). Various

strategies have been proposed lately– such as, loss component balancing (Wang et al.,

2021a; Jin et al., 2021), modified backbone architectures (Wang et al., 2021a), adaptive

sampling (Wu et al., 2023), domain decomposition (Jagtap et al., 2020c) and sequential

learning (Krishnapriyan et al., 2021; Penwarden et al., 2023) – to tackle these problems.

A more detailed list of scalable algorithms to train PINNs efficiently can be found in the

works of Shukla et al. (2022); Penwarden et al. (2023). Inspite of this, forward problems

using PINNs are often intractable compared to GPU accelerated CFD simulations.

Instead it is more viable to use PINNs only in ill-posed or inverse problems where

multiple CFD simulations become intractable as compared to a single training procedure.

Recently, Krishnapriyan et al. (2021) and Penwarden et al. (2023) have shown that

standard PINNs are difficult to train in situations when no measurements/simulation data

are available, especially for unsteady convection dominated problems. On the other hand,

(Gopakumar et al., 2023) showed that PINNs become relatively easier to train if at least

some sparse/coarse simulation data or partially observed experimental data are available.

It has also been shown that when simulation data is available, the expressivity of PINNs
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can be improved by appropriately relaxing the physics loss components, without the need

for any architectural modifications (Lucor et al., 2022). In light of this, with simulation

data being available in the present study, it is also of particular interest to investigate

strategies that improve the velocity reconstruction and pressure recovery capability of

PINNs under a fixed computational budget without the need for architectural changes.

PINNs based approaches have been recently tested for problems involving moving

boundaries/interfaces. A PINN was proposed (Wang and Perdikaris, 2021) with a

two-network architecture to solve simple benchmark problems on free/moving interfaces

(known as Stefan problems), in both forward and inverse settings. One network

predicts/learns the previously unknown/known moving interface position, and the other

learns the complete solution of the underlying PDEs with appropriate constraints at the

interface, enforced through the loss function. A two-phase incompressible flow problem

with moving interface was solved in both forward and inverse settings (Buhendwa et al.,

2021), using PINNs with a volume of fluid formulation. Hidden physics recovery was

performed using the volume fraction as training variables, where the velocity and pressure

fields were recovered as hidden variables. Motivated by the fictitious domain method

(FDM), (Yang et al., 2023b) proposed a FDM-PINN approach and demonstrated its

capability in solving forward problems with stationary and moving bodies involving

linear elliptic/parabolic PDEs. A few studies in the area of vortex induced vibrations of

a bluff-body have also been reported (Raissi et al., 2019b; Bai and Zhang, 2022; Tang

et al., 2022; Bai and Zhang, 2022). These studies considered a body attached frame

of reference to model the flow around the body. Note that transferring CFD data from

an Eulerian frame of reference to a body attached frame of reference is not feasible in

the case of multiple moving bodies or deforming structures. In such situations, a fixed

Eulerian frame of reference (as used in IBM) is beneficial and effective. To combine

the advantages of IBM and PINNs, Huang et al. (2022) proposed a direct forcing based

IB-PINNs approach and applied it on a steady flow problem past a stationary cylinder for

Reynolds numbers 𝑅𝑒 < 40. The physics losses were minimized in the entire domain
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considering the solid and fluid regions together. However, it is not clear if in the IB-PINN

formulation, including the solid region in the physics loss calculation is necessary when

the body position and velocity are known a priori. More recently, in another application

on moving body (Calicchia et al., 2023), a standard Navier-Stokes (N-S) formulation

based PINN considering a non body-attached (inertial) frame of reference was used. PIV

data was used and the near-field pressure data around the moving body was recovered

effectively in this approach. Given the flexibility of PINNs in choosing collocation

points anywhere in the domain, under a body non-conformal approach, it would thus be

interesting to test the efficacy of IB-PINN (Huang et al., 2022) in comparison with the

standard collocation based PINN in an inertial frame of reference, where the solid region

is discarded. Such a comparison has not been undertaken in the literature, to the best of

the authors’ knowledge. The role of the solid region grid points in an IBM setting on

the overall performance of the PINN is also yet to be understood. These are some of

the pertinent issues that need to be addressed in light of the above discussion and in the

context of handling flow past moving bodies, especially in a non body-attached frame of

reference. Based on the above discussion, the key objectives and outcomes of the present

chapter are identified as follows:

• In order to build surrogate models for unsteady flows past moving bodies in a fixed
frame of reference, a body non-conformal immersed boundary aware framework
based on PINNs has been developed here.

• Under the above framework, two PINN formulations, based on the standard N-S
equation, and IBM, have been evaluated, specifically for non-intrusive recovery of
pressure from coarse velocity data.

• To improve the model performance under a fixed computational budget, the efficacy
of physics residual loss relaxation has been investigated.

• A multi-part physics loss weighting strategy, in addition to the standard physics
loss relaxation, has been devised for the IBM-based PINN formulation to isolate
and explain the effects of the solid region on the model performance.

• To improve data efficiency while maintaining acceptable levels of accuracy, a
physics-based undersampling strategy has been proposed.
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Often in flow problems involving a moving body, the solid body is allowed to move either

based on a prescribed kinematics or as dictated by the structural dynamical equations

coupled with the flow solver. The present study deals with the former scenario. One of

the main aims of the present surrogate modeling framework is to recover the near-field

pressure as a hidden variable, and reconstruct velocity data at any spatio-temporal

coordinate within a domain of interest while enabling real-time query. The present study

proposes to achieve this by training a physics informed neural network (PINN) in a body

non-conformal manner. As in the IBM, where the flow is investigated in an Eulerian grid

and the solid is represented in a Lagrangian fashion, a similar strategy is proposed here

and hence can also be called an immersed boundary aware (IBA) approach.

Note that PINNs based modeling of the flow in a body-attached frame of reference

could be restrictive and is not amenable for multiple moving bodies or deforming

structures. However, using a body non-conformal and an inertial frame of reference

alleviates the need for case specific computational domain transformations to a body-

attached frame of reference to tackle a moving boundary problem, as was done in earlier

studies by Raissi et al. (2019b); Bai and Zhang (2022). Hence, the generality of the

proposed boundary non-conformal approach would allow handling multiple moving

bodies/deforming structures in an inertial frame of reference. For the sake of simplicity,

incompressible flow past a single moving body has been considered in the present study

for demonstrating the framework. To the best of the author’s knowledge, this is the first

time PINNs’ performance has been analysed in the context of flapping wings, and that

too in a body non-conformal setting.

The rest of the chapter is organised as follows. In section 2.2 and section 2.3, themodelling

of the flapping foil system and unsteady flow around it are discussed. In sections 2.4

and 2.5, the backbone neural network architecture and loss formulation for the immersed

boundary aware PINNs based surrogate modeling framework are discussed in the context

of pressure recovery and velocity reconstruction. The pre-setup considerations for the
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Figure 2.1: Schematics of the problem setup: computational domain Ω is chosen for the
IBM solver, and the truncated domain Ω𝑟 is chosen for the surrogate model.
Ω 𝑓 and Ω𝑟𝑓 are the fluid regions excluding the solid boundary Γ𝐼𝐵 and solid
region Ω𝑠 at any given time instant. Γ𝑟𝑖𝑛𝑙𝑒𝑡 , Γ

𝑟
𝑜𝑢𝑡𝑙𝑒𝑡

, Γ𝑟𝑢𝑝𝑝𝑒𝑟 and Γ𝑟𝑙𝑜𝑤𝑒𝑟 are
the inlet, outlet, upper and lower boundaries of the truncated domain Ω𝑟 ,
respectively.

PINNs including training-testing database generation and hyperparameter tuning are

discussed in section 2.6. Sections 2.7 and 2.8 demonstrate the effects of physics constraint

relaxation and a physics based vorticity cut off sampling strategy, respectively. Finally,

the discussion and key conclusions are outlined in sections 2.9 and 2.10, respectively.

2.2 THE FLAPPING FOIL SYSTEM

Two-dimensional unsteady incompressible flow past a plunging rigid elliptic airfoil at

a low Reynolds number is considered. The foil follows a harmonic kinematics and is

considered to be of unit chord length (𝑐 = 1) with a thickness to chord ratio of 0.125. It

is subjected to uniform free-stream; see figure 2.1(a) for a schematic of the problem. The

plunging kinematics is given by, The kinematic model is as follows

𝑦(𝑡) = ℎ𝑎 cos(2𝜋 𝑓ℎ𝑡 + 𝜙), and (2.1)
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¤𝑦(𝑡) = −2𝜋 𝑓ℎℎ𝑎 sin(2𝜋 𝑓ℎ𝑡 + 𝜙). (2.2)

Here, 𝑡 is dimensional time; ℎ𝑎 and 𝑓ℎ are the plunging amplitude and frequency,

respectively. Here, 𝜙 is the kinematic phase parameter that determines the initial body

position at 𝑡 = 0. Aligning with earlier works of Lewin and Haj-Hariri (2003), and

Khalid et al. (2018), the non-dimensional amplitude ℎ = ℎ𝑎/𝑐 and reduced frequency

𝑘 = 2𝜋 𝑓ℎ𝑐/𝑈∞ are defined, where,𝑈∞ is the free stream velocity. Further description of

the flapping motion will be made in the terms of 𝑘 and ℎ.

2.3 MODELING THE UNSTEADY FLOW

The flow around the flapping foil is assumed to be governed by the incompressible

Navier-Stokes (N-S) equations given in its non-dimensional form by

𝜕𝒖

𝜕𝑡
+ ∇.(𝒖𝒖) = −∇𝑝 +

1
𝑅𝑒
∇2𝒖, (2.3)

∇.𝒖 = 0. (2.4)

Here, 𝒖 represents the non-dimensional velocity vector in the 𝑥-𝑦 space with 𝑢 and 𝑣

being the 𝑥 and 𝑦 components of 𝒖, respectively, and 𝑝 is the non-dimensional pressure.

𝑅𝑒 =
𝑈∞𝑐

𝜈
indicates the Reynolds number with 𝜈 being the kinematic viscosity.

A discrete forcing IBM based in-house flow solver developed by Majumdar et al. (2020)

withGPU acceleration (seeAppendixA for details onOpenACC (OpenACC-Standard.org,

2015) based GPU acceleration) has been employed here to solve equations (2.3) and (2.4)

for generating the training and testing data for the velocity fields. In IBM approach, the

immersed solid boundary Γ𝐼𝐵 is represented by a set of Lagrangian markers (figure 2.2(a))

which do not conform exactly with the Eulerian fluid grid. Importantly, at the solid

boundary Γ𝐼𝐵, a no-slip boundary condition is to be satisfied such that 𝒖(𝒙 = Γ𝐼𝐵, 𝑡) = ¤𝑦(𝑡).

Since this cannot be directly enforced on Γ𝐼𝐵 in the IBM, a momentum forcing term 𝒇

with 𝑓𝑥 and 𝑓𝑦 as the respective 𝑥 and 𝑦 components must be added in equation (2.3). 𝒇

64



Figure 2.2: Schematics of (a) a representative computational domain Ω = Ω 𝑓 ∪Ω𝑠 used
in the immersed boundary method. Here Ω𝑠 is the shaded area representing
the solid region bounded by the solid boundary Γ𝐼𝐵, and (b) the mesh grid
representing the staggered primitive variable arrangement and fluid-solid
grid point classifications.

is evaluated such that the no-slip boundary condition is satisfied on Γ𝐼𝐵 using appropriate

mapping and interpolation between the Eulerian and Lagrangian points. Additionally, a

source/sink term 𝑞 is added in equation (2.4) to strictly satisfy the continuity equation.

Both 𝒇 and 𝑞 are non-zero inside Ω𝑠 bounded by Γ𝐼𝐵. While 𝒇 is strictly zero outside

Γ𝐼𝐵 everywhere in Ω 𝑓 , 𝑞 can be non-zero just outside Γ𝐼𝐵 at grid cells that are partially

cut by Γ𝐼𝐵, but zero elsewhere in Ω 𝑓 . This is depicted by the filled/unfilled markers

and colour coded arrows in figure 2.2(b). The governing equations in the current IBM

approach takes the form as below,

𝜕𝒖

𝜕𝑡
+ ∇.(𝒖𝒖) = −∇𝑝 +

1
𝑅𝑒
∇2𝒖 + 𝒇 , (2.5)

∇.𝒖 − 𝑞 = 0. (2.6)

For more details on the IBM solver, please refer to the works of Majumdar et al. (2020)

and Shah et al. (2019).

In the current IBM solver, the pressure-field was not required for computing the

aerodynamic loads and hence this data was not stored. For a rigorous testing of the

pressure recovery capability of the PINN models, an ALE-based flow solver has been

65



Figure 2.3: (a) Cartesian grid used in IBM solver, and (b) its zoomed view near the solid
boundary.

used to generate and test the pressure data. In the ALE technique, the governing equations

are solved as it is without the need for any additional forcing or mass source/sink terms

in the equations. The ALE based simulations were performed using icoDyMFoam solver

from the open-source package foam-Extend (Jasak et al., 2007)).

2.3.1 Solver controls and validation of the CFD solvers

For the sake of completeness, the settings for the IBM and ALE solvers and validation

study are discussed here briefly.

The flow simulations were carried out keeping the computational domain (figure 2.1)

and IBM solver controls in alignment with the work of (Majumdar et al., 2020). A

rectangular computational domain of size [−10𝑐, 25𝑐]× [−12.5𝑐, 12.5𝑐] was considered

with the elliptic foil being placed at the maximum amplitude position initially. The grid

size Δ𝑥 = Δ𝑦 = 0.004 and time-step size Δ𝑡 = 0.0001 were chosen after performing

appropriate grid and time convergence tests for the IBM solver.

The Eulerian mesh was uniformly spaced in the region of the body movement with a

minimum cell spacing and then gradually stretched following a geometric progression

towards the outer boundaries (resulting in a total of 6.3187𝑒06 cells) as shown in
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figure 2.3(a) with the zoomed view presented in figure 2.3(b). On the other hand,

for the ALE solver, the converged unstructured triangulated grid was generated using

gmsh (Geuzaine and Remacle, 2009) (figure 2.4) and it consisted of 𝑛foil = 800 cells

on the elliptic foil surface with 3.051𝑒05 triangular cells in the domain overall. The

time step chosen was Δ𝑡 = 0.0001, same as was used in the IBM solver. Quantitative and

qualitative validation studies of the IBM and ALE solvers were carried out for 𝑅𝑒 = 500

with plunging kinematic parameters 𝑘 = 2𝜋 and ℎ = [0.05, 0.16] as in Khalid et al.

Figure 2.4: (a) Unstructured computational grid used in ALE solver, and (b) its zoomed
view near the solid body.

Figure 2.5: Validation of the (a) lift and (b) drag coefficients time histories obtained
from IBM and ALE solver with reference to the results presented by Khalid
et al. (2018).
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Figure 2.6: Comparison of vorticity fields obtained using the IBM and ALE solvers with
that of Lewin and Haj-Hariri (2003) for the downward stroke at 𝑘ℎ = 0.8
with 𝑘 = 3.333 and ℎ = 0.24.

Figure 2.7: Comparison of vorticity fields obtained using the IBM and ALE solvers with
that of Lewin and Haj-Hariri (2003) for the downward stroke at 𝑘ℎ = 1.0
with 𝑘 = 3.0 and ℎ = 0.333.
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(2018) resulting in 𝑘ℎ = 0.8 and 1, respectively. The aerodynamic loads obtained from

present simulations match very well with that of Khalid et al. (2018); see figure 2.5.

Additionally, the vorticity snapshots obtained from ALE and IBM solvers are compared

with that of Lewin and Haj-Hariri (2003) for 𝑅𝑒 = 500 at 𝑘ℎ = 0.8 and 1.0 in figures 2.6

and 2.7, respectively. Once again an excellent agreement is seen.

For more extensive validation results of the ALE and the IBM solvers, please refer to

earlier works from our group (Badrinath et al., 2017; Majumdar et al., 2020; Shah et al.,

2021).

2.4 NEURAL NETWORK ARCHITECTURE

Among the two formulations of PINNs for moving boundaries being presented here,

the MB-PINN is formulated only in the fluid region (discarding the solid region)

while training; the MB-IBM-PINN is formulated in both the fluid and the solid body

regions. The objective is to fit velocity bulk data obtained from IBM simulations and

recover pressure as a hidden variable using both MB-PINN and MB-IBM-PINN while

investigating their associated efficacy.

For the standard collocation PINN as in Raissi et al. (2019a), a deep feed forward Neural

network (FNN) is chosen as the backbone. Typically, for flow problems, a FNN is

formulated to approximate the flow-field variables as outputs, given a spatio-temporal

input as in the works of Cai et al. (2021a); Jin et al. (2021). The outputs are expressed

as a composition of nonlinear activation functions acting on the spatio-temporal inputs

and a network of fully connected hidden layers. Mathematically, this can be expressed as

𝒉0 = (𝒙, 𝑡) (2.7)

𝒛𝑙 = 𝑊𝑙𝒉𝑙−1 + 𝑏𝑙 , (2.8)

𝒉𝑙 = 𝜙(𝑊𝑙𝒉𝑙−1 + 𝑏𝑙), with 𝑙 = 1, 2, · · · 𝐿, and (2.9)

𝒐 = 𝑊𝐿+1𝒉𝐿 + 𝑏𝐿+1, (2.10)

69



where, (𝒙, 𝑡) ∈ R𝑛𝒙+1 is the spatio-temporal input with 𝒉0 ∈ R𝑛𝒙+1 being the input layer

and 𝑛𝒙 being the spatial dimension. Here, 𝒛𝑙 ∈ R𝑛𝑙 and 𝒉𝑙 ∈ R𝑛𝑙 are the pre-activation

and activation units of the neural network with 𝐿 hidden layers and 𝑛𝑙 hidden neurons for

1 < 𝑙 < 𝐿, respectively, with 𝜙(.) being a non-linear activation function. Throughout the

rest of this thesis, the sigmoidal linear unit (SiLU/ Swish) (Ramachandran et al., 2017)

activation function has been employed owing to strong evidence of its good performance

across different test cases in the deep learning domain (Dubey et al., 2022; Al Safwan

et al., 2021; Nwankpa et al., 2018). The quantities 𝑊𝑙 ∈ R𝑛𝑙−1×𝑛𝑙 and 𝑏𝑙 ∈ R𝑛𝑙 for

1 < 𝑙 < 𝐿 + 1, represented by 𝜽 as a whole, are the weights and biases of the neural

network to be optimized, respectively.

Under the IBA framework, for the MB-PINN (see schematic figure 2.8(a)), the outputs

𝒐 are the flow-field variables {𝒖, 𝑝}. Whereas, in MB-IBM-PINN (see schematic

figure 2.8(b)), the outputs 𝒐 are the flow-field variables and additionally, the body forcing

and mass source/sink terms such that 𝒐 = {𝒖, 𝑝, 𝒇 , 𝑞}. A FNN is often trained by

optimizing the network parameters 𝜽 with a large but potentially sparse or corrupt set of

training data consisting of inputs and their corresponding target labels/outputs represented

by {(𝒙𝑖, 𝑡𝑖), 𝒐̂𝑖}𝑁𝑡𝑟𝑎𝑖𝑛

𝑖=1 consisting of 𝑁𝑡𝑟𝑎𝑖𝑛 input-output samples with 𝒐̂ representing the

true outputs to be fitted by the network. The optimization is carried out by minimising a

loss/cost function, L, to obtain an optimal set of network parameters, 𝜽 , such that

𝜽𝑜𝑝𝑡𝑖𝑚𝑎𝑙 = argmin
𝜽

(L). (2.11)

Numerically, the loss minimization to obtain the optimal network parameters is often

performed by first randomly initialising 𝜽 and then iteratively updating it using a variant

of a stochastic gradient descent (SGD) based algorithm. Here, the gradients of L with

respect to 𝜽 given by ∇𝜽L are to be calculated. These gradients can be computed using

back propagation and automatic differentiation (AD) (Baydin et al., 2017) which is an

accurate and efficient way of computing derivatives in a computational graph following

the chain rule of differentiation. AD is implemented in most modern deep learning
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packages, such as Tensorflow (Abadi, 2016) which is used in the present study. Generally,

given 𝐾𝑀𝐵 mini-batches (sub sets) of the training data containing 𝑁𝑀𝐵 samples to

evaluate the loss and its gradients with respect to the parameters, the algorithm for the

parameter updates based on SGD is given by

𝜽𝑖+1 ←− 𝜽𝑖 − 𝜂𝑖
1

𝑁𝑀𝐵

(𝑖+1)𝑁𝑀𝐵∑︁
𝑖′=𝑖𝑁𝑀𝐵+1

∇L𝜽(𝜽 , (𝒙𝑖
′
, 𝑡𝑖
′
)), 𝑖 = 1, 2, · · ·𝐾𝑀𝐵 (2.12)

where 𝜂𝑖 is the learning rate corresponding to 𝑖𝑡ℎ epoch where each epoch corresponds

to 𝐾𝑀𝐵 = 𝑁𝑡𝑟𝑎𝑖𝑛/𝑁𝑀𝐵 SGD iterations. Specifically, ADAM (Kingma and Ba, 2017),

a variant of SGD has been used in the literature (Raissi et al., 2019a) which will be

followed in the present work as well. The detailed loss formulations of MB-PINN and

MB-IBM-PINN are discussed in the following section.
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Figure 2.8: Schematic of (a) MB-PINN and (b) MB-IBM-PINN network architectures
used under the present IBA framework
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2.5 LOSS FORMULATION

The loss functionL of a PINN relying on both data and physical knowledge is represented

as

L := L𝐷𝑎𝑡𝑎 + L𝑃ℎ𝑦, (2.13)

where L𝐷𝑎𝑡𝑎 and L𝑃ℎ𝑦 correspond to the loss contributions from the data and physics

components, respectively. Here, L𝑑𝑎𝑡𝑎 is an indicator of the misfit between the true

outputs 𝒐̂𝑡𝑟𝑎𝑖𝑛 and predicted network outputs 𝒐, respectively; L𝑃ℎ𝑦 uses AD to compute

the gradients of 𝒐 with respect to the input variables (𝒙, 𝑡) and compose them together to

compute the governing equation residuals. This way, a PINN embeds the prior knowledge

of the underlying physics in the training algorithm.

The data and physics loss components can be further split into respective weighted

contributions (Heydari et al., 2019; Wang et al., 2021a; Bischof and Kraus, 2025) from

initial and boundary conditions, interior bulk data and governing equation residuals. The

loss formulation in terms of the various components is as follows

L𝐷𝑎𝑡𝑎 : = 𝜆𝐵𝑢𝑙𝑘L𝐵𝑢𝑙𝑘 + 𝜆𝐵𝐶L𝐵𝐶 + 𝜆𝐼𝐶L𝐼𝐶 + 𝜆𝐼𝐵L𝐼𝐵 (2.14)

L𝑃ℎ𝑦 : = 𝜆𝑃ℎ𝑦(L𝑚𝑥
+ L𝑚𝑦

+ L𝑐). (2.15)

Here,L𝐵𝑢𝑙𝑘 , L𝐵𝐶 , L𝐼𝐶 and L𝐼𝐵 are the loss components corresponding to the predicted

interior bulk velocity data, velocity boundary conditions and initial condition on the

Eulerian grid. The parameters 𝜆𝐵𝑢𝑙𝑘 , 𝜆𝐼𝐶 , and 𝜆𝐵𝐶 are the weighting coefficients of the

bulk data loss, initial and boundary condition loss components, respectively. Here, 𝜆𝐼𝐵

is the generic weighting coefficient of the additional no-slip velocity boundary condition

loss L𝐼𝐵. It is characteristic to the IBA framework which allows enforcing the no-slip

boundary conditions directly on the Lagrangian points similar to Huang et al. (2022)

instead of following a set of sequential steps and interpolation as in IBM (Majumdar

et al., 2020). This is possible owing to the underlying flexibility of PINNs in choosing
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collocation points anywhere in the domain to enforce appropriate constraints on them.

Thus, both MB-PINN andMB-IBM-PINN allow flexibility in providing both the Eulerian

grid points describing the fluid and Lagrangian points describing the solid boundary,

respectively. 𝜆𝑃ℎ𝑦 is the weighting coefficient of components of the physics informed

loss L𝑃ℎ𝑦, which is discussed later in this section, after presenting the data-driven loss

components.

The data-driven loss components mentioned above are common to both MB-PINN and

MB-IBM-PINN, which can be mathematically expressed as

L𝐵𝑢𝑙𝑘 :=
1

𝑁𝐵𝑢𝑙𝑘

𝑁𝐵𝑢𝑙𝑘∑︁
𝑖=1
∥𝒖(𝒙𝑖𝐵𝑢𝑙𝑘 , 𝑡

𝑖) − 𝒖̂(𝒙𝑖𝐵𝑢𝑙𝑘 , 𝑡
𝑖)∥2𝐿2

, (2.16)

L𝐵𝐶 :=
1
𝑁𝑘

𝑁𝑘∑︁
𝑘=1

(
1

𝑁𝐵𝐶𝑘

𝑁𝐵𝐶𝑘∑︁
𝑖=1
∥𝒖(𝒙𝑖𝐵𝐶𝑘

, 𝑡𝑖) − 𝒖̂(𝒙𝑖𝐵𝐶𝑘
, 𝑡𝑖)∥2𝐿2

)
, (2.17)

L𝐼𝐶 :=
1
𝑁𝐼𝐶

𝑁𝐼𝐶∑︁
𝑖=1
∥𝒖(𝒙𝑖𝐼𝐶 , 𝑡0) − 𝒖̂(𝒙𝑖𝐼𝐶 , 𝑡0)∥2𝐿2

, and (2.18)

L𝐼𝐵 :=
1
𝑁𝐼𝐵

𝑁𝐼𝐶∑︁
𝑖=1
∥𝒖(𝒙𝑖𝐼𝐵, 𝑡

𝑖) − 𝒖̂(𝒙𝑖𝐼𝐵, 𝑡
𝑖)∥2𝐿2

, (2.19)

where, 𝒖̂ is the true velocity data generated for training by the CFD simulation, whereas,

𝒖 is the network predicted velocity flow-field data. The spatial and temporal points are

represented by (𝒙, 𝑡) with 𝒙 ∈ Ω𝑟 and 𝑡 ∈ [0, 𝑇], respectively. The subscripts shown

in the loss expressions for the spatio-temporal points are to indicate independence in

sampling the select points of the particular loss component (as depicted by different

markers in the schematic figure 2.9). Here, (𝒙𝑖
𝐵𝑢𝑙𝑘

, 𝑡𝑖) for 𝑖 = {1, · · · 𝑁𝐵𝑢𝑙𝑘 } corresponds

to the set of interior velocity data points excluding the solid region. The set of points

(𝒙𝑖
𝐵𝐶𝑘

, 𝑡𝑖) for 𝑖 = {1 · · · 𝑁𝐵𝐶𝑘
} with 𝑘 = {1, 2, 3} correspond to the Dirichlet boundary

conditions collected at the inlet, Γ𝑟
𝑖𝑛𝑙𝑒𝑡
, upper and lower boundaries, Γ𝑟𝑢𝑝𝑝𝑒𝑟 and Γ𝑟𝑙𝑜𝑤𝑒𝑟 ,

respectively (see figure 2.1), of the truncated domain Ω𝑟 considered. For simplicity, the

inlet and the upper-lower boundary condition losses shall be referred to as L𝑖𝑛𝑙𝑒𝑡 and

L𝑤𝑎𝑙𝑙𝑠, respectively. The set of points (𝒙𝑖
𝐼𝐶
, 𝑡0) for 𝑖 = {1, · · · 𝑁𝐼𝐶} are collected at the

initial time stamp. In the scenario where the bulk data points are already available at
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all times, L𝐼𝐶 need not be enforced additionally. But in the absence of such bulk data,

it would be necessary to enforce L𝐼𝐶 in order to infer the flow-fields accurately. Here,

(𝒙𝑖
𝐼𝐵
, 𝑡𝑖) for 𝑖 = {1, · · · 𝑁𝐼𝐵} correspond to the set of Lagrangian markers lying on the

immersed solid boundary as represented in figure 2.9.

In the case of MB-IBM-PINN, additional constraints are required for the momentum

forcing term, 𝒇 , and the mass source/sink term, 𝑞, which are also additional outputs in

the network (see figure 2.8b). It is known that 𝒇 and 𝑞 have support only in the solid

region bounded by Γ𝐼𝐵, and are zero in the fluid region at any time instant. However, both

𝒇 and 𝑞 are not explicitly known inside the solid region as only velocity 𝒖 data is stored.

In Huang et al. (2022), in a similar IBM based PINN formulation, velocity penalties

were enforced on the Lagrangian markers to satisfy the no-slip boundary condition on

the immersed boundary. It was discussed that such an enforcement compensates for the

unknown 𝒇 and 𝑞 terms in the solid region. Hence, inside the solid region, 𝒇 and 𝑞 are

recovered as hidden variables given the velocity penalties are enforced on the immersed

solid boundary. This is in contrast with the discrete forcing IBM formulation (Majumdar

et al., 2020; Kim et al., 2001), where, 𝒇 and 𝑞 are computed in a set of sequential steps

to satisfy the no-slip boundary condition. However, since 𝒇 and 𝑞 are known to be zero

in the fluid domain, an additional data-driven constraint L𝐼𝐵𝑣𝑎𝑟 is formulated based

on Huang et al. (2022), such that

L𝐼𝐵𝑣𝑎𝑟 :=
1
𝑁 𝑓

𝑁𝐼𝐵𝑣𝑎𝑟∑︁
𝑖=1

(
∥ 𝑓𝑥(𝒙𝑖𝐼𝐵𝑣𝑎𝑟 , 𝑡

𝑖)∥2𝐿2
+∥ 𝑓𝑦(𝒙𝑖𝐼𝐵𝑣𝑎𝑟 , 𝑡

𝑖)∥2𝐿2
+∥𝑞(𝒙𝑖𝐼𝐵𝑣𝑎𝑟 , 𝑡

𝑖)∥2𝐿2

)
, (2.20)

where, (𝒙𝑖
𝐼𝐵𝑣𝑎𝑟

, 𝑡𝑖) for 𝑖 = {1, · · · 𝑁𝐼𝐵𝑣𝑎𝑟} is the set of points from the interior of the

fluid domain Ω𝑟
𝑓
where the forcing and source/sink terms loss is evaluated. Thus, the

data-driven loss formulation of MB-IBM-PINN is as follows

L𝐷𝑎𝑡𝑎 : = 𝜆𝐵𝑢𝑙𝑘L𝐵𝑢𝑙𝑘 + 𝜆𝐵𝐶L𝐵𝐶 + 𝜆𝐼𝐶L𝐼𝐶 + 𝜆𝐼𝐵L𝐼𝐵 + 𝜆𝐼𝐵𝑣𝑎𝑟L𝐼𝐵𝑣𝑎𝑟 , (2.21)

with 𝜆𝐼𝐵𝑣𝑎𝑟 being the weighting coefficient of L𝐼𝐵𝑣𝑎𝑟 .
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The physics informed loss components L𝑚𝑥
, and L𝑚𝑦

correspond to the 𝑥 and 𝑦

momentum residuals and L𝑐 corresponds to the continuity residual, respectively, which

are expressed as follows

L𝑚𝑥
:=

1
𝑁𝑅𝑒𝑠

𝑁𝑅𝑒𝑠∑︁
𝑖=1
∥𝑟𝑚𝑥

(𝒙𝑖𝑅𝑒𝑠, 𝑡
𝑖)∥2𝐿2

, (2.22)

L𝑚𝑦
:=

1
𝑁𝑅𝑒𝑠

𝑁𝑅𝑒𝑠∑︁
𝑖=1
∥𝑟𝑚+𝑦(𝒙𝑖𝑅𝑒𝑠, 𝑡

𝑖)∥2𝐿2
, and (2.23)

L𝑐 :=
1

𝑁𝑅𝑒𝑠

𝑁𝑅𝑒𝑠∑︁
𝑖=1
∥𝑟𝑐(𝒙𝑖𝑅𝑒𝑠, 𝑡

𝑖)∥2𝐿2
. (2.24)

For MB-PINN, the following forms of the residuals are used

𝑟𝑚𝑥
(𝒙𝑖𝑅𝑒𝑠, 𝑡

𝑖) = 𝑢𝑡 + 𝑢𝑢𝑥 + 𝑣𝑢𝑦 − 𝑝𝑥 − 1/𝑅𝑒(𝑢𝑥𝑥 + 𝑢𝑦𝑦), (2.25)

𝑟𝑚𝑦
(𝒙𝑖𝑅𝑒𝑠, 𝑡

𝑖) = 𝑣𝑡 + 𝑢𝑣𝑥 + 𝑣𝑣𝑦 − 𝑝𝑦 − 1/𝑅𝑒(𝑣𝑥𝑥 + 𝑣𝑦𝑦), and (2.26)

𝑟𝑐(𝒙𝑖𝑅𝑒𝑠, 𝑡
𝑖) = 𝑢𝑥 + 𝑣𝑦 . (2.27)

In MB-IBM-PINN, the momentum and continuity residuals are expressed as

𝑟𝑚𝑥
(𝒙𝑖𝑅𝑒𝑠, 𝑡

𝑖) = 𝑢𝑡 + 𝑢𝑢𝑥 + 𝑣𝑢𝑦 − 𝑝𝑥 − 1/𝑅𝑒(𝑢𝑥𝑥 + 𝑢𝑦𝑦) − 𝑓𝑥 , (2.28)

𝑟𝑚𝑦
(𝒙𝑖𝑅𝑒𝑠, 𝑡

𝑖) = 𝑣𝑡 + 𝑢𝑣𝑥 + 𝑣𝑣𝑦 − 𝑝𝑦 − 1/𝑅𝑒(𝑣𝑥𝑥 + 𝑣𝑦𝑦) − 𝑓𝑦, and (2.29)

𝑟𝑐(𝒙𝑖𝑅𝑒𝑠, 𝑡
𝑖) = 𝑢𝑥 + 𝑣𝑦 − 𝑞, (2.30)

where, (𝒙𝑖
𝑅𝑒𝑠
, 𝑡𝑖) for 𝑖 = {1, · · · 𝑁𝑅𝑒𝑠} is the set of points from the interior of the domain

Ω𝑟 where the governing equation residuals are evaluated to compute the physics loss

L𝑃ℎ𝑦 .

In MB-PINN, solid points from Ω𝑠 at any given temporal snapshot are discarded while

computing the bulk data and physics losses. This is achieved by classifying the fluid-solid

points based on the solid boundary location a priori as a data preprocessing step. Thus,

the set of bulk data points (𝒙𝑖
𝐵𝑢𝑙𝑘

, 𝑡𝑖)𝑁𝐵𝑢𝑙𝑘

𝑖=1 and residual collocation points (𝒙𝑖
𝑅𝑒𝑠
, 𝑡𝑖)𝑁

𝑓 𝑙𝑢𝑖𝑑

𝑅𝑒𝑠

𝑖=1 ,

only from Ω𝑟
𝑓
are fed into the network while training for MB-PINN. It is to be noted

that unless the solid boundary points are known a priori, it is not possible to classify
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the domain as solid or fluid. Thus, MB-IBM-PINN involves a more general formulation

based on the governing equations (2.5) and (2.6), where the whole snapshot domain for

the residual loss, including Ω𝑠, is considered. For the pressure recovery problem, the

boundary position and the velocity is known a priori. In such a scenario, it is of interest

to understand the role of the solid region in the performance of MB-IBM-PINN and

compare it with MB-PINN.

Figure 2.9: A schematic representing sampling of residual, bulk and boundary data
points at two different time instants in (a) and (b). Although in the present
work, bulk data points and fluid region residual points are sampled from
same Eulerian grid, the bulk data points and fluid residual points are shown
to be disjoint considering a more general case.

The bulk data and residual collocation points in the IBA framework come from an

underlying Eulerian grid. Here, due to solid body motion, the solid region Ω𝑠 and fluid

region Ω𝑟
𝑓
are expected to change in time such that Ω𝑟 = Ω𝑟

𝑓
∪ Ω𝑠 . Thus, the underlying

Eulerian grid points in the region covered by the entire range of solid body motion, can

either be found in Ω𝑠 or in Ω𝑟
𝑓
at any time instant as shown in 2.9(a) and 2.9(b).

Typically in experimental settings, one would only obtain sparse fluid region data from

PIV measurements or smoke/dye visualizations. Keeping this in mind, the solid region

data points from IBM simulation are excluded while computing L𝐵𝑢𝑙𝑘 for
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MB-IBM-PINN. However, the solid region could still influence the physics loss when

taken into account. Earlier works, including Huang et al. (2022); Calicchia et al. (2023),

do not discuss the role of the solid region in the model performance. Thus, in order to

determine the exact contribution from each region to the quality of predictions, a

fluid-solid residual weighting is proposed in the present study for the MB-IBM-PINN

formulation. Here, the residual losses are individually evaluated on the fluid and the

solid regions at any time instant respectively with the corresponding loss weights.

Thus, the L𝑃ℎ𝑦 for MB-IBM-PINN is decomposed as,

L𝑃ℎ𝑦 =𝜆𝑃ℎ𝑦
𝑓 𝑙𝑢𝑖𝑑

(L 𝑓 𝑙𝑢𝑖𝑑
𝑚𝑥

+ L 𝑓 𝑙𝑢𝑖𝑑
𝑚𝑦

+ L 𝑓 𝑙𝑢𝑖𝑑
𝑐 )

+𝜆𝑃ℎ𝑦
𝑠𝑜𝑙𝑖𝑑

(L𝑠𝑜𝑙𝑖𝑑𝑚𝑥
+ L𝑠𝑜𝑙𝑖𝑑𝑚𝑦

+ L𝑠𝑜𝑙𝑖𝑑𝑐 ),
(2.31)

where, 𝜆𝑃ℎ𝑦# , L#
𝑚𝑥
,L#

𝑚𝑦
, and L#

𝑐 correspond to the residual loss weighting coefficient,

𝑥 and 𝑦 momentum residuals and continuity residual evaluated in the respective # =

{solid, fluid} regions. Moving forward, for simplicity, the superscript 𝑃ℎ𝑦 shall be

dropped, and the physics loss weights shall be simply referred to as 𝜆 𝑓 𝑙𝑢𝑖𝑑 or 𝜆𝑠𝑜𝑙𝑖𝑑

for the fluid and solid region, respectively. Hence, in this case, two sets of residual

collocation points, one from Ω𝑟
𝑓
given by (𝒙𝑖

𝑅𝑒𝑠
, 𝑡𝑖)𝑁

𝑓 𝑙𝑢𝑖𝑑

𝑅𝑒𝑠

𝑖=1 , and one from region Ω𝑠 given

by (𝒙 𝑗
𝑅𝑒𝑠
, 𝑡 𝑗 )𝑁

𝑠𝑜𝑙𝑖𝑑
𝑅𝑒𝑠

𝑗=1 , are needed for the evaluation of the physics losses. This allows one

to sample different proportions of collocation points from each region. Additionally,

the relative weighting allows balancing of the relative contributions from the fluid and

the solid regions. This is keeping in mind that density of the points in a particular

region is equivalent to weighting the loss locally in that region (Wu et al., 2023). To

make a consistent comparison with the MB-IBM-PINN model and given that MB-PINN

residuals are evaluated only in the fluid region, its L𝑃ℎ𝑦 can be expressed in terms of

# = fluid region such that

L𝑃ℎ𝑦 := 𝜆 𝑓 𝑙𝑢𝑖𝑑(L 𝑓 𝑙𝑢𝑖𝑑
𝑚𝑥

+ L 𝑓 𝑙𝑢𝑖𝑑
𝑚𝑦

+ L 𝑓 𝑙𝑢𝑖𝑑
𝑐 ). (2.32)
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In every mini-batch of collocation points corresponding to L𝐵𝑢𝑙𝑘 and L 𝑓 𝑙𝑢𝑖𝑑

𝑃ℎ𝑦
from the

same fluid region Ω𝑟
𝑓
are mostly disjoint from each other due to random sampling.

However, there still exists some overlap since the underlying grid from which these points

are sampled is kept the same in this study. Notably, given that PINNs are essentially

meshless and there is freedom to select points from anywhere in the domain for the

physics losses, one could also sample from a different grid than the Eulerian grid in

order to keep the residual and the bulk data points truly disjoint (Wu et al., 2023). This

allows finer control over the sampling methodology and sampling levels for each loss

component individually. The proportion and refinement levels for each loss component

can also be varied for each individual component thereby implicitly weighting the loss

components (Wu et al., 2023). Moreover, each individual component can be tracked and

their weights can be updated adaptively, as reported in the works of Wang et al. (2021a);

Jin et al. (2021); Wu et al. (2023). Adaptive methods have not been investigated in the

present study to focus on understanding the effect of systematic variations of loss weights

and data sampling. Each loss component was monitored independently to understand

how every component evolves with iterations.

The details of database generation for training and testing the models and hyperparameter

tuning are discussed in section 2.6. The numerical settings considered for MB-PINN and

MB-IBM-PINN along with the baseline results, and computational strategies considered

to further improve the baseline performance are discussed in sections 2.7 and 2.8.

2.6 PRE-SETUP CONSIDERATIONS FOR PINN

2.6.1 Training and testing database generation

Training and testing data for the velocity-field have been obtained from the IBM solver

described in section 2.3. In this regard, the flow around the plunging airfoil was simulated

at 𝑅𝑒 = 500, 𝑘 = 2𝜋 and ℎ = 0.16 corresponding to 𝑘ℎ = 1.0. This resulted in a periodic

flow-filed with a reverse Kármán vortex street in the wake of the flapping foil. An ALE
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based OpenFOAM solver was employed to generate the test data set for pressure, as was

mentioned in section 2.3. From the recent works of Jagtap et al. (2020c); Krishnapriyan

et al. (2021); Mattey and Ghosh (2022); Penwarden et al. (2023) it is known that PINNs

suffer from the issue of propagation failures, leading to training difficulties on large

spatial/temporal domains. Moreover, earlier works such as (Lai and Platzer, 1999;

Platzer et al., 2008; Bose and Sarkar, 2018; Majumdar et al., 2022) have shown that the

key flow features that largely dictate the dynamics and the aerodynamic loads in flapping

problems are strongest in the vicinity of the body.

For the considered flapping kinematic parameters, the resulting flow is periodic (Khalid

et al., 2018), making the vortex structures and their interactions repeat in time. Keeping

these in mind, to setup the training and testing databases, a truncated spatial domain

(figure 2.1) is chosen such that (𝑥, 𝑦) ∈ [−1𝑐, 3.5𝑐] × [−1𝑐, 1𝑐] ensuring that at least two

trailing-wake couples are contained in the truncated domain along with the flapping foil.

The time domain is restricted to two plunging cycles for 𝑡/𝑇 > 25.0 and normalized

such that 𝑡/𝑇 ∈ [0, 2] with a snapshot sampling interval of Δ𝑡/𝑇 = 0.025. Here, the

snapshot interval is chosen such that the formations of the leading-edge vortex (LEV)

and the trailing-edge vortex (TEV) are captured smoothly within one time period of

vortex shedding. Note that the transient effects in the flow-field are over by 𝑡/𝑇 > 25.0

and the vortex shedding pattern is stabilized.

The high-resolution IBM velocity data from a non-uniform grid is interpolated onto

a coarse uniform grid to bring down the quality of the training data. This serves as a

rigorous test of the IBA surrogate since the coarse grid is neither embedded in the IBM

nor the ALE grid.

Thus, three benchmark data sets are generated from the CFD simulations, (i) reference

IBM velocity data (Ref-IBM), (ii) reference ALE pressure data (Ref-ALE) and (iii)

coarsened and interpolated (CI) velocity data. In the case of CI data set, using linear
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interpolation, the flow-field data from the IBM solution are interpolated onto a coarse grid

containing 270× 120 spatial grid points with a uniform spatial resolution (figure 2.10(a)),

approximately 4 times lower near the solid boundary than the original IBM grid. However,

the resolution of CI grid is sufficient such that the key vortex structures are not lost.

Secondly for training, the time interval Δ𝑡/𝑇 = 0.05 is chosen such that temporal

resolution is two times coarser as compared to Ref-IBM. Different spatial resolutions of

CI, Ref-IBM, and Ref-ALE are shown in figures 2.10(b)-(d), respectively. The details

of the spatio-temporal resolution of these data sets are summarized in table 2.1. These

data sets correspond to the truncated spatio-temporal domain and not the entire domain

considered for CFD simulations. The training of the models is performed solely based on

the velocity data of CI. The velocity-field reconstructions are compared with Ref-IBM,

whereas the pressure recovered by the PINN models is compared with Ref-ALE.

Figure 2.10: (a) Spatial grid of CI data set with the Lagrangian markers in blue, inlet
and wall boundary points in magenta, and the solid region in red colours,
respectively. Zoomed view of the spatial grid for (b) CI, (c) Ref-IBM
and (d) Ref-ALE presents the comparative spatial resolution near the solid
boundary.
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Table 2.1: Training and testing data set resolution within the truncated domain considered
in this study.

Data sets 𝑁𝑥 𝑁𝑦 𝑁𝑡 Δ𝑡/𝑇 (𝑁𝑥 × 𝑁𝑦 × 𝑁𝑡)
Ref-IBM 651 500 81 0.025 2.6365e07
Ref-ALE - - 81 0.025 4.05e06
CI 270 120 41 0.05 1.3284e06

Among the total 𝑁𝑥 ×𝑁𝑦 ×𝑁𝑡 = 1.3284𝑒06 data points in CI, 𝑁𝐵𝑢𝑙𝑘 = 1.2915𝑒06 number

of points were used to calculate L𝐵𝑢𝑙𝑘 for training after discarding the solid region. This

𝑁𝐵𝑢𝑙𝑘 is just 𝑆𝐷𝑎𝑡𝑎 =
𝑁𝐵𝑢𝑙𝑘

𝑁𝑅𝑒 𝑓
× 100 = 4.89% of the 𝑁𝑅𝑒 𝑓 = 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑡 flow-field

data points available in the Ref-IBM data set. Here, in CI data set, the boundary points

resolution is such that 𝑁𝐼𝐵 = 1000, 𝑁𝑤𝑎𝑙𝑙 = 540, and 𝑁𝑖𝑛𝑙𝑒𝑡 = 120. At the initial time

stamp 𝑡/𝑇 = 0, 𝑁𝐼𝐶 = 31500 flow field data points are sampled discarding the solid

region. Here, the residual collocation points are sampled from the CI grid such that there

are 𝑁 𝑓 𝑙𝑢𝑖𝑑
𝑟𝑒𝑠 = 1.2915𝑒06 and 𝑁 𝑠𝑜𝑙𝑖𝑑𝑟𝑒𝑠 = 1.476𝑒04 spatio-temporal points in the fluid and

solid region respectively. Throughout the study, the number of boundary points and the

number of residual collocation points are not varied.

By choosing the grid as in CI, there is a significant reduction in the number of training

data points that encompass the flow-field information. This is in fact similar to a super-

resolution setup with reconstruction of the flow-field from a coarse data (Fukami et al.,

2019). It is noted that data coarseness is often more pronounced in the super-resolution

studies which might also have a bearing on the prediction accuracy. In the current study,

we attempt to train the proposed PINN models only based on velocity data from the

coarse CI data set to predict the velocity and pressure to be validated against Ref-IBM

and Ref-ALE data sets, respectively. In other words, a data reconstruction problem

coupled with hidden variable recovery is at hand. It is worth noting that the pressure data

is not used while training throughout the study and is only recovered as a hidden variable.
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2.6.2 Evaluation metrics

In the present study, the true velocity data from Ref-IBM data {(𝑢(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖),

𝑣(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖))}𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 and pressure data 𝑝(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 are available as testing data. The

trained models are then used to predict velocity {(𝑢̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖), 𝑣̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖))}𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 on the

Ref-IBM grid and pressure on Ref-ALE grid

{𝑝(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)}𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 , respectively. Here, the subscript "𝐹𝑙𝑢𝑖𝑑" simply refers to the fact

that data at only those spatio-temporal locations are considered which are in the fluid

region to evaluate the error measures.

To evaluate the model performance, different error metrics are considered. Here, the

mathematical details of the building blocks of the error measures are presented here in

the context of 𝑥 component of the true velocity data 𝑢̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 and corresponding

model predicted data 𝑢(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 . But the method of calculation apply to 𝑣 and 𝑝

as well.

So given 𝑢(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 and 𝑢̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 , the root mean squared error (RMSE)

or the 𝐿2 error, and overall relative RMSE (rRMSE) evaluated over all time stamps are

given by

RMSE𝑢 =
1

𝑁𝐹𝑙𝑢𝑖𝑑

𝑁𝐹𝑙𝑢𝑖𝑑∑︁
𝑖=1

(∥𝑢(𝒙𝑖𝐹𝑙𝑢𝑖𝑑 , 𝑡
𝑖) − 𝑢̂(𝒙𝑖𝐹𝑙𝑢𝑖𝑑 , 𝑡

𝑖)∥𝐿2) (2.33)

rRMSE𝑢 =
1

𝑁𝐹𝑙𝑢𝑖𝑑

𝑁𝐹𝑙𝑢𝑖𝑑∑︁
𝑖=1

(∥𝑢(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖) − 𝑢̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)∥𝐿2)
1

𝑁𝐹𝑙𝑢𝑖𝑑

∑𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 ∥𝑢̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖)∥𝐿2

(2.34)

The mean absolute error (MAE) is given by

MAE𝑢 =
1

𝑁𝐹𝑙𝑢𝑖𝑑

𝑁𝐹𝑙𝑢𝑖𝑑∑︁
𝑖=1

(∥𝑢(𝒙𝑖𝐹𝑙𝑢𝑖𝑑 , 𝑡
𝑖) − 𝑢̂(𝒙𝑖𝐹𝑙𝑢𝑖𝑑 , 𝑡

𝑖)∥𝐿1) (2.35)

Here, to additionally estimate how well the model predicts the outputs, coefficient of

determination (𝑅2) (Draper and Smith, 1998) is considered which is given by

𝑅2 = 1 −
∑𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 (𝑢(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖) − 𝑢̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖))2∑𝑁𝐹𝑙𝑢𝑖𝑑

𝑖=1 (𝑢̂(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖) − ¯̂𝑢(𝒙𝑖
𝐹𝑙𝑢𝑖𝑑

, 𝑡𝑖))2
(2.36)
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In the present study, the above mentioned error measures are first computed for velocity

reconstruction over Ref-IBM dataset and for pressure recovery against the Ref-ALE

dataset, respectively. The individual velocity component and pressure error measures are

then combined to obtain the averaged error measures represented by the prefix "a." As an

example, the averaged RMSE (aRMSE) is demonstrated where

aRMSE =
(RMSE𝑢 + RMSE𝑣 + RMSE𝑝)

3
(2.37)

The above mentioned logic of the prefix "a" applies to the other error quantities described

in equations (2.34)-(2.36) as well.

In addition, snapshot wise relative root mean squared errors (rRMSE), and the contours

of normalized point-wise normalized absolute errors are presented to determine the

temporal and spatial error behavior, respectively. Here, the point-wise absolute errors are

normalized with respect to the maximum absolute value of the corresponding flow-field

component. Moreover, the capability of the proposed surrogate models in accurately

resolving the vorticity field is investigated as well. This is crucial in the context of flow

past flapping wings where the vortex structures play an important role in dictating the

dynamics.

2.6.3 Hyper parameter tuning

To determine an appropriate number of hidden layers and hidden neurons, the underlying

FNN backbone (now referred as MB-FNN) was considered. Here, MB-FNN was trained

on the CI data set to reconstruct velocity fields alone in a purely data-driven manner

without considering the physics losses. Here, the weights of the data-driven components

were unity, except for 𝜆𝐼𝐶 which was set to 0. This is because data snapshots are available

at all time instances, and a separate loss component for initial condition would only be

redundant and only be a competing objective (Wang et al., 2021a) in the loss function.

The number of hidden layers and hidden neurons were chosen after a grid search on
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combinations of 𝐿 = [6, 8, 10] layers and 𝑛𝑙 = [60, 80, 100] hidden neurons, respectively.

The resultant models were evaluated on the basis of velocity reconstruction alone on the

Ref-IBM data set (accuracy details presented in table 2.2). It was observed that with the

converged 𝐿 = 10 hidden layers and 𝑛𝑙 = 100 hidden neurons, excellent relative RMSE

of 0.51% in 𝑥−component of velocity 𝑢 and 1.31% in 𝑦−component of velocity 𝑣 were

obtained (see table 2.3). This shows that MB-FNN is quite expressive. Throughout the

study, these hyper-parameters are kept the same for both MB-PINN and MB-IBM-PINN

models as well.

For the MB-PINNmodel with 𝐿 = 10 layers and 𝑛𝑙 = 100 hidden neurons, 𝜃 = 9.1603e04

parameters need to be calibrated while training. Whereas, due to three additional outputs

in MB-IBM-PINN, 𝜃 = 9.1906e04 parameters need to be calibrated while training.

Unless specified, a maximum computational budget of 5𝑒05 iterations per training

cycle in learning rate steps of [1𝑒 − 03, 5𝑒 − 04, 1𝑒 − 04] has been considered with a

mini-batch size of 1.5𝑒03, throughout the study. Training of all the models has been

carried out on a single NVIDIA Tesla A100 GPU card with 40GB memory and 6912

CUDA cores. Whereas, testing has been carried out on a desktop grade Quadro Pascal

P2200 card with 5GB memory and 1280 CUDA cores. This is to investigate whether a

comparable performance from MB-PINN and MB-IBM-PINN can be obtained with the

same architecture and computational budget, for not only velocity reconstruction but also

pressure recovery as a hidden variable. The multi-part physics loss weighting studies

have been carried out to answer this question.
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Table 2.2: Accuracy details for the MB-FNN models (without any physical constraints)
for different number of hidden layers 𝐿 and hidden neurons per layer 𝑛𝑙 . The
model is tested on the Ref-IBM data set.

𝐿 𝑛𝑙

Accuracy

aRMSE aMAE a𝑅2 arRMSE

6

60 1.74e-02 7.9e-03 9.9929e-01 2.47

80 1.455e-02 6.3e-03 9.9947-01 1.26

100 1.34e-02 5.55e-03 9.9956e-01 1.16

8

60 1.17e-02 5.15e-03 9.9967e-01 1.67

80 7.9e-03 3.25e-03 9.9984e-01 1.13

100 6.75e-03 2.55e-03 9.9987e-01 0.98

10

60 9.75e-05 4.44e-03 9.9976e-01 1.4

80 7.01e-03 2.8e-03 9.9987e-01 1.01

100 6.15e-03 2.2e-03 9.9989e-01 0.91

Table 2.3: Velocity component wise accuracy of the best MB-FNN model. The model
is tested on the Ref-IBM data sets.

Model Accuracy

MB-FNN RMSE MAE 𝑅2 rRMSE

𝑢 5.8e-03 2.1e-03 9.9997e-01 0.51

𝑣 6.5e-03 2.3e-03 9.9981e-01 1.31

2.7 HIDDEN PRESSURE RECOVERY AND THE ROLE OF MULTI-PART

PHYSICS LOSS WEIGHTING

As stated earlier in the Introduction Chapter 1, hidden pressure recovery in a non-

intrusive fashion using sparse velocity field data is valuable for studying flow past

moving bodies. To obtain a good model performance on hidden pressure recovery under
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a fixed computational budget, an efficient strategy could be relaxing the physics loss

components (Buhendwa et al., 2021; Lucor et al., 2022), or inversely, weighting the

data-driven loss components higher than the physics counterpart (Wang et al., 2021a;

Nguyen et al., 2023; Jin et al., 2021). The former approach has been considered in

the present study, where the weights of all the data-driven components are taken to be

unity and only the physics loss components are relaxed by lowering their appropriate

weighting coefficients. Dynamic weighting strategies have been proposed in some of the

recent studies by Wang et al. (2021a); Jin et al. (2021); Shukla et al. (2022); Heydari

et al. (2019); Bischof and Kraus (2025). In the present study, a manual tuning strategy of

the residual loss weights is adopted to understand their contributions toward pressure

recovery in a systematic manner.

To recall from section 2.5, data sets at the solid region are discarded for computing both

L𝐵𝑢𝑙𝑘 and L𝑃ℎ𝑦 in MB-PINN, thus only 𝜆 𝑓 𝑙𝑢𝑖𝑑 is in consideration. For the MB-IBM-

PINN results in this section, L𝐵𝑢𝑙𝑘 computation is the same as in MB-PINN, i.e., only the

fluid region data points are considered. But the solid region is taken into account in L𝑃ℎ𝑦

computation along with the fluid region, with 𝜆𝑠𝑜𝑙𝑖𝑑 and 𝜆 𝑓 𝑙𝑢𝑖𝑑 as respective weights (see

equation (2.31)). In the present study, a multi-part physics loss weighting strategy thus

refers to the fluid-solid partitioning of the physics loss and relative weighting between

them as discussed in section 2.5. This choice of this fluid-solid partitioning is done to

better quantify the impact of the solid region residual losses. As a result, there is an extra

hyperparameter, 𝜆𝑠𝑜𝑙𝑖𝑑 , to vary in MB-IBM-PINN.

In the beginning, without any loss balancing (i.e. 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 𝜆𝑠𝑜𝑙𝑖𝑑 = 1.0) it was observed

that the predictions from both MB-PINN and MB-IBM-PINN were significantly worse,

with the snapshot wise relative errors being more than 20% for velocity reconstruction

(figure 2.11(a)-(b)), and over 30% for pressure recovery (figure 2.11(c)). Thus, reasonable

baseline models for MB-PINN and MB-IBM-PINN were first obtained with an overall

mean relative error, given by rRMSE, below 10% for velocity reconstruction, and below
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20% for pressure recovery. This was achieved in the case of 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1 for MB-PINN.

To match the MB-PINN’s performance, for MB-IBM-PINN with the same 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1,

a relatively lower 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.001 was required, which suggests the need of undermining

the solid region loss. In further discussions, the MB-PINN and MB-IBM-PINN models

with 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1, and 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.001, shall be referred to as the baseline cases. In

the relative error plots (figure 2.11), the MB-PINN and MB-IBM-PINN curves almost

overlap each other except at a few later time instances, where MB-IBM-PINN does

slightly worse for the selected baseline 𝜆 𝑓 𝑙𝑢𝑖𝑑 and 𝜆𝑠𝑜𝑙𝑖𝑑 values. The equivalence of

MB-PINN and MB-IBM-PINN is also confirmed by the similar order of the convergence

of the overall training and individual loss components L𝐵𝑢𝑙𝑘 , scaled L𝑃ℎ𝑦, L𝐼𝐶 , L𝑖𝑛𝑙𝑒𝑡 ,

and L𝑤𝑎𝑙𝑙 in figures 2.12(a) and 2.12(b), respectively. Note that, since the bulk data

points are available very close to Γ𝑟
𝑙𝑜𝑤𝑒𝑟

and Γ𝑟𝑢𝑝𝑝𝑒𝑟 that too across all time, the 𝐿𝑤𝑎𝑙𝑙 and

L𝐼𝐶 constraints are not enforced additionally. However, the convergence of these loss

components is still satisfactory.

The true and predicted velocity and pressure contours are compared in figures 2.13(a)

and 2.13(b). The corresponding maximum value normalized point-wise absolute error

contours in the near-field region are shown in figure 2.13(c) for a test time stamp

𝑡/𝑇 = 0.375, which is previously unseen during the training. At this time stamp, the

velocity and pressure fields are queried on high-resolution Ref-IBM and Ref-ALE

data sets test grids, respectively. It can be seen in figure 2.13(c) that the errors are

highly pronounced in the region where there is an LEV. This is expected as strong

gradients of velocity and pressure exist in such regions of strong vorticity. The issue

of difficulty of PINN in capturing strong/sharp gradient has also been reported in the

earlier literature (Wang et al., 2021a; Dwivedi et al., 2021; Jagtap et al., 2020c; Jagtap

and Karniadakis, 2020). For the test time 𝑡/𝑇 = 0.375, a characteristic strong LEV on

the upper surface of the foil followed by a secondary vortex structure in the mid-region

of the upper surface is observed (see figure 2.14(a)). The baseline models are able to

resolve the primary vortex structures very well, while the secondary structure is still
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blurred in the predictions as seen in figures 2.14(b) and 2.14(c). With regard to the

pressure recovery, although the baseline results seem promising, the errors are still high.

In order to see if larger training iterations (𝑁𝑖𝑡𝑒𝑟) per cycle could improve the results,

in another set of experiments with 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1 and 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.001 (see table 2.4 for

accuracy details), it is seen that the improvements are not too significant considering

the increased computational budget. It remains to be seen if further relaxation of the

residual losses can improve the pressure recovery and the overall model performance.

Table 2.4: Accuracy details of the MB-PINN and MB-IBM-PINN models under the
effect of larger 𝑁𝑖𝑡𝑒𝑟 .

Model 𝑁𝑖𝑡𝑒𝑟 Accuracy

MB-PINN
(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1)

aRMSE aMAE a𝑅2 arRMSE
7.5e05 5.64e-02 3.02e-02 9.95e-01 5.39
1e06 5.24e-02 2.79e-02 9.96e-01 5.01

MB-IBM-PINN
(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1,
𝜆𝑠𝑜𝑙𝑖𝑑 = 0.001)

7.5e05 8.79e-02 4.87e-02 9.87e-01 8.32
1e06 8.19e-02 4.54e-02 9.89e-01 7.74

The detailed error measures for the relaxation studies are presented in table 2.5. In

the case of MB-PINN, there is a significant decrease in the overall error measures as

𝜆 𝑓 𝑙𝑢𝑖𝑑 is decreased from 1 to 0.1. However, beyond 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001, the pressure recovery

breaks down as seen in table 2.5. It is observed that at 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.0001 the snapshot-wise

relative errors (see figure 2.15) are either as good as the baseline case or even worse in

certain situations. Thus the most optimal results have been obtained for 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001

in the case of MB-PINN, with arRMSE = 3.22% which can be considered as the best

performing MB-PINN model within the present set of experiments.

For MB-IBM-PINN, even for a fixed 𝜆 𝑓 𝑙𝑢𝑖𝑑 , the prediction accuracy improves overall

when the 𝜆𝑠𝑜𝑙𝑖𝑑 is lowered. This is observed for different 𝜆 𝑓 𝑙𝑢𝑖𝑑 values as shown in

table 2.5. To obtain a reasonable accuracy in velocity reconstruction and pressure

recovery, indicated by arRMSE, 𝜆𝑠𝑜𝑙𝑖𝑑 is expected to be at least one order lower than
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Figure 2.11: Relative errors (rRMSE) in time for (a, b) 𝑥 and 𝑦 velocity components with
respect to Ref-IBM data set, and (c) for recovered pressure with respect
to Ref-ALE data set. Here, MB-PINN (represented as MB) and MB-
IBM-PINN (represented as MB-IBM) models are compared, considering
𝜆 𝑓 𝑙𝑢𝑖𝑑 = 1 and 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1.

Figure 2.12: Smoothened individual loss component convergence shown for the baseline
(a) MB-PINN with 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1 and (b) MB-IBM-PINN with 𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.1, 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.001.

that of 𝜆 𝑓 𝑙𝑢𝑖𝑑 . This is true for the baseline 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1, with 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.001 that is two

orders lower, where the accuracy of the model almost matches MB-PINN model for

same 𝜆 𝑓 𝑙𝑢𝑖𝑑 as shown in the relative error plots in figures 2.11(a)-(c). This requirement
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Figure 2.13: Comparison of true and predicted (a, b) velocity and (c) pressure snapshots
queried on the Ref-IBM and Ref-ALE grids, respectively, for a test time
stamp t/T = 0.375. The inshot boxes A# for # = 1, 2, · · · 6 correspond to
the near-field region, where, the normalized point-wise absolute errors in
the flow-field are prominent.

Figure 2.14: Comparison of (a) IBM obtained vorticity snapshot with the predictions
of (b) baseline MB-PINN (𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1) and (c) MB-IBM-PINN (𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.1, 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.001) for a test time stamp t/T = 0.375. The inshot boxes Z
correspond to the near-field region surrounding the LEV and the secondary
vorticity structure.

could be because relaxation is also implicitly related to choosing a relatively lower

proportion of collocation points in the region (Wu et al., 2023). This is not applicable in

the case of MB-PINN since the solid region is not included in the formulation. By fixing
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Figure 2.15: Relative errors (rRMSE) in time for (a,b) 𝑥 and 𝑦 velocity components,
and (c) pressure 𝑝 predicted by MB-PINN (represented as just MB) and
MB-IBM-PINN (represented as MB-IBM) models with different 𝜆 𝑓 𝑙𝑢𝑖𝑑
and 𝜆𝑠𝑜𝑙𝑖𝑑 combinations depicting the effect of further residual relaxation.

Figure 2.16: Overall effect of relaxation on loss convergence studied for MB-PINN and
MB-IBM-PINN models, considering different 𝜆 𝑓 𝑙𝑢𝑖𝑑 and 𝜆𝑠𝑜𝑙𝑖𝑑 values. The
combined data-driven losses L𝐷𝑎𝑡𝑎 are presented in comparison with the
MB-FNN model in (a), and the scaled physics-informed losses L𝑃ℎ𝑦 in (b),
respectively.

𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001 as in the optimal MB-PINN model, the percentage arRMSE blows up even

at 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.0001 and 0.00001. Given that a significantly lower 𝜆𝑠𝑜𝑙𝑖𝑑 is indeed required
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to improve the accuracy further, the need for solid region losses in MB-IBM-PINN is

hence investigated by choosing a limiting 𝜆𝑠𝑜𝑙𝑖𝑑 = 0 keeping 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001. In this case,

the MB-IBM-PINN model gives the best performance, matching that of MB-PINN. The

arRMSE drastically drops as seen in table 2.5.

It can also be seen that for the optimal MB-PINN and MB-IBM-PINN models, L𝐷𝑎𝑡𝑎

(figure 2.16(a)) comes closer to that of purely data-driven MB-FNN model. Whereas, the

scaled L𝑃ℎ𝑦 are the lowest for both variants of PINN at the optimal values of relaxation

(see figure 2.16(b)). The relative error in time for velocity reconstruction and pressure

recovery are plotted across different selected levels of 𝜆 𝑓 𝑙𝑢𝑖𝑑 and 𝜆𝑠𝑜𝑙𝑖𝑑 for both PINN

models in figures 2.15(a)-(c). It is seen that for MB-IBM-PINN, the relative errors

in velocity reconstruction and pressure recovery closely follow the optimal MB-PINN

model at all time instants for 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001 and 𝜆𝑠𝑜𝑙𝑖𝑑 = 0.

Table 2.5: Accuracy of MB-PINN and MB-IBM-PINN for different relaxation
coefficients. Best performing models are highlighted in bold-faced fonts.

Model Accuracy

MB-PINN

𝜆 𝑓 𝑙𝑢𝑖𝑑 𝜆𝑠𝑜𝑙𝑖𝑑 aRMSE aMAE a𝑅2 arRMSE (in %)
1 - 2.38e-01 1.37e-01 9.23e-01 22.96
0.1 - 7.64e-02 4.09e-02 9.91e-01 7.27
0.01 - 4.09e-02 2.28e-02 9.97e-01 3.78
0.001 - 3.58e-02 2.07e-02 9.98e-01 3.22
0.0001 - 7.59e-02 4.87e-02 9.91e-01 6.56

MB-IBM-PINN

𝜆 𝑓 𝑙𝑢𝑖𝑑 𝜆𝑠𝑜𝑙𝑖𝑑 aRMSE aMAE a𝑅2 arRMSE (in %)
1 1 0.3.61e-01 2.22e-01 8.24e-01 34.11
1 0.1 2.60e-01 1.52e-01 9.04e-01 24.81
1 0.01 2.25e-01 1.32e-01 9.28e-01 21.56
1 0.001 2.08e-01 1.19e-01 9.41e-01 19.99
0.1 1 2.83e-01 1.71e-01 8.85e-01 25.76
0.1 0.1 1.76e-01 9.94e-02 9.54e-01 16.36
0.1 0.01 1.35e-01 7.60e-02 9.73e-01 12.66
0.1 0.001 9.14e-02 5.07e-02 9.87e-01 8.63
0.01 0.001 1.22e-01 7.09e-02 9.61e-01 10.88
0.01 0.0001 9.53e-02 5.21e-02 9.87e-01 8.45
0.001 0.001 4.15e-01 2.69e-01 7.27e-01 32.41
0.001 0.0001 3.27e-01 2.078e-01 8.22e-01 25.91
0.001 0.00001 2.71e-01 1.719e-01 8.76e-01 21.02
0.001 0 3.59e-02 2.03e-02 9.98e-01 3.21
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It is thus seen that MB-IBM-PINN can match the performance of MB-PINN under

certain combinations of 𝜆 𝑓 𝑙𝑢𝑖𝑑 and 𝜆𝑠𝑜𝑙𝑖𝑑 , under the same training budget and network

architecture. At optimal 𝜆 𝑓 𝑙𝑢𝑖𝑑 and for 𝜆𝑠𝑜𝑙𝑖𝑑 = 0, the solid region points can be effectively

discarded in MB-IBM-PINN, for equivalent performance to MB-PINN. This is because

the no-slip boundary condition in both the PINN variants is directly enforced through

L𝐼𝐵, rather than satisfied indirectly as in IBM (see section 2.3), where the solid region

points are required. This also suggests that MB-IBM-PINN might not be necessary when

one is already aware of the solid body’s position and velocity a priori. Moving forward,

MB-PINN can be used efficiently for pressure recovery from velocity data when the solid

body position and velocity is known a priori.

Note that the surrogate model in the present study is able to handle the immersed moving

boundary using the Lagrangian markers and the fluid using an Eulerian grid, respectively.

The surrogate model with residual relaxation performs very well for queries on the

high-resolution grids and additionally recover pressure as a hidden variable. However,

the number of data points used are still large even with the coarse CI data sets with about

1.328e06 data points in total. Therefore, given the localized features of the flow-field, the

possibility of a physics based sampling of the data points is explored in the next section.

2.8 IMPROVING DATA EFFICIENCY THROUGH PHYSICS-BASED DATA

SAMPLING

As mentioned earlier, capturing strong/sharp gradients may become challenging in

PINNs (also reported in various works such as Wang et al. (2021a); Krishnapriyan et al.

(2021); Dwivedi et al. (2021); Jagtap et al. (2020c); Jagtap and Karniadakis (2020)),

and hence, physics constraint relaxation was explored in section 2.7. In the baseline

MB-PINN model, the secondary vortex structure was not resolved accurately while

also smudging the LEV as shown in figure 2.14. This was also reflected in the locally

high point-wise errors in figures 2.13 (marked in rectangular boxes). These errors were
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localized around the regions of strong LEVs and TEVs which were representative of

strong velocity gradients in the flow-field. To mitigate this, many authors such as Wu

et al. (2023); Nguyen et al. (2023); Gao et al. (2023); Peng et al. (2022); Tang et al.

(2023), have proposed various adaptive sampling strategies, albeit with some additional

computational overheads. Noting that the sampling of spatial points based on a prior

distribution is equivalent to point-wise weighting, Wu et al. (2023) dealt with adaptive

sampling techniques for PDEs in three dimensions, while Tang et al. (2023) proposed a

deep adaptive sampling based PINNs (DAS-PINNs) for higher dimensional PDEs.

However, the above approaches entail iterative sampling of newer residual collocation

points (and not data points) to mitigate the training difficulty. Recently, Gopakumar et al.

(2023) showed how the loss landscape of PINN becomes significantly smoother in the

presence of very sparse/coarse simulation/experimental data in the bulk, as compared

to no data, thereby making PINNs easier to train. In the present study, a data-driven

approach was thus adopted. In fact, high number of data points were also used in the

optimal MB-PINN model identified in the previous section. To improve data-efficiency

and reduce associated data storage requirement, the possibility of using the underlying

features of the flow-field data to train the network for MB-PINN is explored in this

section.

Table 2.6: Data sets generated through vorticity cutoff based sampling.

Data set 𝑆𝜔𝑧
𝑆𝑁𝐹𝜔𝑧

𝑁𝐵𝑢𝑙𝑘 𝑁𝑟𝑒𝑠 𝑆𝐷𝑎𝑡𝑎

CI 100

100

1.2915e06

1.3062e06

4.89
CI-S50 50 7.5112e05 2.85
CI-S10 10 3.1885e05 1.21
CI-S5 5 2.6481e05 1.00
CI-S1 1 2.2158e05 0.84
CI-S0 0 2.1078e05 0.79

CI-S0-US10 0 10 2.1074e04 0.08

Vorticity magnitude levels are good indicators of strong velocity gradients and the current

study proposes a data efficient vorticity cutoff based undersampling approach. Here a
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Figure 2.17: Vorticity cutoff based undersampling strategy: (a) the selection of strong
and weak vorticity regions is shown for a representative vorticity snapshot
at 𝑡/𝑇 = 0.0, which is characterised by a LEV at the bottom surface, (b)-(h)
vorticity cutoff based undersampled data locations corresponding to the
data sets in table 2.6, (i, j) relative errors in velocity reconstruction, and (k)
relative error in recovered pressure.

vorticity cutoff 𝜔∗𝑧 is chosen such that the key features can be retained locally while the

regions of low vorticity are undersampled. The vorticity fields are computed from the

velocity data using a second-order central-difference scheme. Once the vorticity fields

are obtained, a reasonable absolute vorticity cutoff value of |𝜔∗𝑧 | = 1.0 is chosen. For

each vorticity snapshot, only those 𝑁 |𝜔𝑧 |≥|𝜔∗𝑧 | fluid points corresponding to |𝜔𝑧 |≥ |𝜔∗𝑧 |

are first retained, which correspond to the regions of key primary and secondary vortex

structures (see figure 2.17(a)). Out of the remaining 𝑁 |𝜔𝑧 |< |𝜔∗𝑧 | fluid points corresponding

to |𝜔𝑧 |< |𝜔∗𝑧 |, a randomly undersampled set of 𝑁
𝑠𝑎𝑚𝑝𝑙𝑒

|𝜔𝑧 |< |𝜔∗𝑧 |
points based on a percentage
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Table 2.7: Accuracy details of MB-PINN models for different levels of vorticity cutoff
based undersampling. If not mentioned specifically, 𝜆 𝑓 𝑙𝑢𝑖𝑑 is taken as
𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1.

Data base 𝑆𝜔𝑧
(in %) aRMSE aMAE a𝑅2 arRMSE (in %)

CI 100 7.64e-02 4.09e-02 9.91e-01 7.27
CI-S50 50 7.02e-02 3.93e-02 9.92e-01 6.55
CI-S10 10 6.79e-02 3.99e-02 9.92e-01 6.29
CI-S5 5 5.01e-02 2.99e-02 9.96e-01 4.82
CI-S1 1 5.41e-02 3.47e-02 9.95e-01 5.01
CI-S0 0 5.11e-02 3.30e-02 9.96e-01 4.83

CI-S0-US10 (𝑆𝑁𝐹𝜔𝑧
= 10%) 0 9.6e-02 4.98e-02 9.87e-01 9.90

CI-S5(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01) 5 3.59e-02 2.25e-02 9.97e-01 3.22
CI-S5 (𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001) 5 4.78e-02 2.67e-02 9.96e-01 4.77

sampling ratio, 𝑆𝜔𝑧
=
𝑁
𝑠𝑎𝑚𝑝𝑙𝑒

|𝜔𝑧 |< |𝜔∗𝑧 |

𝑁 |𝜔𝑧 |< |𝜔∗𝑧 |
× 100 is constructed and combined with the earlier

retained data points. Note that |𝜔∗𝑧 | does not always need to be 1.0, this may take

a different value for a different flow problem and should be selected based on the

flow-field vorticity levels of the specific problem of interest. In the present study,

𝑆𝜔𝑧
= 100%, 50%, 10%, 5%, 1% and 0% are considered. For the extreme case 𝑆𝜔𝑧

= 0%,

strong vorticity points in the near-field (NF) are further undersampled with a sampling

ratio defined by, 𝑆𝑁𝐹𝜔𝑧
=
𝑁
𝑠𝑎𝑚𝑝𝑙𝑒

|𝜔𝑧 |> |𝜔∗𝑧 |

𝑁 |𝜔𝑧 |> |𝜔∗𝑧 |
×100, such that 𝑆𝑁𝐹𝜔𝑧

= 10%. The spatial resolutions of

the undersampled data sets are presented at a representative time stamp in figures 2.17(b)-

(h). For each 𝑆𝜔𝑧
, the corresponding data sets are generated (see table 2.6) with the same

number of temporal snapshots as in the CI data set. The resultant models are tested on

Ref-ALE for pressure recovery and Ref-IBM for velocity reconstruction. For all the cases

considered here, velocity data on the boundaries, Γ𝑟
𝑖𝑛𝑙𝑒𝑡
, Γ𝑟𝑢𝑝𝑝𝑒𝑟 and Γ𝑟𝑙𝑜𝑤𝑒𝑟 (depicted by

black marker points in figures 2.17(b)-(h)), are also used during the training step, along

with the 𝑁 |𝜔𝑧 |≥|𝜔∗𝑧 | and 𝑁
𝑠𝑎𝑚𝑝𝑙𝑒

|𝜔𝑧 |< |𝜔∗𝑧 |
points. Given that the bulk data is available over the

entire training time domain, computing the L𝐼𝐶 constraint using the velocity data at the

initial time stamp is not necessary as was also noted earlier.

To understand the effectiveness of the vorticity-based undersampling, the MB-PINN
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models are first trained with the different data sets mentioned in table 2.6 for 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1.

Here, 𝑆𝜔𝑧
= 100% and 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1 corresponds to the baseline MB-PINN model

discussed in section 2.7. The detailed error measures are presented in table 2.7. It

is observed that, all the undersampled cases except the extreme case of CI-S0-US10,

perform better in terms of the arRMSE compared to the baseline MB-PINN. With

𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1, the best results are obtained for 𝑆𝜔𝑧
= 5%, with an overall arRMSE of

4.82% which is slightly higher than the earlier reported best case of 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001

(without vorticity cutoff based undersampling) in table 2.5 with an arRMSE of 3.217%.

Next, keeping 𝑆𝜔𝑧
= 5% fixed, as 𝜆 𝑓 𝑙𝑢𝑖𝑑 is reduced to 0.01, arRMSE again becomes

Figure 2.18: Loss convergence plots for select MB-PINN models considering different
levels of vorticity undersampling combined with residual relaxation: (a)
L𝑑𝑎𝑡𝑎 with that of the best MB-FNN model, and (b) scaled L𝑃ℎ𝑦. Unless
otherwise specified, 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1 by default. Convergence of individual
loss components for the optimal MB-PINN models with (c) 𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.001, 𝑆𝜔𝑧

= 100%, and (d) 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑆𝜔𝑧
= 5%.
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comparable to that of 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001 in table 2.5, that too with only 𝑆𝐷𝑎𝑡𝑎 = 1.00% for

the CI-S5 data set as opposed to 4.89% in the case of the CI data set. The results for

𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001 are also reasonably good at 𝑆𝜔𝑧
= 5%. However, the MB-PINN model

demonstrates the best performance for 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01 and 𝑆𝜔𝑧
= 5%. In the case of

velocity reconstruction, on comparing the accuracy of the optimal MB-PINN models

with spatial linear interpolation from CI to Ref-IBM grids, it is observed that linear

interpolation could also provide acceptable results for velocity reconstruction. The

optimal MB-PINN models are only slightly better than spatial linear interpolation for 𝑢−

velocity reconstruction (see table 2.8). But the MB-PINN models outperform temporal

linear interpolation (see table 2.9 for the test snapshot results for 𝑡/𝑇 = 0.375). Thus,

getting a reasonable continuous time-space interpolator using linear interpolation is not

plausible, which is however quite nicely achieved with PINNs. Importantly, MB-PINNs

provide the added benefit of recovering pressure as a hidden variable, which is not

possible with linear interpolation.

Even in the snapshot-wise rRMSE plots for velocity reconstruction (figures 2.17(i)

and 2.17(j)) and pressure recovery (figure 2.17(k)), it is seen that 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01 and

𝑆𝜔𝑧
= 5% case performs the best overall. Interestingly, for the extreme case of

𝑆𝜔𝑧
= 0% and for 𝑆𝑁𝐹𝜔𝑧

= 10%, although the relative velocity reconstruction errors

worsen (figures 2.17(i) and 2.17(j)), the relative pressure errors have not as much and are

contained below 15% (figure 2.17(k)). This indicates that even with 𝑆𝐷𝑎𝑡𝑎 = 0.08% with

respect to Ref-IBM, MB-PINN is still able to recover pressure with reasonable accuracy.

Note that both physics loss weighting and vorticity cutoff based sampling contribute

towards relaxation of the physics constraints. When both are employed together, a

relatively higher value of 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01 is found to be sufficient to match the best model

performance.

Hence, it is possible to leverage the underlying flow features to improve data efficiency,

while maintaining the expressivity. This is also confirmed by the loss convergence plots
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in figure 2.18. It can be clearly seen how the combined data-driven losses L𝐷𝑎𝑡𝑎 for

𝑆𝜔𝑧
= 5% with 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 0.001 are closer to that of MB-FNN model in figure 2.18(a)

and correspondingly the scaled L𝑃ℎ𝑦 are lowest in figure 2.18(b). The loss convergence

of individual loss components for the best MB-PINN models in the relaxation and

undersampling experiments are presented in figures 2.18(c) and 2.18(d). Although the

losses are slightly higher for the undersampled case, the order of convergence is still

similar for both the optimal models considered.

From the point of view of a fluid dynamicist, the accuracy of the prediction of the key

vortex structures are of interest. To this end, flow-field measures, such as the circulation

of the LEV (Γ𝐿𝐸𝑉 ), self-induced velocity (𝑈𝑑𝑖𝑝𝑜𝑙𝑒) of the first and the second dipoles in

the wake are computed here. Errors in the predicted and derived quantities, Γ𝐿𝐸𝑉 and

𝑈𝑑𝑖𝑝𝑜𝑙𝑒 are good indicators of how well the primary vortex structures have been resolved

Table 2.8: Accuracy of the best MB-PINN models in comparison with spatial linear
interpolation (CI to Ref-IBM grid), the purely data-driven MB-FNN, and the
baseline MB-PINN models, respectively.

Model RMSE MAE 𝑅2 rRMSE
Linear 𝑆𝜔𝑧

= 100%
𝑢 1.5e-02 1.6e-03 9.998e-01 1.29
𝑣 6.8e-03 8.9e-04 9.998e-01 1.32

MB-FNN 𝑆𝜔𝑧
= 100%

𝑢 5.8e-03 2.1e-03 9.999e-01 0.51
𝑣 6.5e-03 2.3e-03 9.998e-01 1.31

MB-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.1 (Baseline)
𝑢 2.7e-02 1.1e-02 9.994e-01 2.41
𝑣 3.0e-02 1.2e-02 9.961e-01 6.01
𝑝 1.7e-01 1.0e-01 9.781e-01 13.41

MB-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001
𝑢 9.6e-03 3.8e-03 9.999e-01 0.84
𝑣 8.3e-03 3.3e-03 9.997e-01 1.67
𝑝 8.9e-02 5.5e-02 9.943e-01 7.14

MB-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑆𝜔𝑧
= 5%

𝑢 8.6e-03 4.9e-03 9.999e-01 0.75
𝑣 8.2e-03 4.7e-03 9.997e-01 1.64
𝑝 9.1e-02 5.8e-02 9.938e-01 7.28
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Table 2.9: Comparing the accuracy details for the best MB-PINN models with temporal
linear interpolation (between 𝑡1 = 0.35 and 𝑡2 = 0.4) of velocity data from the
Ref-IBM dataset over the intermediate test snapshot at 𝑡/𝑇 = 0.375.

Model Accuracy
Linear RMSE MAE 𝑅2 rRMSE
𝑢 5.3e-02 8.8e-03 9.991e-01 2.92
𝑣 3.9e-02 1.1e-02 9.946e-01 7.36

𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001
MB-PINN RMSE MAE 𝑅2 rRMSE

𝑢 8.1e-03 3.8e-03 9.999e-01 0.71
𝑣 7.8e-03 3.5e-03 9.997e-01 1.45

𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑆𝜔𝑧
= 5%

MB-PINN RMSE MAE 𝑅2 rRMSE
𝑢 7.2e-03 4.5e-03 9.999e-01 0.63
𝑣 8.7e-03 5.2e-03 9.997e-01 1.61

by the surrogate models. Given a uniform grid of cell size 𝑑𝑥 = 𝑑𝑦, and the vorticity

𝜔𝑧 at any cell center, the calculation of LEV circulation Γ𝐿𝐸𝑉 within the bounding box

surrounding the LEV is given by

Γ𝐿𝐸𝑉 =
𝑁𝐿𝐸𝑉∑︁
𝑖=1

𝜔𝑖𝑧𝑑𝑥𝑑𝑦, (2.38)

where, 𝑁𝐿𝐸𝑉 corresponds to the number of grid points in a bounding box containing the

LEV. Also, the self-induced velocity of a dipole A-B can be calculated as

𝑈𝑑𝑖𝑝𝑜𝑙𝑒 =
Γ𝑎𝑣𝑔

2𝜋𝜉𝐴𝐵
, where, (2.39)

Γ𝑎𝑣𝑔 =
1
2

(|Γ𝐴 |+|Γ𝐵 |), and, (2.40)

𝜉𝐴𝐵 =
√︃

(𝑥𝐵 − 𝑥𝐴)2 + (𝑦𝐵 − 𝑦𝐴)2. (2.41)

Here, A and B indicate successive vortex cores that together form a dipole in the

trailing-wake, with corresponding circulations Γ𝐴 and Γ𝐵, respectively. The dipoles are

marked by the two rectangular boxes in the wake; see figure 2.19(a). 𝜉𝐴𝐵 is the distance

between the centers of vortices A and B with (𝑥𝐴, 𝑦𝐴) and (𝑥𝐵, 𝑦𝐵) being the respective

center coordinates. For more details on the calculation of the above measures, one can
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refer to our earlier study (Majumdar et al., 2022). Here, the above flow-field measures

are calculated at a typical test time instant, 𝑡/𝑇 = 0.375, which was unseen during the

training. The results are presented qualitatively in figure 2.19 and quantitatively in

table 2.10.

It is observed that undersampling combined with relaxation (𝑆𝜔𝑧
= 5%, 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01)

improves the LEV resolution and captures the other vortex structures remarkably well.

While this is achieved, the data efficiency as compared to the optimal MB-PINN model

obtained in the relaxation study, is also maintained. Notably, all the models predict

the vortex centers exactly at the locations of the respective true data. The primary

and secondary vortex structures and the shear layers are resolved better compared to

Figure 2.19: Comparison of vorticity contours (a) obtained from IBM data with the
predictions of MB-PINN models in (b)-(l) for different 𝜆 𝑓 𝑙𝑢𝑖𝑑 and 𝑆𝜔𝑧

at a typical test time stamp 𝑡/𝑇 = 0.375. The dotted boxes indicate the
regions of strong LEV and vortex dipoles. The baseline MB-PINN model
prediction in (c) is highlighted by a blue bounding box, whereas, the best
MB-PINN model predictions are highlighted by a red bounding box in (f),
and (l), respectively.
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Table 2.10: Percentage errors 𝜖# in predicting LEV circulation Γ𝐿𝐸𝑉 , self-induced dipole
velocity 𝑈𝑑𝑖𝑝𝑜𝑙𝑒 for the first two dipoles in the wake at a typical test time
stamp 𝑡/𝑇 = 0.375, for MB-PINN models. Here, # = Γ𝐿𝐸𝑉 , 𝑈

1, 𝑈2. The
true values of the derived quantities are Γ𝐿𝐸𝑉 = 1.450,𝑈1

𝑑𝑖𝑝𝑜𝑙𝑒
= 0.394, and

𝑈2
𝑑𝑖𝑝𝑜𝑙𝑒

= 0.379.

Model 𝜖Γ𝐿𝐸𝑉
𝜖𝑈1 𝜖𝑈2

Relaxation study (different 𝜆 𝑓 𝑙𝑢𝑖𝑑)
𝜆 𝑓 𝑙𝑢𝑖𝑑 = 1 41.006 0.761 0.264
0.1 7.994 0.309 0.248
0.01 1.033 0.129 0.051
0.001 0.258 0.175 0.047
0.0001 0.758 0.132 0.043

Undersampling study (different 𝑆𝜔𝑧
in %))

𝑆𝜔𝑧
= 50 10.425 0.397 0.244
10 8.139 0.585 0.188
5 1.381 0.013 0.018
1 1.968 0.105 0.003
0 1.093 0.016 0.149

0, 𝑆𝑁𝐹𝜔𝑧
= 10 3.001 0.399 0.031

5, 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01 0.073 0.009 0.051
5, 0.001 0.149 0.079 0.024

the baseline model in figure 2.19(c), either when the residuals are just further relaxed

(figure 2.19(f)) or when relaxed and combined with the selective vorticity based sampling

strategy (figure 2.19(l)).

A qualitative comparison of the flow-field from the optimal MB-PINN models

(figures 2.20(a)-(c)) indicates that even the secondary structure has been captured

accurately at time stamp previously unseen by the network during training. As discussed

earlier, spatial linear interpolation of the velocity data from CI to Ref-IBM grid is

comparable with MB-PINNs (see boxes B0.1, B1 and B2 in figures 2.20(b)-(c)).

Temporal linear interpolation (shown for test snapshot prediction at 𝑡/𝑇 = 0.375)

performs poorly due to the presence of a moving boundary as seen in the boxes B0.2 in

figures 2.20(b)-(c)). The point-wise normalized errors in pressure in the vicinity of the

LEV (as seen in the boxes B1 in figures 2.20(b)-(c)) are slightly worse than that of

𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001 and 𝑆𝜔𝑧
= 100% (as seen in the boxes B2 in figures 2.20(b)-(c)). In the
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Figure 2.20: Comparison of (a) true IBM velocity and ALE pressure with (b) linear
interpolation (velocity data) and the predictions obtained from the best MB-
PINN models for a testing time stamp 𝑡/𝑇 = 0.375, and (c) corresponding
maximum value normalized point-wise absolute error contours. Here,
the rectangular boxes in (b) and (c) representing the near-field region in
(a) marked by B0.1 corresponds to spatial linear interpolation from CI
to Ref-IBM grid, B0.2 corresponds to temporal linear interpolation, B1
corresponds to 𝜆 𝑓 𝑙𝑢𝑖𝑑 with 𝑆𝜔𝑧

= 100% while that of B2 corresponds to
𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01 with 𝑆𝜔𝑧

= 5%.

velocity and pressure slices (see figures 2.21(a)-(c)) taken at 𝑥/𝑐 = 0.0𝑐, for the test time

stamp 𝑡/𝑇 = 0.375, queried on the CI grid it is seen that the optimal models obtained in

the relaxation and undersampling experiments are equivalent and closely match the true

data. Moreover, it can be seen in the insets near the boundary D1 in figure 2.21(a), and

D4 in figure 2.21(b) that the no-slip velocity boundary condition is closely satisfied for

the optimal MB-PINN models. As seen in figure 2.21(c), the optimal models are very

close to that of the true data in pressure recovery while for 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.0001, it breaks

down away from the solid boundary. In the slices of velocity (inshots D11-D14 of
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Figure 2.21: Velocity and pressure slices for a test time stamp 𝑡/𝑇 = 0.375 queried on
the CI grid for different values of relaxation and vorticity undersampling.
The obtained slices are compared with interpolated IBM velocity and ALE
pressure data for a slice passing through, (a)-(c) the centre of the foil at
𝑥/𝑐 = 0.0𝑐 where the rectangular region marked by a gray patch represents
the solid body and (d)-(f) with slices at a far field location 𝑥/𝑐 = 1.5𝑐. The
zoomed inshots are presented using the correspondingly labeled close up
shots D1-D14

figures 2.21(d) and 2.21(e)) taken at a far field location 𝑥/𝑐 = 1.5𝑐 from the foil center,

all the models are more or less similar in velocity reconstruction. Whereas, slight

differences are seen in pressure recovery (as seen in insets D13 and D14 of

figure 2.21(f)) across optimal and sub-optimal cases though it still follows the overall

trend of the true data. Stark differences are observed only in the near-field region across

parameters. However, it is still remarkable considering that the model was trained using

an undersampling approach with about 20% of data points compared to the CI data set

and about 1% to that of Ref-IBM, while still maintaining an equivalent level of

performance.

Owing to the localized nature of the strong velocity gradients in the flow-field, the
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vorticity cutoff based data sampling leads to reasonable data efficiency (requires a

significantly less number of data points for training), while maintaining the expressivity

of the PINN model. There is almost a 5 times decrease in the data requirement for

the optimal combination of 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01 and 𝑆𝜔𝑧
= 5%. Even at 𝑆𝜔𝑧

< 5%, while

reasonable accuracy level can still be obtained. It is also envisioned that, by training

efficient PINN models on reduced snapshot domains of interest which have data points

stored in an undersampled manner when the solver writes the data, one could potentially

obtain huge savings on the memory as well. For a typical example calculation for the

present problem, we observed the memory requirement per snapshot to go down by two

orders of magnitude.

Moreover, in a related study (see Appendix B), it was also shown with the help of a novel

zonal splitting of loss component gradients and comparing their respective gradients that

vorticity-based cutoff sampling overcomes the gradient vanishing problem. Note that,

gradient vanishing refers to the diminishing of loss gradients during back propagation

eventually leading to slowing down and even plateauing of loss convergence (Goodfellow

et al., 2016). Additionally, two relative gradient statistical metrics were proposed to

determine which zone has a relatively greater contribution during training. It was

observed that the region surrounding the moving body has the highest contribution during

training, while the updates from the far-field region is relatively lower magnitude. This

is because of strong flow-field gradients in the moving body region. For more details,

see Appendix B.

2.9 DISCUSSION

In this chapter, an Immersed Boundary Aware (IBA) surrogate modeling framework has

been proposed for unsteady flow reconstruction around moving bodies. The framework

leverages the flexibility of Physics-Informed Neural Networks (PINNs) while drawing

conceptual inspiration from the Immersed Boundary Method (IBM)—where a moving
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body is immersed in a fixed Eulerian background grid. This design eliminates the need for

case-specific transformations to body-attached reference frames, offering a generalizable

approach to modeling complex fluid–structure interactions.

Two formulations were developed under this framework: MB-PINN (based on the

standard Navier–Stokes equations) and MB-IBM-PINN (based on the IBM-modified

Navier–Stokes formulation). These were tested on flow past a low-Reynolds-number

flapping body—a canonical case representative of unsteady wake dynamics with strong

vortices, steep gradients, and temporal variations. Both models were trained for non-

intrusive pressure recovery (hidden variable inference) and velocity field reconstruction.

A key aspect of the framework was the incorporation of a multi-part physics loss weighting

strategy to balance competing physical residuals and improve data efficiency under a

fixed computational budget. The MB-PINN approach demonstrated high efficiency when

the solid body’s position and velocity were known apriori, whereas the MB-IBM-PINN

achieved comparable reconstruction accuracy but incurred greater computational cost

per iteration due to its larger computational graph.

Additionally, physics-based vorticity cut-off sampling was introduced to enhance data

efficiency, leveraging regions of strong vorticity as indicators of dynamically significant

flow features. The models maintained accurate pressure recovery even when trained on

undersampled data, showing strong generalization across solvers.

Overall, the results confirm that MB-PINN provides superior performance in pressure

recovery and velocity reconstruction tasks under resource constraints especially when

body position, and velocity are known apriori. However, the potential of MB-IBM-PINN

lies in scenarios where such moving body information is scarce or unavailable. These

insights form the basis for extending the IBA framework beyond hidden physics recovery

which shall be investigated in the subsequent chapter.
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2.10 SUMMARY AND CONCLUSIONS

This chapter introduced and evaluated an Immersed Boundary Aware surrogate modeling

framework combining PINNs with the conceptual foundations of the IBM. the IBA

formulation using PINNs removes the need for case-specific transformations and enables

flexible modeling of moving boundaries within a fixed Eulerian grid indicating the

generality of the framework. Of the two PINN formulations proposed, MB-PINN

provided efficient, accurate recovery of velocity and pressure fields when solid-body

motion is known apriori; whereas, MB-IBM-PINN achieved similar accuracy but at

a higher computational cost and when the fictitious solid region velocity points were

discarded from analysis. To improve data efficiency without compromising accuracy, a

vorticity-based sampling strategy which effectively reduced the training data needed. It is

important to note here that the IBA framework need not be limited to the pressure recovery

problem alone. There are other potential areas in which the proposed models’ capabilities

can be fully harnessed for future applications. In some experimental scenarios, the

body configuration, position, shape and velocity might not be known. This might

pose a challenge in recovering near-field pressure and reconstructing data. However, it

would be even more challenging to recover not just velocity and pressure, but also the

moving boundary configuration. Moreover, in this chapter, the temporal resolution was

reasonably high, and the flow was periodic which in reality is quite the opposite. Hence,

building upon these challenges, Chapter 3 explores the hidden boundary estimation,

a super-resolution and a forward problem examples to highlight the potential of IBA

framework beyond pressure recovery.
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CHAPTER 3

EVALUATION OF IBA FRAMEWORK UNDER
DIFFERENT DATA AVAILABILITY SCENARIOS

3.1 INTRODUCTION

Although pressure recovery was considered as the main focus in Chapter 2, the IBA

framework should not be exclusive to just this problem. In certain situations information

of the solid body’s exact position and its velocity might not be known apriori (Dabiri et al.,

2014; Calicchia et al., 2023). Also, the fluid velocity data may only be available/measured

a little away from the solid surface. For a complete understanding of the flow-field

and the interactions with the solid body, estimating the solid body’s position, velocity

and shape is important. When only velocity flow-field data is available and that too

measured/ sampled away from the moving body, this happens to be a hidden boundary

estimation problem. However, for a moving body, this poses a challenging problem

with the availability of the fluid velocity data alone. Until very recently, to the best of

author’s knowledge, hidden boundary estimation from sparse velocity flow-field data

have not been attempted. Like the hidden pressure recovery problem discussed earlier

in Chapter 2, here the body position, velocity and shape are hidden variables. Unlike

pressure, this hidden boundary position and shape are not explicitly embedded into the

continuous form of the governing equations. Hence a case study has been undertaken

here to see how well the proposed IBA framework can handle such problems.

Here, the above scenario is recreated through IBM simulation data. The fluid domain

velocity data (downsampled) are collected a little away from the solid surface, and

two problems are explored. Firstly, in the absence of the body position and velocity

information at training, the efficacy of the IBA framework in reconstructing the bulk

velocity and recovering pressure is investigated. Once trained, it is also tested if the solid



body velocity can be recreated as well (to check this, the Lagrangian marker positions

of the solid boundary are used). In this part, the body shape is assumed to be known

apriori. For the second scenario, it is assumed that the exact position, velocity, and shape

of the solid body are not known while training or testing. Note that in both problems,

it has been assumed that the body is moving but rigid in nature. The results of these

investigations are given in the following subsections.

The above scenarios would be investigated under the assumption that flow-field data is

resolved in time even if spatially sparse. However, in situations where onemight encounter

very low-quality data a model that could super-resolve the flow-fields in a physically

consistent manner is desirable (Fukami et al., 2023; Aliakbari et al., 2022). Sometimes,

with just a single initial time data snapshot of flow-field in a truncated computational

domain, solving a forward problem to evolve the flow under certain boundary conditions

would also be desirable. Here, the forward problem is an example of no-data scenario

and the PINN model would have to hence be trained as a surrogate to a CFD solver.

However, early works such as Krishnapriyan et al. (2021); Wang et al. (2021a); Mattey

and Ghosh (2022), have reported that forward problems involving nonlinear PDEs are

extremely challenging due to propagation failure mode of PINNs where error tends to

accumulate over time. In a proof of concept manner, a super-resolution and a forward

problem are investigated to identify potential pitfalls of the proposed framework.

Overall, the key objectives and contributions of this chapter are as follows:

• Demonstrate the capability of the IBA framework to recover hidden flow variables
(velocity and pressure) when solid body kinematics are unknown, by estimating
body position and velocity directly from the data.

• Extend the IBA framework to settings where the solid body shape is also unknown,
using geometric priors to recover body shape, position, and motion alongside
velocity and pressure.

• Evaluate the performance of the IBA framework under low-fidelity or low-resolution
data by testing its ability to perform physically consistent super-resolution of
velocity and pressure fields.
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• Assess the limits of the framework in a no-data scenario through a forward problem,
highlighting the challenges of solving the governing PDEs over a restricted spatio-
temporal domain without bulk simulation data.

• Provide a unified perspective on how the IBA framework behaves across these
varying levels of data availability — from full knowledge of body shape to
complete data absence — and outline the potential of the IBA framework and
critical problems where IBA framework performs remarkably well.

Note that in all these investigations, the periodically plunging elliptic foil system as

previously described in Chapter 2 is considered. This chapter is structured as follows:

sections 3.2 investigates simultaneous velocity reconstruction, pressure recovery and

estimation of solid body velocity in the absence of body position and velocity information.

Here it is assumed that the exact shape of the body is known. In section 3.3, it

is assumed that the exact shape is unknown apriori but some basic priors on the

geometry are enforceable to recover body shape, position, and velocity along with

velocity reconstruction and pressure recovery. Since in most cases, one might obtain

low-fidelity/low-resolution data, section 3.4 explores a super-resolution problem. In

complete absence of any bulk simulation data, section 3.5 explores a complex forward

simulation problem over a restricted spatio-temporal domain outlining the challenges.

In section 3.6, broad perspectives are drawn and the potential of IBA framework is

highlighted in different data availability scenarios drawing attention to certain critical

scenarios explored subsequently in the thesis. Finally, the key conclusions are presented

in section 3.7

3.2 VELOCITY RECONSTRUCTION AND PRESSURE RECOVERY, AND

ESTIMATION OF THE SOLID BODY VELOCITY IN THE ABSENCE OF

BODY POSITION AND VELOCITY INFORMATION

It is first investigated whether the PINN models under the present IBA framework are

capable of reconstructing the bulk velocity and recovering the pressure. It also tested

if the solid body velocity (IB velocity) can be predicted in the absence of any body

position or velocity data at training. Note that the body shape/position information is not
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used while training but is used subsequently during testing the model (for this part the

Lagrangian marker locations are provided as model inputs). Hence, it is assumed here

that the shape of the body is known apriori.

In both MB-PINN and MB-IBM-PINN, the velocity boundary condition was enforced

through the loss component, L𝐼𝐵. Here, the data loss of velocity predictions of the

network at the IB Lagrangian marker points were minimized with respect to the true

IB velocity. Note that the 𝑥 component of the IB velocity is zero and the 𝑦 component

is the plunge velocity. In MB-IBM-PINN, in addition to L𝐼𝐵, there was an additional

data loss component L𝐼𝐵𝑣𝑎𝑟 , which enforced the constraints on the forcing ( 𝒇 ) and the

source/sink (𝑞) terms. The loss formulation of MB-PINN remains the same in this

case study. Whereas, since the body position and shape are not fed as model inputs

while training, the physics loss for MB-IBM-PINN is reformulated without fluid-solid

partitioning unlike the one previously adopted in Chapter 2 (see Eqn. (2.31)),

L𝐷𝑎𝑡𝑎 : = 𝜆𝐵𝑢𝑙𝑘L𝐵𝑢𝑙𝑘 + 𝜆𝐵𝐶L𝐵𝐶 + 𝜆𝐼𝐶L𝐼𝐶) + L𝐼𝐵 + 𝜆𝐼𝐵𝑣𝑎𝑟L𝐼𝐵𝑣𝑎𝑟 , (3.1)

L𝑃ℎ𝑦 : = 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑(L𝑃𝐷𝐸𝑚𝑥
+ L𝑃𝐷𝐸𝑚𝑦

+ L𝑃𝐷𝐸𝑐
). (3.2)

The data points are obtained from the coarsened IBM simulation dataset CI (see table 2.1

of section 2.6.1). In the present case study, three situations are considered, where the

fluid data points are selected about 2 (i.e. 0.032𝑐), 5 (i.e. 0.08𝑐), and 10 (i.e. 0.16𝑐)

cells away from the IB. For MB-PINN, the collocation points are taken to be the same as

the data points but this is not the case for MB-IBM-PINNs.

As the fluid-solid partitioning of the physics loss cannot be carried out in MB-IBM-PINN,

the governing equations considered in MB-IBM-PINN formulation need to be satisfied

over the entire domain and not just the fluid region. As a result, note in Eqn. (3.2), there

is no 𝜆𝑠𝑜𝑙𝑖𝑑 , and instead 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑 is used considering the union of fluid and solid
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region. Here, residual collocation points are sampled from the entire Eulerian background

grid of the CI dataset towards the computation of the physics loss. Throughout this

current exercise, the training budget, and network size are kept the same as in the main

investigation. Here, the weighting coefficients, 𝜆𝐵𝑢𝑙𝑘 = 𝜆𝐵𝐶 = 1 (see equations (2.14)

and (2.21)), and, the no-slip boundary condition loss coefficient, 𝜆𝐼𝐵 = 0, are considered

for both the models. As was done previously as mentioned in the in section 2.7, the L𝐼𝐶

need not be computed here as well. Here, the velocity data only on the inlet boundary is

considered for computation of L𝐵𝐶 . The data loss component of the weighting coefficient

of the IB variables ( 𝒇 and 𝑞), L𝐼𝐵𝑣𝑎𝑟 , are also varied, taking 𝜆𝐼𝐵𝑣𝑎𝑟 = 1 or 0.

Table 3.1 presents the accuracy results for bulk velocity reconstruction and pressure

recovery. For the sake of comparison, the best-performing MB-PINN cases from the

Chapter 2 table 2.8) are also included. Pressure recovery for MB-IBM-PINN without

fluid-solid partitioning breaks down below 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, unlike the case of fluid-

solid partitioning with 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001 and 𝜆𝑠𝑜𝑙𝑖𝑑 = 0. Therefore, 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001 for

MB-PINN and 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01 for MB-IBM-PINN (no fluid-solid partitioning) are

considered here. For 𝜆𝐼𝐵 = 0 and 𝜆𝐼𝐵𝑣𝑎𝑟 = 0, the pressure recovery by MB-IBM-PINN

Figure 3.1: Grid points that are considered to compute 𝐿 𝐼𝐵𝑣𝑎𝑟 constraints for a
representative snapshot in time 𝑡/𝑇 = 0.0: (a) entire fluid region, and
(b) region of low vorticity where |𝜔𝑧 |< |𝜔∗ | considered in the VF strategy.
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Figure 3.2: Comparison of (a) true IBM velocity with the (b) predictions obtained
from optimal MB-PINN (with and without L𝐼𝐵 constraint) and MB-IBM-
PINN(without L𝐼𝐵 constraint) models and (c) corresponding maximum
value normalized pointwise absolute error contours. The rectangular boxes
in (b) and (c) representing the near-field region in (a) marked by E1 𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.001, 𝜆𝐼𝐵 = 1), E2-E4 (MB-PINN - 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001, 𝜆𝐼𝐵 = 0 with
fluid data points sampled 2, 5 and 10 cells away from the solid boundary,
respectively), E5 (MB-IBM-PINN -𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1(no
VF)), and E6-E8 (MB-IBM-PINN - 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1
(VF) with fluid data points sampled 2, 5 and 10 cells away from the solid
boundary, respectively).
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Table 3.1: Accuracy details of MB-PINN and MB-IBM-PINN when trained without
L𝐼𝐵 (i.e. 𝜆𝐼𝐵 = 0) and without solid-fluid partitioning. (*)-marked results
are for the data-driven MB-FNN and the optimal MB-PINN models (with
L𝐼𝐵, i.e. 𝜆𝐼𝐵 = 1), taken tables 2.3 and 2.8 of Chapter 2 for comparison.

Model Accuracy
MB-FNN* RMSE MAE 𝑅2 rRMSE (in%) arRMSE (in%)

𝑢 5.8e-03 2.1e-03 9.999e-01 0.51 0.91
𝑣 6.5e-03 2.3e-03 9.998e-01 1.31

MB-PINN* 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001
𝑢 9.6e-03 3.8e-03 9.999e-01 0.84

3.22𝑣 8.3e-03 3.3e-03 9.997e-01 1.67
MB-PINN* 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝑆𝜔𝑧

= 5%
𝑢 8.6e-03 4.9e-03 9.999e-01 0.75

3.22𝑣 8.2e-03 4.7e-03 9.997e-01 1.64
𝑝 9.1e-02 5.8e-02 9.938e-01 7.28

MB-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001, 𝜆𝐼𝐵 = 0, 2 cells away
𝑢 4.5e-03 1.9e-03 9.999e-01 0.39

2.23𝑣 4.9e-03 2.0e-03 9.999e-01 0.99
𝑝 6.6e-02 3.6e-02 9.968e-01 5.32

MB-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001, 𝜆𝐼𝐵 = 0, 5 cells away
𝑢 2.0e-02 5.6e-03 9.994e-01 2.39

4.26𝑣 1.4e-02 4.7e-03 9.989e-01 2.89
𝑝 1.3e-01 8.2e-02 9.893e-01 7.48

MB-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001, 𝜆𝐼𝐵 = 0, 10 cells away
𝑢 4.5e-03 1.9e-03 9.999e-01 5.58

10.84𝑣 4.9e-03 2.0e-03 9.999e-01 9.47
𝑝 6.6e-02 3.6e-02 9.968e-01 17.49

MB-IBM-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 0
𝑢 3.6e-02 1.7e-02 9.989e-01 3.22

32.75𝑣 5.3e-02 2.1e-02 9.885e-01 10.67
𝑝 1.12 7.5e-01 2.824e-01 84.44

MB-IBM-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1
𝑢 2.4e-02 7.9e-03 9.995e-01 2.09

7.25𝑣 2.2e-02 7.3e-03 9.979e-01 4.39
𝑝 1.9e-01 1.1e-01 9.691e-01 15.25

MB-IBM-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1 (VF), 2 cells away
𝑢 9.5e-03 2.9e-03 9.999e-01 0.83

3.74𝑣 7.5e-03 2.6e-03 9.998e-01 1.49
𝑝 1.1e-02 5.2e-02 9.914e-01 8.92

MB-IBM-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1 (VF), 5 cells away
𝑢 3.4e-02 5.6e-03 9.991e-01 2.92

8.73𝑣 1.7e-02 2.9e-03 9.987e-01 3.42
𝑝 1.0e-01 3.9e-02 9.597e-01 19.86

MB-IBM-PINN 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1 (VF), 10 cells away
𝑢 5.8e-02 1.0e-02 9.974e-01 5.05

15.17𝑣 3.6e-02 5.8e-03 9.946e-01 7.23
𝑝 4.4e-01 5.2e-02 8.875e-01 33.22

is not satisfactory as seen in table 3.1, due to the lack of constraints on 𝒇 and 𝑞. Thus,

𝒇 and 𝑞 could take any non-zero values in the fluid domain. This directly affects the

minimization of the physics loss and the pressure recovered becomes inaccurate. With
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Figure 3.3: Comparison of (a) true ALE pressure with the (b) predictions obtained from
optimal MB-PINN (with and without L𝐼𝐵 constraint) and MB-IBM-PINN
(without L𝐼𝐵 constraint) models and (c) corresponding maximum value
normalized pointwise absolute error contours. The rectangular boxes in
(b) and (c) representing the near-field region in (a) marked by E1 𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.001, 𝜆𝐼𝐵 = 1), E2-E4 (MB-PINN - 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001, 𝜆𝐼𝐵 = 0 with
fluid data points sampled 2, 5 and 10 cells away from the solid boundary,
respectively), E5 (MB-IBM-PINN -𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1(no
VF)), and E6-E8 (MB-IBM-PINN - 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.001, 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1
(VF) with fluid data points sampled 2, 5 and 10 cells away from the solid
boundary, respectively).

𝜆𝐼𝐵𝑣𝑎𝑟 = 1, the pressure recovery is found to be dependent on the sampling of grid points

where 𝒇 and 𝑞 are to be constrained to zero. The regions of strong flow-field gradients

(specifically, the regions of strong vorticity) should ideally be avoided to compute L𝐼𝐵𝑣𝑎𝑟

in order to ease the training. Using the same vorticity cut-off value |𝜔∗ |= 1 as was done

in the undersampling study (see section 2.8 of Chapter 2), the grid points to compute

L𝐼𝐵𝑣𝑎𝑟 are sampled from the fluid region where |𝜔|< |𝜔∗ | (see figure 3.1(a) and (b) for

an example). This sampling strategy (called VF hereon) improves the predictions of

MB-IBM-PINN as seen in table 3.1 and figure 3.2.
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Both MB-PINN and MB-IBM-PINN (with VF) models with fluid data sampled 2 cells

away perform satisfactorily in bulk velocity reconstruction and pressure recovery and

are comparable in their accuracy, though not having L𝐼𝐵 during training. In fact, the

reconstructed velocity and pressure are almost indistinguishable from the true data

(see figure3.2(a), figure3.3(a), and boxes E1-E8 in figure 3.2(b), and figure 3.3(b),

respectively). Notably, the MB-PINN model trained on fluid data sampled 2 cells away

from the IB is slightly better than the optimal MB-PINN models presented in Chapter 2.

This could be due to one lesser competing objective/ constraint in the loss function,

i.e. the absence of the L𝐼𝐵 constraint at training. This is in alignment with earlier

works (Wang et al., 2021a; Heydari et al., 2019; Bischof and Kraus, 2025) which have

reported that additional constraints enforcing the boundary conditions often make the

training slightly more difficult. Moreover, since the fluid data points are quite close

to the IB, the velocity on the IB is reconstructed reasonably well. Interestingly, this

also corroborates with the results presented in the earlier chapter 2 section 2.7, where

the L𝑤𝑎𝑙𝑙 was converging reasonably well in spite of not explicitly minimising it while

training (see figures 2.12 and2.18(c) from sections 2.7 and 2.8 in Chapter 2, respectively).

This was because bulk velocity data points were available quite close to the upper and

lower boundaries of the truncated domain.

However, as the fluid data points are sampled further away from the solid body, the

bulk velocity reconstruction and pressure recovery suffer at regions closer to the solid

boundary as seen in figure 3.2(c), and figure 3.3(c). The highest errors in velocity

reconstruction and pressure recovery are observed for the MB-IBM-PINN and MB-PINN

models with fluid data sampled 10 cells away from the IB.

Next, it is checked whether both the PINN models can satisfactorily reconstruct the

velocity on the IB, when 𝜆𝐼𝐵 = 0. The Lagrangian marker points are used as model inputs

to validate the velocity predictions at the IB locations. It is observed that MB-PINN and

MB-IBM-PINN could recover the body velocity with an rRMSE of around 8% and 14%,
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Figure 3.4: Comparison of true IB velocity with IB velocity predictions of (a) MB-PINN
(MBP as in the legend) models and (b) MB-IBM-PINN (MBIP) models with
L𝐼𝐵 constraint absent (𝜆𝐼𝐵 = 0). Here, fluid data points are sampled 2, 5,
and 10 cells away from the IB. The MB-IBM-PINN results are presented for
cases with 𝜆𝐼𝐵𝑣𝑎𝑟 = 1 considering a low vorticity strength-based sampling
(VF) of fluid region points such that |𝜔𝑧 |< |𝜔∗ | (as in figure 3.1(b)) for the
forcing constraint.
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respectively, for the data availability case of 2 cells away (table 3.2). With fluid data

points sampled further away from the IB, the errors worsen (see figure 3.4), though errors

in MB-IBM-PINN do not increase as rapidly as in MB-PINN (table 3.2 and figure 3.4(b)).

This could be due to the physics loss being minimized in the entire domain including the

solid region in MB-IBM-PINN which further regularises the overall predictions. From

the above findings, it can be concluded that both the PINN models in their current form

perform satisfactorily for bulk velocity reconstruction, pressure recovery, and recovery

of the solid body velocity in the absence of body position and velocity data at training,

provided the fluid velocity data is measured close to the solid surface.

Table 3.2: Accuracy details obtained over IB velocity (𝑦 component) predictions of
the MB-PINN and MB-IBM-PINN models with L𝐼𝐵 constraint, enforced
(𝜆𝐼𝐵 = 1) or absent (𝜆𝐼𝐵 = 0) while training.

Model RMSE MAE 𝑅2 rRMSE (in %)
MB-PINN (𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.001, 𝜆𝐼𝐵 = 1)

6.23e-03 1.51e-03 9.999e-01 0.88

MB-PINN (𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.001, 𝜆𝐼𝐵 = 0)

5.69e-02 5.12e-02 9.934e-01 8.06

MB-PINN (𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.001, 𝜆𝐼𝐵 = 0 - 5 cells
away)

1.41e-01 1.26e-01 9.599e-01 20.03

MB-PINN (𝜆 𝑓 𝑙𝑢𝑖𝑑 =
0.001, 𝜆𝐼𝐵 = 0 - 10
cells away)

2.18e-01 1.94e-01 9.044e-01 30.91

MB-IBM-PINN
(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01,
𝜆𝐼𝐵 = 1, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1)

4.87e-03 2.47e-03 9.999e-01 0.69

MB-IBM-PINN
(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01,
𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1)

1.40e-02 1.22e-01 9.604e-01 19.87

MB-IBM-PINN
(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝜆𝐼𝐵 = 0,
𝜆𝐼𝐵𝑣𝑎𝑟 = 1(VF))

9.42e-02 8.51e-02 9.822e-01 13.33

MB-IBM-PINN
(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝜆𝐼𝐵 = 0,
𝜆𝐼𝐵𝑣𝑎𝑟 = 1(VF) - 5
cells away)

1.59e-01 1.43e-01 9.493e-01 22.52

MB-IBM-PINN
(𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝜆𝐼𝐵 = 0,
𝜆𝐼𝐵𝑣𝑎𝑟 = 1(VF) - 10
cells away)

1.36e-01 1.24e-01 9.629e-01 19.25
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3.3 BODY SHAPE ESTIMATION USING MB-IBM-PINN

In the previous case study, the body shape and exact geometry were known apriori while

its position and velocity were unknown during training. However, in this case study,

it is assumed that the exact shape is also unknown at training or testing. Hence, the

objective here is to determine the solid body shape along with its position, and velocity

with the help of the proposed framework. Assuming a rigid body, the solid body’s center

position needs to be first determined. In MB-IBM-PINN, the momentum forcing term 𝒇

is expected to be non-zero in the solid region and zero everywhere in the fluid region

outside the IB. When the body position and as a result the boundary conditions on the IB

are not known, one could use 𝒇 values to approximately estimate the body location. This

is possible because the physics loss constraint in MB-IBM-PINN is enforced throughout

the domain including the solid region, and without the fluid-solid partitioning of the

constraint. Once the body center position is estimated, a finite differencing can be carried

out to obtain the body velocity ¤𝒙𝑐𝑔(𝑡).

Here, the squared magnitude of momentum forcing (| 𝒇 |2) is considered in order to isolate

regions of very high 𝒇 . Across all the cases, the MB-IBM-PINN predictions of | 𝒇 |2 are

still localized in the solid region in spite of using the VF sampling strategy for L𝐼𝐵𝑣𝑎𝑟(see

figure 3.7). To estimate the body center position, for each snapshot of | 𝒇 |2, one of the

following approaches can be used.

1. Maximum value approach: Locate where | 𝒇 |2 is maximum to obtain 𝒙𝑐𝑔(𝑡 𝑗 ) for
𝑗 = 1, 2, · · · 𝑁𝑡 snapshots.

2. Simple mean approach: Locate the 𝑁𝑐𝑔 grid points located at 𝒙𝑖(𝑡 𝑗 ) for 𝑖 =
1, 2, · · · 𝑁𝑐𝑔, such that | 𝒇 (𝒙𝑖, 𝑡 𝑗 )|2≥ 0.05(max{| 𝒇 (𝑡 𝑗 )|2}). Then calculate a mean
of the grid points such that,

𝒙𝒄𝒈(𝑡 𝑗 ) =
∑𝑁𝑐𝑔

𝑖=1 (𝒙𝑖(𝑡 𝑗 ))
𝑁𝑐𝑔

, for 𝑗 = 1, 2, · · · 𝑁𝑡 . (3.3)

3. Weighted mean approach: Locate the 𝑁𝑐𝑔 grid points located at 𝒙𝑖(𝑡 𝑗 ) for
𝑖 = 1, 2, · · · 𝑁𝑐𝑔, such that | 𝒇 𝑖(𝑡 𝑗 )|2≥ 0.05(max{| 𝒇 (𝑡 𝑗 )|2}). Then calculate a
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weighted mean of the grid points such that,

𝒙𝒄𝒈(𝑡 𝑗 ) =
∑𝑁𝑐𝑔

𝑖=1 (| 𝒇 𝑖(𝑡 𝑗 )|2𝒙𝑖(𝑡 𝑗 ))∑𝑁𝑐𝑔

𝑖=1 (| 𝒇 𝑖(𝑡 𝑗 )|2)
, for 𝑗 = 1, 2, · · · 𝑁𝑡 . (3.4)

The solid body identification exercise is carried out with the same MB-IBM-PINN

models discussed above in subsection 3.1 (without fluid-solid partitioning of physics

loss taking 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01, and without the L𝐼𝐵 constraint enforced). While training,

L𝐼𝐵𝑣𝑎𝑟 is enforced in locations with low vorticity strength as described earlier (see the VF

sampling approach in figure 3.1(b)). Note that for a rigid body, the velocity of the center

of the body can designate the body velocity. The accuracy of the body center position

and velocity estimation are presented in tables 3.3 and tables 3.4, respectively. Their

time histories for the different approaches mentioned above are presented in figures 3.5

and 3.6, respectively. It can be seen that the mean-based approach outperforms the

maximum and the weighted mean-based approaches in estimating the body center. It

is seen that as the fluid data points are sampled further away from the IB, the rRMSE

values worsen. However, up to 5 cells away from the IB, the rRMSE of body center

Table 3.3: Accuracy details for rigid body center position (𝒙𝑐𝑔(𝑡)) estimation using
MB-IBM-PINN model with L𝐼𝐵 constraint enforced (𝜆𝐼𝐵 = 1) and L𝐼𝐵𝑣𝑎𝑟
constraint enforced in regions of low vorticity strength (VF sampling) while
training with fluid data points away from the IB.

Method RMSE MAE 𝑅2 rRMSE (in %)
2 cells (0.032c) away from IB

Maximum value 1.73e-02 1.23e-02 9.768e-01 15.23
Simple mean 8.71e-03 6.56e-03 9.941e-01 7.65
Weighted mean 1.05e-02 8.09e-03 9.915e-01 9.21

5 cells (0.08c) away from IB
Maximum value 2.82e-02 1.88e-02 9.386e-01 24.77
Simple mean 1.60e-02 1.43e-02 9.801e-01 14.09
Weighted mean 6.05e-02 5.01e-02 7.173e-01 53.17

10 cells (0.16c) away from IB
Maximum value 4.73e-02 4.33e-02 8.269e-01 41.59
Simple mean 3.15e-02 2.98e-02 9.232e-01 27.71
Weighted mean 3.58e-02 3.41e-02 9.011e-01 31.44
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Table 3.4: Accuracy details for body velocity estimation (specifically, ¤𝑦(𝑡)) based on
second order finite differencing of the position estimated using the simple
mean approach (see figures 3.5(c)-(d) and table 3.3).

Distance from IB RMSE MAE 𝑅2 rRMSE (in %)
2 cells (0.032c) 1.33e-01 8.50e-02 9.645e-01 18.84
5 cells (0.08c) 2.47e-01 1.57e-01 8.772e-01 35.03
10 cells (0.16c) 3.09e-01 2.23e-01 8.088e-01 43.71

position is still within 15% in the simple mean approach.

There are some irregularities in 𝑥𝑐𝑔(𝑡), ¤𝑥𝑐𝑔(𝑡), and near the peak values of ¤𝑦𝑐𝑔(𝑡) which

could be due to the higher non-uniformity in | 𝒇 |2 derived mask at those times (see

figures 3.7(b), 3.5 and 3.6 corresponding to 𝑡/𝑇 = 0.25). As a result, the errors are

higher than 10% as seen in table 3.4, even for the case with fluid data sampled 2 cells

away. Given that the fluid data (especially in the wake) is smooth across time, by

assuming that such sudden jumps in 𝑥𝑐𝑔(𝑡), and ¤𝒙𝑐𝑔(𝑡) might not be physical, smoothing

the time histories is possible. However, to test the capability of the framework, any such

smoothing has been avoided here.

As the data points are sampled further and further away from the IB, information of

the actual shape of the body is lost resulting in a smudging of | 𝒇 |2 around the true IB

(see figure 3.7). In spite of this, the body center position is estimated reasonably well.

Moreover, the simple mean approach estimates the body center more closely to the true

body center. This is because it gives equal weightage to the grid points in the masked

region extracted using the thresholding of | 𝒇 |2. However, the other approaches did not

estimate the body position so well because of | 𝒇 |2 being non-uniform in the region where

the solid body could possibly lie.

Subsequently, the shape estimation can be carried out as an optimization problem in the

following manner.

1. From | 𝒇 (𝑡)|2, extract snapshot-wise masks 𝑀 𝒇 (𝑡) such that 𝑀 𝒇 (𝑡) = 1 wherever
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| 𝒇 (𝒙𝑖, 𝑡 𝑗 )|2≥ 0.05(max{| 𝒇 (𝑡 𝑗 )|2}), and zero otherwise.

2. Using the estimated rigid body velocity, extract the edges 𝐸𝒖𝐼𝐵
from the velocity

contours such that 𝐸𝒖𝐼𝐵
= 1, where the contours match with either the individual

components or the magnitude of body velocity.

3. Then, for each snapshot, extract grid points wherever both 𝑀 𝒇 (𝑡) = 1 and
𝐸𝒖𝐼𝐵

(𝑡) = 1. This gives the potential IB marker locations.

4. At each time step, subtract the corresponding body center position from the
potential IB marker location coordinates and center the body around (0, 0).

5. Then, superimpose them to obtain the cluster of 𝑁𝐼𝐵′ possible IB marker locations
({𝒙𝑖

𝐼𝐵′ = (𝑥𝑖
𝐼𝐵′, 𝑦

𝑖
𝐼𝐵′)}

𝑁𝐼𝐵′
𝑖=1 ).

6. From this cluster of 𝑁𝐼𝐵′ points, one can either assume a parameterized geometry
form or obtain a best fit using splines. Here, the former approach is adopted as an

Figure 3.5: Estimation of body position (𝑥𝑐𝑔(𝑡), 𝑦𝑐𝑔(𝑡)) from the squared magnitude
of momentum forcing term (| 𝒇 |2) using the (a-b) maximum value, (c-d)
simple mean and (e-f) weighted mean approaches, respectively for fluid
data sampled at different distances from the IB. The simple mean approach
notably outperforms the other approaches.
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Figure 3.6: Estimation of body velocity ( ¤𝑥𝑐𝑔(𝑡), ¤𝑦𝑐𝑔(𝑡)) based on second-order finite
differencing of the position estimated using the simple mean approach (see
figures 3.5(c)-(d) and table 3.3).

Figure 3.7:MB-IBM-PINN predicted contours of squared magnitude of momentum
forcing term (| 𝒇 |2) and associated masks generated for the condition
| 𝒇 𝑖(𝑡)|2> 0.05 max{| 𝒇 (𝑡)|2}, for 𝑖 = 1, 2. · · · 𝑁𝑐𝑔 presented for one plunging
downstroke at timestamps (a) 𝑡/𝑇 = 0.0, (b) 𝑡/𝑇 = 0.25, and (c) 𝑡/𝑇 = 0.5.
The topmost row and the box F1 correspond to the MB-IBM-PINN model
with 𝜆𝐼𝐵 = 1, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1 and no VF based sampling of grid points for
enforcing L𝐼𝐵𝑣𝑎𝑟 . The boxes F2-F4 represent the MB-IBM-PINN models
with 𝜆𝐼𝐵 = 0, 𝜆𝐼𝐵𝑣𝑎𝑟 = 1 but with VF and fluid data points sampled 2(0.032𝑐),
5 (0.08𝑐) and 10 (0.16𝑐) cells way from the IB, respectively. Note in the
mask contours that the green color elliptical boundary is the actual IB and
outside the red elliptical boundary is where the fluid data are sampled for
cases in F2-F4.
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example.

7. To estimate the geometry parameters, an objective function L𝑠ℎ𝑎𝑝𝑒 dependent on
the geometry parameters can be minimized using an optimization algorithm.

To demonstrate the above steps, the MB-IBM-PINN model trained with fluid data points

sampled about 5 cells away is chosen. First, the snapshot-wise masks and the edges

from velocity contours matching body velocity are extracted as described above (see

figures 3.7 and 3.8). A set of 𝑁𝐼𝐵′ possible IB marker locations ({𝒙𝑖𝐼𝐵′}
𝑁𝐼𝐵′
𝑖=1 ) are then

obtained (see figure 3.9).

Notably, these grid points when obtained using the edges extracted by matching individual

body velocity components, seem to be contained within an elliptical boundary (see

figures 3.9(a)-(b)). This is because MB-IBM-PINN within the solid region, predicts a

uniform velocity close to the body velocity (see figures 3.8(a)-(b)). By using the body

velocity magnitude for edge extraction, the grid points towards the trailing edge are seen

to define the body geometry very crisply (see figures 3.9(c) and 3.10).

Based on the above findings, an elliptical geometry is assumed for the body. The

following objective function L𝑠ℎ𝑎𝑝𝑒 is designed to estimate the unknown geometric

parameters using the extracted IB points 𝒙 𝐼𝐵′ .

L𝑠ℎ𝑎𝑝𝑒 := arg[𝑎,𝑏] min{|(𝑥𝐼𝐵′/𝑎)2 + (𝑦𝐼𝐵′/𝑏)2 − 1|2}, (3.5)

where, 𝑎 and 𝑏 denote the lengths of semi-major and semi-minor axes, respectively. The

L𝑠ℎ𝑎𝑝𝑒, is optimized using a simple grid search algorithm over the parameter space,

chosen such that 𝑎 ∈ [0.01𝑐, 1𝑐] and 𝑏 ∈ [0.01𝑐, 1𝑐] are discretised into a 201 × 201

uniform grid. The errors in the prediction of the semi-major and semi-minor axes are

approximately, 11% and 35%, respectively. While the body thickness is over-predicted,

considering the fact that the fluid data points are sampled 5 cells i.e. 0.08𝑐 away from

the IB, the overshoot of the thickness prediction is still less than this value. This is

quite impressive and is expected to improve with further improvements in the velocity
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Figure 3.8: Edge extraction from MB-IBM-PINN predicted velocity contours by finding
the contours matching the estimated rigid body velocity. MB-IBM-PINN
Reconstructed contours of (a)𝑥-component and (b) 𝑦-component velocity at
𝑡/𝑇 = 0.5. Here, L𝐼𝐵 constraint is not enforced, and 𝜆 𝑓 𝑙𝑢𝑖𝑑 ∪ 𝑠𝑜𝑙𝑖𝑑0.01 with
fluid data points 5 cells away from IB. Note how the edges are not unique to
the solid body region.

reconstruction of MB-IBM-PINN. However, in case of more complex kinematics or

geometries, this would be quite a challenging task.

Figure 3.9: Comparison of different edge extraction approaches to obtain the potential IB
points by matching (a) 𝑢𝐼𝐵 = ¤𝑥𝑐𝑔(𝑡), (a) 𝑣 𝐼𝐵 = ¤𝑦𝑐𝑔(𝑡) and (c) |𝒖𝐼𝐵 |= | ¤𝒙𝑐𝑔(𝑡)|.
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Figure 3.10: Detailed representation of (a)-(e) extracting the potential IBmarker locations
by combining the body velocity magnitude based edge extraction (𝐸 |𝒖𝐼𝐵 |)
with the masks 𝑀 𝒇 (𝑡) at different time instants. The extracted potential IB
marker locations are depicted in (f).

Figure 3.11: Shape estimation as an optimization problem. (a) The extracted potential
IB marker locations and (b) overlay of the true and predicted IB.
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In such complex situations, further improvements of the proposed framework in terms

of model architecture, and loss formulations with additional shape-related constraints

would be necessary to identify the shape of the IB. It might also be possible to make use

of the trained model in conjunction with image segmentation/edge detection techniques

such as Sobel filters (Gao et al., 2010) or active contour matching algorithms (Menet

et al., 1990) to extract the approximate shape of the body. Such techniques to estimate

the body shape and location, from coarse fluid velocity data in conjunction with PINN

models are left for future work. Having explored the potential of the framework for

identifying hidden boundaries and estimating body shapes, we now turn to another

fundamental challenge—recovering fine-scale flow features from coarse data. The next

section investigates the use of the IBA framework for physics-consistent super-resolution,

focusing on high-resolution velocity and pressure reconstruction from low-fidelity inputs.

3.4 HIGH-RESOLUTION PRESSURE RECOVERY AND VELOCITY

RECONSTRUCTION USING LOW-FIDELITY SIMULATION DATA

Super-resolution of flow-fields in a physically consistent manner is a challenging task,

where given low-fidelity training data, one employs deep learning to effectively predict

the high-resolution data (Fukami et al., 2019; Aliakbari et al., 2022; Fukami et al., 2023).

However, it would be worthwhile to investigate the efficacy of the IBA framework for

such tasks. Thus, the objective here is to thus to test the framework in pressure recovery

and high-resolution velocity reconstruction from low-fidelity data. Here, MB-PINNs are

considered since they were shown to be excellent in bulk velocity reconstruction and

pressure recovery. To test this, IBM simulations are performed with a low-resolution

mesh 4 times coarser than the Ref-IBM grid (the high-resolution grid from our earlier

investigations). The coarseness level was chosen to maintain parity with the grid from the

coarse interpolated dataset (i.e. CI from the earlier investigations when downsampling

was done). Notably, the CI grid considered in section 2.6.1 was 4 times coarser than the

Ref-IBM grid (with Δ𝑥 = Δ𝑦 = 0.016 for CI and with Δ𝑥 = Δ𝑦 = 0.004 for Ref-IBM,
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respectively). The low-fidelity velocity flow-field data is then extracted for the truncated

domain as described in section 2.6.1. An MB-PINN model is subsequently trained on

this low-fidelity data (referred to as Ref-IBM-LF, where LF stands for low fidelity) while

minimizing physics loss on the high-resolution Ref-IBM grid (as shown in the workflow

in figure 3.12). Finally, the model predictions are made on the high-resolution Ref-IBM

grid for validating velocity reconstruction and on Ref-ALE for testing pressure recovery.

The model architecture, hyperparameters, testing datasets, and the training budget are

kept the same as in earlier studies presented in Chapter 2. Since the underlying data

quality is fundamentally much lower than that of the downsampled high-resolution data,

the same settings might not be optimal for obtaining predictions with similar order of

accuracy. Note that the Ref-IBM-LF data is less accurate compared to the CI dataset in

Figure 3.12:Workflow for the super-resolution example study
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Chapter 2 as the CI data set was obtained by downsampling the high-resolution dataset.

Therefore, the linear interpolation of velocity data from CI to Ref-IBM results in lower

errors as compared to that of linear interpolation of velocity data from Ref-IBM-LF to

Ref-IBM (see table 3.5). Even though the velocity reconstruction and pressure recovery

errors are found to be less than 10% and 15%, respectively, for the models trained

on Ref-IBM-LF (the coarse mesh data), they are higher than those studies reported in

sections 2.7 and 2.8.

Here, velocity reconstruction from PINN models is found to be still comparable with

linear interpolation and not significantly better (see table 3.5). In point-wise error contour

plots shown in figure 3.13 for the test time stamp, 𝑡/𝑇 = 0.375, the errors are high in

the regions of strong vorticity for both velocity reconstruction and pressure recovered

Table 3.5: Accuracy details for the super-resolution example case study. Here, C2F
stands for training on the low-fidelity dataset Ref-IBM-LF and predicting on
the high-resolution Ref-IBM grid.

Model RMSE MAE 𝑅2 rRMSE (in %)
Linear-C2F 𝑆𝜔𝑧

= 100%
𝑢 5.6e-02 2.2e-02 9.974e-01 4.89
𝑣 4.9e-03 2.0e-02 9.899e-01 9.89

MB-PINN-C2F 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001
𝑢 5.5e-02 2.2e-02 9.976e-01 4.82
𝑣 4.9e-02 2.0e-02 9.891e-01 9.86
𝑝 1.7e-01 8.3e-02 9.810e-01 12.97

MB-PINN-C2F 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑆𝜔𝑧
= 5%

𝑢 5.6e-02 2.2e-02 9.975e-01 4.87
𝑣 5.0e-02 2.2e-02 9.897e-01 10.02
𝑝 1.9e-01 1.0e-01 9.776e-01 14.30

MB-PINN-C2F 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001, 𝑁𝑖𝑡𝑒𝑟 = 7.5𝑒05
𝑢 5.5e-02 2.2e-02 9.976e-01 4.82
𝑣 4.9e-02 2.0e-02 9.901e-01 9.81
𝑝 1.6e-01 7.4e-02 9.825e-01 12.26

MB-PINN-C2F 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑆𝜔𝑧
= 5% 𝑁𝑖𝑡𝑒𝑟 = 7.5𝑒05

𝑢 5.5e-02 2.3e-02 9.976e-01 4.82
𝑣 4.9e-02 2.2e-02 9.898e-01 9.94
𝑝 1.7e-01 8.8e-02 9.807e-01 13.00
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on the high-resolution Ref-IBM and Ref-ALE grids, respectively. Notably, in table 3.5

and the error contours in figure 3.13, larger training iterations and vorticity cut-off based

sampling do not improve the predictions significantly, and the error contours are in fact

indistinguishable from each other.

It is hypothesized that to truly achieve super-resolution, the physics constraints over

the high-resolution Ref-IBM grid must be better satisfied. This can only be attested by

a significant improvement in pressure recovery. Moreover, since the underlying data

quality is fundamentally much lower than before, the same hyperparameter settings

used earlier might not be optimal as observed here. As there are many hyperparameters

that the model predictions might be sensitive to, instead of hand-tuning these, adaptive

Figure 3.13: Comparison of maximum value normalized pointwise absolute error
contours obtained overMB-PINN-C2F predictions on theRef-IBM (velocity
data) and Ref-ALE (pressure data) considering (a) 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001, 𝑁𝑖𝑡𝑒𝑟 =
5𝑒05, (b)𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.001, 𝑁𝑖𝑡𝑒𝑟 = 7.5𝑒05, and (c) 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑆𝜔𝑧

=
5%, 𝑁𝑖𝑡𝑒𝑟 = 7.5𝑒05, respectively.
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approaches need to be used. Especially, with a larger network size, batch size along with

adaptive loss component weighting and adaptive residual sampling, one could obtain

better results than those presented here with the same model architecture. Following

Aliakbari et al. (2022), one could also adopt a transfer learning approach to pre-train

on low-fidelity data, and then, fine-tune the physics on the high-resolution grid. This

requires an expansive investigation for unsteady flows past moving bodies which however,

is out of scope in the present study.

While the preceding sections focused on data-driven reconstruction tasks—ranging from

hidden boundary estimation to super-resolution—the natural next step is to evaluate the

potential of the proposed framework in a data-free setting. To this end, the following

section examines the performance of IBA framework in addressing a forward problem in

a truncated spatio-temporal domain, where the governing equations are solved solely

from initial and boundary conditions, without any velocity training data.

3.5 PINNS FOR A FORWARD PROBLEM WITH A MOVING BOUNDARY

In a forward problem, the system governing PDEs are solved, given only the initial

and boundary conditions and no data (Raissi et al., 2019a; Sun et al., 2020). All the

different situations investigated above, and in Chapter 2 were data-driven. However, it

would be interesting to test the capability of the proposed PINN framework in solving

a forward problem as well, where no velocity training data are available. So far, such

a problem has not been attempted in the context of moving body flows. As a proof of

concept exercise, given only initial and boundary conditions on the truncated domain

and moving solid boundary, MB-PINN and MB-IBM-PINN are used here to infer the

solution to the governing equations (see equations (2.5) and (2.6) of section 2). Results

suggest that the models are extremely sensitive to the number of iterations and model

initialization. In the current form, the performance of the MB-PINN and MB-IBM-PINN

models are not very satisfactory. Although MB-PINN is seen to significantly outperform
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Table 3.6: Testing data set resolution within the truncated domain considered for the
forward problem.

Data sets 𝑁𝑥 𝑁𝑦 𝑁𝑡 Δ𝑡/𝑇 𝑁𝐵𝑢𝑙𝑘
Ref-IBM 651 500 5 0.025 1.6274e06
Ref-ALE - - 5 2.5e05

MB-IBM-PINN, the errors are still high due to the challenging nature of the unsteady

flow problem involving a moving body. Initially a time domain of 𝑡/𝑇 ∈ [0, 2] (as used

for the data-driven PINNs studies in Chapter 2) was considered, but the forward problem

failed to converge to the true solution in spite of training for 𝑁𝑖𝑡𝑒𝑟 = 1.5𝑒05 iterations,

whereas, for the data-driven PINNs, the models started converging to less than 10%

error by about 𝑁𝑖𝑡𝑒𝑟 = 2𝑒04 iterations in the first training cycle itself. Subsequently, a

smaller temporal domain of 𝑡/𝑇 ∈ [0, 0.1] has been chosen for the forward problem, as

standard PINNs are often difficult to train on longer-time domains for solutions having

strong gradients or evolving boundaries. This is due to the propagation failure mode of

PINNs as it has been reported in the literature (Krishnapriyan et al., 2021; Mattey and

Ghosh, 2022; Penwarden et al., 2023). Sequential/causal learning frameworks have been

proposed for such problems (Wang et al., 2024; Penwarden et al., 2023).

The spatial domain considered for this study is Ω = [−1𝑐, 3.5𝑐] × [−1𝑐, 1𝑐] (which

is the same as what was used for the data-driven PINNs studies in Chapter 2). The

CI grid (270 × 120 grid points) is considered and a time step size of Δ𝑡/𝑇 = 0.025

is selected. Overall, in the fluid region, there are about 1.593e05 residual collocation

points. The details of the test data set are provided in table 3.6. Keeping the network

width and depth, the batch size, and the number of training stages the same as in the

data-driven studies, the results are sensitive to the number of iterations in each training

stage, despite the smaller time domain chosen. Although not presented here for all the

𝑁𝑖𝑡𝑒𝑟 ∈ [2.5𝑒04, 5𝑒04, 1𝑒05, 5𝑒05], 𝑁𝑖𝑡𝑒𝑟 = 5𝑒04 is found to be better than the rest. The

accuracy details for the 𝑁𝑖𝑡𝑒𝑟 = 5𝑒04 case are presented in table 3.7 for both MB-PINN

and MB-IBM-PINN (without fluid-solid partitioning of the physics loss). Although

133



the qualitative results of the velocity show some similarity with that of the true data

at an intermediate time stamp, 𝑡/𝑇 = 0.075 (figure 3.15), the relative RMSEs are still

reasonably high (table 3.7), and these errors grow over every successive snapshot (

figure 3.14). The models are not able to predict the velocity field with high accuracy due

to the presence of a moving body and strong gradients surrounding the moving body for

the time domain considered in the example case. This in turn affects the pressure recovery

significantly. The error contours in figure 3.16 indicate that the highest errors are mostly

localized around the moving body for MB-PINN, but they extend into the surrounding

regions for MB-IBM-PINN especially for pressure. Recent studies by Krishnapriyan

et al. (2021); Mattey and Ghosh (2022); Wang et al. (2024); Penwarden et al. (2023)

suggest that adaptive sampling/weighting, or a causal/sequential learning framework

could mitigate the propagation failures in time for PDEs exhibiting solutions with strong

time-varying gradients/localized features. This has been taken up in the next chapter

where, sequential learning techniques are used to enhance the proposed IBA framework

to tackle various temporal domain complexities arising in the context of unsteady flows

past moving bodies.

Table 3.7: Accuracy details of the best MB-PINN and MB-IBM-PINN models for the
forward problem.

Model Accuracy
𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑁𝑖𝑡𝑒𝑟 = 5𝑒04

MB-PINN RMSE MAE 𝑅2 rRMSE (in %)
𝑢 6.4e-02 2.7e-02 9.958e-01 5.65
𝑣 6.7e-02 2.6e-02 9.708e-01 14.96
𝑝 5.3e-01 3.8e-01 8.688e-01 35.19

𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01, 𝑁𝑖𝑡𝑒𝑟 = 5𝑒04
MB-IBM-PINN RMSE MAE 𝑅2 rRMSE

𝑢 1.1e-01 7.3e-02 9.883e-01 9.35
𝑣 1.4e-01 8.2e-02 8.821e-01 29.97
𝑝 2.26 1.87 -1.2883 151.18
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Figure 3.14: Snapshot-wise relative error for velocity and pressure predictions obtained
from MB-PINN and MB-IBM-PINN models for 𝑁𝑖𝑡𝑒𝑟 = 5𝑒04 for the
forward problem.
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Figure 3.15: Comparison of (a) true and (b)-(c) predicted velocity and pressure contours
at 𝑡/𝑇 = 0.075 obtained from MB-PINN and MB-IBM-PINN models for
the forward problem.
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Figure 3.16: Comparison of maximum value normalized absolute error contours at
𝑡/𝑇 = 0.075 for MB-PINN and MB-IBM-PINN models for the forward
problem.
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3.6 DISCUSSION AND PERSPECTIVES

In this chapter, the efficacy of the PINN variants under the IBA framework proposed

earlier in Chapter 2 was evaluated through a series of proof-of-concept studies addressing

progressively challenging data scenarios. The first investigation focused on a hidden

boundary estimation problem where neither the solid-body position nor velocity data

were known a priori. Such conditions are typical in experimental and field situations,

where only fluid velocity measurements, taken away from the body surface, are available.

The goal was to reconstruct the surrounding flow field, recover the body kinematics, and

in the second problem approximate the body shape with some geometry priors.

For these situations, theMB-IBM-PINN variant proved advantageous because, in addition

to velocity and pressure, it also predicts the momentum forcing ( 𝒇 ) and mass source/sink

(𝑞) terms that have support predominantly in the solid region. These predictions can

serve as useful indicators of the immersed body’s approximate position and motion.

Using this property, the model was able to estimate the body center, velocity, and shape,

even when only fluid-domain data were provided. A rigid body assumption simplified the

extraction of motion characteristics, and a grid-based optimization enabled the estimation

of elliptical shape parameters with promising accuracy. The predicted semi-minor axis

error remained smaller than the minimum distance from the nearest available data point,

underlining the potential of IBA framework in non-ideal scenarios where MB-PINNs

alone would fail.

Nevertheless, for more complex kinematics or deforming geometries, shape estimation

remains challenging. Future extensions could incorporate shape-aware loss formulations

or use the trained PINN models in conjunction with image segmentation or edge-

detection algorithms (Menet et al., 1990; Gao et al., 2010) to improve solid-boundary

reconstruction.

A third problem explored was super-resolution of flow fields (Fukami et al., 2023),
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where the objective was to reconstruct high-fidelity velocity and recover pressure from

low-resolution simulation data. In this case, low-resolution IBM simulations were

directly used for training, making the underlying data quality fundamentally poorer than

before. The MB-PINN model employed low-resolution velocity data for the bulk loss

(L𝐵𝑢𝑙𝑘), while the physics loss (L𝑃ℎ𝑦) was computed using collocation points from

the high-resolution reference grid. Results indicated that truly achieving super-resolution

requires the model to more accurately satisfy the physics residuals on the fine grid,

likely demanding adaptive loss weighting (Wang et al., 2021a) and residual sampling

strategies (Wu et al., 2023). Although such adaptive schemes could improve accuracy,

they introduce additional computational overheads.

Finally, to test the framework in a purely physics-driven context, a forward problem

was formulated in which no training data were provided in the bulk domain. Here,

the governing PDEs were solved given only the boundary and initial conditions over a

truncated spatial domain. As expected, this proved significantly more difficult, especially

for the flapping-wing flow-field characterized by strong gradients and moving boundaries.

The models yielded moderate errors in velocity (10–15%) and pressure ( 30%), pointing

to the need for more stable and temporally aware training schemes such as sequential or

causal learning frameworks (Wang et al., 2024; Penwarden et al., 2023).

Overall, the studies reaffirm that MB-PINNs are more efficient when body position and

velocity are known apriori, while MB-IBM-PINNs extend applicability to data-sparse or

uncertain boundary conditions. The experiments collectively underscore the adaptability

of the IBA framework to a wide range of real-world data scenarios—from hidden

boundaries to low-resolution inputs and fully data-free simulations.

3.7 SUMMARY AND CONCLUSIONS

This chapter demonstrated the versatility of the Immersed Boundary Aware (IBA)

framework for several inverse and forward flow problems involving moving bodies.
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It established that in non-ideal scenarios, where body position, velocity and shape

are unknown, MB-IBM-PINNs have potential in simultaneous velocity reconstruction,

pressure recovery, and hidden boundary estimationmaking themvaluable for experimental

and partially observed systems. The framework can, in principle, be extended in future

to handle high-fidelity reconstruction from low-resolution data through adaptive loss

formulations and transfer learning. However, in a data-free setting such as the forward

problem, the IBA framework performance highlights the need for temporally consistent

learning strategies. It is important to also note that, to solve the forward problem

meaningfully, a full spatial domain might be needed, and the time domain needs to be

really small over which the network is trained. This challenge makes it intractable to train

the PINN models for forward problems, and traditional GPU accelerated solvers would

still triumph over the PINN models in such scenarios. However, given the importance

of pressure recovery to the unsteady aerodynamics community, one would encounter

different temporal domain complexities when working with unsteady flow-field datasets.

These temporal domain complexities typically manifest as temporal sparsity, long time

domain and rich temporal spectra due to aperiodicity in the flow. Hence, in the subsequent

chapter, the IBA framework is extended using sequential learning techniques to handle

temporal domain complexities arising in unsteady flows keeping MB-PINNs as the

backbone.
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CHAPTER 4

SEQUENTIAL LEARNING BASED PINNS TO
OVERCOME TEMPORAL DOMAIN COMPLEXITIES

IN UNSTEADY FLOW PAST FLAPPING WINGS

4.1 INTRODUCTION

In the previous chapter, the Immersed Boundary Aware (IBA) framework and its variants,

namely MB-PINN and MB-IBM-PINN, were shown to effectively reconstruct velocity

and recover pressure fields for moving-body flows, even under data-sparse or unknown

moving boundary conditions. While these methods addressed the spatial complexities

introduced by immersed and moving boundaries, the next major challenge arises from

temporal domain complexities, which severely impact the learnability and generalization

capability of physics-informed models.

As shown previously, Physics-Informed Neural Networks (PINNs) (Raissi et al., 2019a)

offer a powerful approach to learning spatiotemporal fields governed by partial differential

equations, blending data-driven fitting with physical regularization. However, their

training becomes increasingly unstable for long temporal domains or unsteady flows due

to well-documented issues such as spectral bias (Wang et al., 2021b), and the inherent

difficulty of learning consistent temporal dynamics (Krishnapriyan et al., 2021; Wang

et al., 2024). These problems can become particularly pronounced for moving-body

systems, where domain evolution, nonlinear coupling, and sharp flow gradients make

global time-domain optimization highly ill-conditioned.

For such flows, particularly unsteady or aperiodic wake interactions past flapping

foils (Khalid et al., 2018; Bose and Sarkar, 2018; Majumdar et al., 2022), the challenge

stems from the multi-scale temporal dynamics and data sparsity inherent in data collected



from simulations or experiments. Due to many constraints, the obtained data may often

fail to meet the Nyquist sampling criterion, leaving only temporally coarse snapshots not

suitable for complete flow characterization. Standard interpolation techniques cannot

faithfully reconstruct flow fields at intermediate time steps, especially when the flow

exhibits rich spectral content and when the available data snapshots are quite far apart

in time. Moreover, re-running simulations or conducting experiments to densify the

data is often impractical. Thus, continuous space-time PINNs provide a compelling

alternative—they can interpolate missing time states while respecting the governing

physics (Cai et al., 2021b; Raissi et al., 2020).

However, such problems demand training strategies that respect temporal causality while

maintaining stability over long integrations. Recent works have explored sequential and

causal learning frameworks (Mattey and Ghosh, 2022; Penwarden et al., 2023) that divide

the temporal domain into smaller segments or time windows and train networks either in

a time-marching or transfer-learning manner. Unlike parallel decomposition methods,

sequential schemes preserve temporal continuity and can exploit the transferability of

neural network representations across adjacent time segments. At the same time, more

discrete-time formulations—such as explicit time-domain PINNs or physics-informed

LSTMs (Su et al., 2024; Liu et al., 2023)—offer advantages for purely forward problems

but sacrifice the continuous space-time modeling capability critical for data-sparse

reconstruction tasks involving moving bodies.

In light of these challenges, the present chapter explores sequential learning-based

extensions of MB-PINNs to efficiently handle temporal domain complexities arising

from: 1) temporal sparsity of flow-field data, 2) long time-domain integration, and 3)

rich spectral content associated with aperiodicity.

For flow past a plunging foil at a low Reynolds number having known kinematics and

velocity flow-field data from IBM simulations (sparsely sampled in time), the MB-PINNs
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formulation proposed in Chapter 2 have been extended here using sequential training

strategies to obtain surrogate models. The aim of the surrogates is to perform velocity

reconstruction and simultaneous pressure recovery. In light of the above discussed

challenges, the scope, and the contributions of the present study are as follows.

• To begin with, evaluation of the earlier proposed MB-PINN for velocity
reconstruction and pressure recovery under different temporal domain
complexities to identify its limitations.

• Extension of MB-PINN to efficiently handle temporal domain complexities using
time marching, and temporal decomposition based sequential strategies coupled
with transfer learning.

• Detailed evaluation of the proposed methods under a fixed training budget over
both periodic and quasi-periodic flow situations past a flapping body, depicting the
three temporal domain complexities discussed above.

• Devising an effective preferential spatiotemporal sampling strategy to train
sequential learning variants for accurate near-field pressure recovery.

In the present investigation, the efficacy of the sequential training strategies, and

computational efficiency have been compared under a fixed training budget. A physics-

based sampling,has been used to train the networks in a data-efficient manner.

The general structure of this Chapter is as follows. Note that, throughout the investigations

presented here, the periodically plunging elliptic foil system is considered as described

in section 2.2 following the kinematic model as described in equations (2.1) and (2.2).

The details of unsteady flow past this plunging foil system modeled as two dimensional

incompressible flow and the underlying IBM solver follow from section 2.3. In section 4.2,

details of the sequential learning framework extending the previously proposed MB-

PINNs are discussed in the context of pressure recovery from velocity data. The IBM

and ALE-based CFD solver settings are used for data generation, and details of the

training and testing data sets are given in section 4.3. The key results and discussion for

the periodic and aperiodic test cases are presented in sections 4.4 and 4.5, respectively.

Finally, the key conclusions and further work are outlined in section 4.6.
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4.2 EXTENDING THE IMMERSED BOUNDARY AWARE FRAMEWORK

USING SEQUENTIAL TRAINING

As mentioned in the Introduction, physical and numerical complexities related to the

temporal dynamics of the system (see figure 4.1), such as, (a) temporal sparsity, (b)

long-time integration, and (c) rich temporal spectrum, need to be handled while training

PINNs for moving body flows in question. In the absence of any prior knowledge of the

frequency content of the flow, the negative impact of these temporal complexities can be

alleviated by turning to sequential learning (Krishnapriyan et al., 2021; Shukla et al.,

2022; Penwarden et al., 2023).

Surrogate modeling of unsteady flows past moving bodies using a fixed frame of reference

is beneficial as it can allow handling multiple moving bodies, and possible deforming

bodies. The immersed boundary aware (IBA) framework of PINNs as presented in

Chapter 2 considered a fixed Eulerian frame of reference and was inspired by the benefits

of the immersed boundary method. Note that, it would not be feasible to enable coordinate

transformations when multiple moving bodies or flexible bodies are involved. The IBA

framework in Chapter 2 (see sections 2.4, and 2.5 for more details) alleviates the need

for transformations of the computational domain to body-attached frame of reference.

The fluid velocity data points were obtained on a fixed Eulerian grid, whereas, the

solid body was immersed in the Eulerian grid and described using a set of Lagrangian

markers. Pressure recovery from velocity data in the modeling of unsteady flows past

moving boundaries (see figure 4.2) was one of the major outcomes. Although the data

was generated using an IBM solver, in a scenario where body position and velocity are

known a priori, the NS-equations-based formulation, MB-PINN, was best suited for

pressure recovery. In this scenario, it was also shown that, the IBM-based formulation

MB-IBM-PINN could perform at par with MB-PINN only when the solid region was

discarded from physics loss computation and that too with an additional computational

overhead. However, when body position, shape, and velocity were not exactly known

and the solid region could not be determined a priori, MB-IBM-PINN could be useful as
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Figure 4.1: Schematic depicting different computational and physical sources of temporal
domain complexities with application to unsteady flow past a sinusoidally
plunging airfoil.

seen in Chapter 3. In the current case study, it is assumed that such body position, shape

and velocity information are available to us, and the NS based MB-PINN formulation is

considered for further evaluation under different temporal complexities.

The loss formulation for the standard MB-PINN is described in Chapter 2 section 2.5

(see equations 2.14 and (2.32) for the exact mathematical loss formulation). In this study,

only the inlet is considered for Dirichlet boundary conditions and therefore, we have

L𝐷𝑎𝑡𝑎 : = 𝜆𝐵𝑢𝑙𝑘L𝐵𝑢𝑙𝑘 + 𝜆𝐼𝑛𝑙𝑒𝑡(L𝐼𝑛𝑙𝑒𝑡) + 𝜆𝐼𝐵L𝐼𝐵, (4.1)

L𝑃ℎ𝑦 : = 𝜆 𝑓 𝑙𝑢𝑖𝑑(L𝑚𝑥
+ L𝑚𝑦

+ L𝑐). (4.2)

The loss components, L𝐵𝑢𝑙𝑘 and L𝐼𝑛𝑙𝑒𝑡 correspond to predicted interior bulk velocity

data and inlet velocity boundary conditions on the Eulerian grid. The additional no-slip

velocity boundary condition loss, L𝐼𝐵, is computed directly on the solid boundary, Γ𝐼𝐵,

described by a set of Lagrangian markers. The coefficients, 𝜆∗, for ∗ ∈ {Bulk, Inlet, IB}

are the weighting coefficients of the bulk data loss, inlet, and no-slip boundary condition
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Figure 4.2: A schematic depicting the MB-PINN formulation under the immersed
boundary aware (IBA) framework for pressure recovery from velocity data.

loss components, respectively. Here, 𝜆 𝑓 𝑙𝑢𝑖𝑑 is the weight of the physics loss component

which operates only in the fluid region by design.

A general mathematical formulation of the above-mentioned data-driven and physics

loss components is as follows

L∗ :=
1
𝑁∗

𝑁∗∑︁
𝑖=1
∥𝒖(𝒙𝑖∗, 𝑡𝑖) − 𝒖̂(𝒙𝑖∗, 𝑡𝑖)∥2𝐿2

(4.3)

L@ :=
1

𝑁𝑃ℎ𝑦

𝑁𝑃ℎ𝑦∑︁
𝑖=1
∥𝑟𝑥@(𝒙𝑖𝑃ℎ𝑦, 𝑡

𝑖)∥2𝐿2
(4.4)

where, 𝒖̂ is the true velocity data generated for training by the CFD simulation, whereas,

𝒖 is the network-predicted velocity flow-field data. The spatial and temporal points are

represented by (𝒙, 𝑡) with 𝒙 ∈ Ω𝑟 and 𝑡 ∈ [0, 𝑇], respectively. The subscripts shown in the

loss expressions for the spatiotemporal points are to indicate independence in sampling

the select points of the particular loss component. Here, (𝒙𝑖∗, 𝑡𝑖) for 𝑖 = {1, · · · 𝑁∗}

corresponds to the set of velocity data points in the respective fluid interior bulk region,
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at the inlet or on the solid boundary, respectively. The physics-informed loss components,

L𝑚𝑥
, L𝑚𝑦

, and L𝑐 correspond to the mean squared errors of 𝑥 and 𝑦 momentum

equations (equation 2.3) and continuity equation (equation 2.4) residuals 𝒓@, respectively.

Here, the subscript @ denotes the different physics loss components - the momentum

and continuity equation residuals as described in equation (2.25) in Chapter 2.

As already stated, the focus of the present study is on different temporal domain

complexities and recovery of pressure from velocity data under them. In many

experimental scenarios the body can be tracked with a camera and thus its position and

velocity can be known with reasonable accuracy (Calicchia et al., 2023). On the other

hand, velocity data could be noisy or sparse, and the instantaneous pressure fields not

being available at all. It is hence assumed in this study that the available velocity

flow-field data is temporally sparse, while the body position and velocity are available in

a time-resolved manner.

Extending MB-PINN proposed in Chapter 2, a general loss formulation is proposed,

which under suitable conditions morphs to sequential learning variants of the MB-PINN

model. In the present investigation, the efficacy of the sequential training strategies, and

computational efficiency have been compared under a fixed training budget. Additionally,

an improvement of the previously proposed physics-based sampling (see section 2.8) has

been used to train the networks in a data-efficient manner. The sequential learning based

extensions of the MB-PINN will be considered for the pressure recovery problem. The

details of the framework and a general loss formulation are discussed in the subsequent

section.

4.2.1 Network architecture and loss formulation

For spatiotemporal coordinates, {(𝒙, 𝑡)}𝑁
𝑖=1 ∈ Ω𝒙 ×Ω𝑡 , 𝑁𝑑 domain decompositions can be

obtained such that,Ω𝒙×Ω𝑡 = ⋃𝑁𝑑

𝑖=1 Ω
𝑖
𝒙×Ω𝑖𝑡 , with common stationary or moving interfaces

{𝜕Ω𝑖 𝑗 }𝑁𝑑 ,𝑁𝑑

𝑖=1, 𝑗=1∀𝑖 ̸= 𝑗 . The temporal domain is broken down into subdomains and these
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interfaces/common data points are only considered in the temporal domain context. Now,

an array of 𝑁𝑛𝑒𝑡𝑠 number of neural network backbones, {# 𝑗
N (𝜃 𝑗 )}𝑁𝑛𝑒𝑡𝑠

𝑗=1 , can be defined on

each subdomain or a combination of subdomains, such that # 𝑗 is a feed-forward neural

network. One can choose variants of a feed-forward neural network as well, such as

the modified MLP (mMLP) (Wang et al., 2021a), or, a Fourier feature-based multiscale

network (Wang et al., 2021b). A simple feed-forward network is considered in the

present study. Within each subdomain, multiple sets of corresponding spatio-temporal

coordinates and target variables are used for training which have been described in the

following.

For any 𝑖th subnetwork being trained, the overall loss formulation is mathematically

expressed as:

L(𝜃𝑖) : = L𝐷𝑎𝑡𝑎(𝜃𝑖) + L𝑃ℎ𝑦(𝜃𝑖) + L𝐵𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝜃𝑖), (4.5)

L𝐷𝑎𝑡𝑎(𝜃𝑖) : = 𝜆𝑖𝐵𝑢𝑙𝑘L𝐵𝑢𝑙𝑘 (𝜃𝑖) + 𝜆𝑖𝑖𝑛𝑙𝑒𝑡L𝑖𝑛𝑙𝑒𝑡(𝜃𝑖) + 𝜆𝑖𝐼𝐵L𝐼𝐵(𝜃𝑖) (4.6)

L𝑃ℎ𝑦(𝜃𝑖) : = 𝜆𝑖𝑓 𝑙𝑢𝑖𝑑(L𝑚𝑥
(𝜃𝑖) + L𝑚𝑦

(𝜃𝑖) + L𝑐(𝜃𝑖)), (4.7)

L𝐵𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝜃𝑖) = 𝜆𝑖𝐵𝑎𝑐𝑘
𝑁𝑑−1∑︁
𝑗=1
L 𝑗

𝐵𝑢𝑙𝑘
. (4.8)

Here, 𝑁𝑑 are the number of subdomains and the loss coefficients, 𝜆𝑖∗, indicate that one

can choose different weights for each 𝑖𝑡ℎ subdomain independently. These weights

can be determined either globally or locally (i.e. in a point-wise manner) as in the

works of McClenny and Braga-Neto (2023); Xiang et al. (2022); Wang et al. (2021a);

Anagnostopoulos et al. (2024). In the present study, aligningwith the earlier investigations

in section 2.7, and following the work of Lucor et al. (2022), a global physics loss

relaxation is adopted.

Different MB-PINN variants are obtained from the generalized loss formulation shown

above (see figure 4.3 for a detailed schematic and table 4.1). In addition to the baseline

standard MB-PINN shown in the figure 4.3, the sequential learning variants of MB-PINN
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Figure 4.3: Schematics of different types of sequential learning variant of MB-PINN
considered. The entire time domain is partitioned into subdomains (five,
as an example) of equal length. The green, red, and blue outlined boxes
refer to broad classification in terms of the time domain size the model sees
during training; ClassI: M1𝑇𝑀 and M1𝑇𝑀+𝐵𝐶 fall under this for which a
single network sees a gradual increase in the time domain by appending the
subdomains one by one during training; Class II:M2𝑇𝐷 andM2𝑇𝐷+𝑇𝐿 fall
under this class for which multiple networks form the model, each network
inheriting the data of a subdomain.

have been further classified into two broad categories: Class I, and Class II, depending

on whether the time domain is gradually increased in size, or decomposed into small

subdomains during training (figure 4.3).

Baseline (M0) In this case, MB-PINN is trained over the entire time domain effectively

as a single domain and a single network under consideration. As a result, 𝑁𝑛𝑒𝑡𝑠 = 1 and

𝑁𝑑 = 1 (see figure 4.3(a)).
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Class I Models

In this variant, starting with the first subdomain, a single network (𝑁𝑛𝑒𝑡𝑠 = 1) is trained

in stages, and with each passing training stage the time domain size increases gradually

by the addition of the subsequent temporal subdomain. Once trained, only this single

network is necessary to infer the predictions.

Time marching (M1𝑇𝑀) In this approach, the time domain is decomposed into 𝑁𝑑

sequentially ordered input time slabs/subdomains for simplicity. Note that while the

model size is fixed, the time domain size is gradually increased (see figure 4.3(b)) by

adding the time slabs one by one during training.

Time marching + Backward compatible training(M1𝑇𝑀+𝐵𝐶) This approach

incorporates elements from the backward compatible PINNs proposed by Mattey and

Ghosh (2022). M1𝑇𝑀+𝐵𝐶 is trained such that L𝐷𝑎𝑡𝑎(𝜃𝑖) and L𝑃ℎ𝑦(𝜃𝑖) are computed over

𝑖 = 1, 2 · · · 𝑁𝑑𝑎𝑡𝑎
𝑑
temporal subdomains. In addition, backward compatible data losses

(L𝐵𝑎𝑐𝑘𝑤𝑎𝑟𝑑) are introduced to fit the predictions obtained over the previous 𝑖 − 1 time

slabs using the network used in the current 𝑖𝑡ℎ time slab. (see figure 4.3(c)).

Class II Models

In this category, the size of the time domain is reduced by splitting the time domain

into smaller subdomains and training individual networks over each. Post-training,

these networks need to be strung together to obtain the predictions over the entire time

domain. While this increases the number of networks to be trained, due to reduced time

domain size for each network potentially a smaller network can be trained with a lower

computational time.

Time domain decomposition ((M2𝑇𝐷) + Transfer learning (M2𝑇𝐷+𝑇𝐿)) The time

domain is decomposed into 𝑁𝑑 subdomains in this approach as well. But, unlikeM1𝑇𝑀
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orM1𝑇𝑀+𝐵𝐶 , there are 𝑁𝑛𝑒𝑡𝑠 = 𝑁𝑑 number of networks trained subsequently over each

subdomain (see figures 4.3(d) and (e)). Note thatM2𝑇𝐷 does not incorporate transfer

learning of weights, whileM2𝑇𝐷+𝑇𝐿 does so. InM2𝑇𝐷+𝑇𝐿 , the final weights of the trained

network from the previous (𝑖 − 1)𝑡ℎ subdomain are used (transferred) as initialization

for training over the subsequent 𝑖𝑡ℎ subdomain consecutively, hence termed as a transfer

learning approach.

Table 4.1: Overview of the standard and different sequential learning variants of MB-
PINN

Model Time Marching Backward compatible Time domain decomposition Transfer learning
M0

M1𝑇𝑀
M1𝑇𝑀+𝐵𝐶

M2𝑇𝐷
M2𝑇𝐷+𝑇𝐿

The loss function is optimized over the network parameters, 𝜃 = {𝜃𝑖}𝑁𝑛𝑒𝑡𝑠

𝑖=1 , using an

ADAM optimiser (Kingma and Ba, 2017). For a fair comparison, baseline, Class I and

II models (sub-networks) are trained under a fixed training budget of 1.5e06 iterations

with a step decay of learning rate after every 5e05 iterations, starting from 𝜂 = 1𝑒 − 03,

5𝑒 − 04 over the second step, and finally to 1𝑒 − 04. Based on the extensive studies

performed earlier in Chapters 2 and 3, 𝜆 𝑓 𝑙𝑢𝑖𝑑 = 0.01 was chosen throughout the rest of

the study.

4.3 DATABASE GENERATION

4.3.1 Test cases

Two unsteady flow scenarios were considered in the present study to evaluate the

performance of the sequential learning variants under different temporal domain

complexities mentioned earlier. The details of the flapping foil system and unsteady flow

modeling follow from sections 2.2 and 2.3 of Chapter 2. In the first scenario, the flow

was simulated at 𝑅𝑒 = 500, reduced frequency, 𝑘 = 2𝜋 and plunge amplitude, ℎ = 0.16,
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corresponding to 𝑘ℎ = 1.0 (Khalid et al., 2015). The flow-field in this case was

completely periodic. The second scenario involved a more challenging case of a

quasi-periodic flow as in Majumdar et al. (2020). It was simulated with a slightly lower

Reynolds number 𝑅𝑒 = 300 at 𝑘 = 4, ℎ = 0.4125 resulting in 𝑘ℎ = 1.65. At higher

Reynolds numbers, the transitional route from the periodic dynamics is extremely quick

with slight changes in the kinematic parameters and more difficult to capture (Lewin and

Haj-Hariri, 2003; Khalid et al., 2015, 2018). We would like to investigate a

quasi-periodic flow scenario where the flow pattern is not exactly repeating (but

seemingly regular), incommensurate frequencies are introduced in the temporal spectra

due to underlying nonlinearity of the flow, LEV-TEV interactions. Hence, 𝑅𝑒 = 300 is

chosen for the quasi-periodic case. This case is more challenging because of two main

reasons: lack of repeatability of the flow-field, and its spectral richness. Note that, the

combination of a relatively large plunging amplitude and lower Reynolds number make

the vortices larger leading to a relatively larger domain extent than in the periodic case if

Figure 4.4: Dynamics and data analysis of the periodic case: (a-b) coefficients of lift
(𝐶𝐿) and drag (𝐶𝐷) with time, (c) 𝐶𝐷 Fourier spectrum, (d) 𝐶𝐿 − 𝐶𝐷 phase
portrait, (e) streamwise velocity (𝑢) at probe location 𝑥/𝑐 = 2.5, and, (f)
corresponding streamwise velocity correlation (𝜌) as a function of time
(𝑡/𝑇).
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one were to capture at least two vortex couples. All the unsteady flow simulations were

carried out using an in-house IBM solver (Majumdar et al., 2020). IBM based solvers in

general are ideal for handling large movements of solid boundaries as they do not require

mesh movement due to which the accuracy could suffer as in some other mesh

conformal approaches, like the ALE (Sarrate et al., 2001). Simulation data were

coarsened in space-time for training (more on this will be discussed in section 4.3.3),

and the original high-resolution data were used for testing. To establish the dynamical

states of the associated flow fields, a detailed characterization in terms of the

aerodynamic loads and the stream-wise correlation of the 𝑥− component of velocity has

been shown in figures 4.4 and 4.5. The time regular periodic case was chosen as a good

test case for a thorough evaluation of the proposed variants under temporal sparsity, as

well as the challenge of training over large time domains. Based on these evaluations,

the most suited variants was identified and was then evaluated against the more

challenging quasi-periodic case. Note that, for aperiodic flows minor differences in field

conditions could potentially grow, resulting in ALE and IBM obtained solutions slightly

differing from each other mainly owing to differences in the underlying numerical

methods (Majumdar et al., 2020). This could potentially bring small discrepancies in the

aerodynamic loads in the aperiodic case. Thus, a straightforward cross-comparison of

model predictions might be difficult for the aperiodic case.

For the quasi-periodic situation, the frequency spectrum of the load (see in figure 4.5(c))

exhibits incommensurate frequencies. The presence of the incommensurate second

frequency is not related to the input kinematics and is a direct result of the non-linearity

in the flow governing equations. Moreover, the streamwise correlation of axial velocity

component 𝑢 at a probe location 𝑥/𝑐 = 2.5𝑐 (see figure 4.5(c)) shows a decreasing trend

with an oscillatory behavior indicating quasi-periodicity (Majumdar et al., 2020). Both

case studies are expected to serve as benchmarks to evaluate the performance of standard

(baseline) and sequential MB-PINN variants.
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4.3.2 Revisiting vorticity cutoff based sampling

In order to improve the data efficiency of the MB-PINN model, the vorticity cut-off-based

spatial undersampling strategy (VS) proposed in section 2.8 has been used in the present

study. In this approach, given the bulk velocity data {𝒖(𝒙𝑖, 𝑡𝑖)}𝑁𝐵𝑢𝑙𝑘

𝑖=1 , vorticity values

are calculated as, 𝜔 = ∇ × 𝒖. Since vorticity can be considered a proxy for regions

with strong flow-field gradients, a suitable cutoff |𝜔|= |𝜔∗ |> 0, needs to be chosen

to differentiate between the strong and weak gradient regions. A desired percentage

(𝑆 |𝜔 |< |𝜔∗ | and 𝑆 |𝜔|≥|𝜔∗ |) of bulk data points can then be sampled from these regions

respectively.

4.3.3 Details of training and testing datasets

Coarsened simulation data, and subsequently vorticity cutoff based spatial sampling, with

a sampling ratio of 𝑆𝜔𝑧
= 5%, were used for training, as was also considered in our earlier

study in section 2.8. For the periodic case, |𝜔∗ |= 1 was chosen. For the quasi-periodic

case, where the Reynolds number was lower, a lower cutoff of |𝜔∗ |= 0.1 was chosen due to

Figure 4.5: Dynamics and data analysis of the quasi-periodic case: (a-b) lift and drag
coefficient time histories, (c) 𝐶𝐷 Fourier spectrum, (d) 𝐶𝐿 − 𝐶𝐷 phase
portrait, (e) streamwise velocity (𝑢) at probe location, 𝑥/𝑐 = 2.5, and, (f)
corresponding streamwise velocity correlation (𝜌) as a function of time
(𝑡/𝑇).
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Figure 4.6: Computational domain and grids used for training and testing for the periodic
case; (a) truncated high-resolution grid for IBM on which the models are
tested, (b) 4x coarsened grid with 10x lower number of data points than in
the high-resolution case, (c ) vorticity cut off based undersampled grid.

Table 4.2: Details of the training and testing database for the domain considered for the
periodic case. CI-*: coarse interpolated dataset; Ref-IBM and Ref-ALE: high-
resolution testing data sets generated using IBM and ALE solver, respectively.
Further details on ‘Ref-*’ datasets can be found in section 2.6.1. Here, the
number of bulk data grid points (𝑁𝐵𝑢𝑙𝑘 and residual collocation points (𝑁𝑃ℎ𝑦)
are specified per snapshot as the respective temporal resolutions of sampling
Δ𝑡𝐵𝑢𝑙𝑘/𝑇 and Δ𝑡𝑃ℎ𝑦/𝑇 are later varied over different examples in the study.

Datasets 𝑁𝑥 𝑁𝑦 𝑁𝐵𝑢𝑙𝑘 𝑁𝑃ℎ𝑦
Training datasets

CI 270 120 3.186e04 3.186e04CI-S5 - - 6.458e03
Testing datasets

Ref-IBM 651 500 3.255e05 -
Ref-ALE - - 5.0e04 -

the possibility of relatively larger sizes of the flow-field vortices. This also led to a larger

number of grid points sampled in the wake region, compared to the near-field region

surrounding the moving body. A schematic of the truncated domain and a representative

snapshot of the undersampled grids have been presented for the periodic and quasi-

periodic cases in figures 4.6 and 4.7, respectively. Note that the problem deals with a

moving discontinuity in the domain and in that light, evaluating the accuracy of near-field

velocity reconstruction and pressure recovery under different temporal complexities

to identify the suitable sequential learning variants is crucial. Towards that aim, the
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Figure 4.7: Computational domain and grids used for training and testing for the quasi-
periodic case; (a) truncated high-resolution grid for IBMonwhich themodels
are tested, (b) 6x coarsened grid with 10x lower number of data points than
in the high-resolution case, (c ) vorticity cut off based undersampled grid.

coarsened undersampled training and high-resolution ground truth testing databases were

generated to investigate the efficacy of the sequential learning strategies: for the periodic

case, the details of the dataset are shown in table 4.2, and for the quasi-periodic case in

table 4.3. These databases were generated for different temporal resolutions of bulk data

(Δ𝑡𝐵𝑢𝑙𝑘/𝑇) and residual collocation grid points (Δ𝑡𝑃ℎ𝑦/𝑇), respectively.

Table 4.3: Details of the training and testing databases for the domain considered in
this study for the quasi-periodic flow. CI-*: coarse interpolated datasets;
Ref-IBM-QS and Ref-ALE-QS: high-resolution testing data sets generated
using an IBM and an ALE solver, respectively. The domain size considered
here is [−1.5𝑐, 6.5𝑐] × [−2𝑐, 2𝑐]. Here, 𝑁𝐵𝑢𝑙𝑘𝑡 corresponds to the number
of bulk data snapshots over the time domain of ten plunging time periods.
Unlike table 4.2, here, 𝑁𝐵𝑢𝑙𝑘 and 𝑁𝑃ℎ𝑦 correspond to the overall number of
grid points over the entire time domain.

Data sets 𝑁𝑥 𝑁𝑦 𝑁𝐵𝑢𝑙𝑘𝑡 Δ𝑡𝐵𝑢𝑙𝑘/𝑇,Δ𝑡𝑃ℎ𝑦/𝑇 𝑁𝐵𝑢𝑙𝑘 𝑁𝑃ℎ𝑦
Training datasets

CI-QP81 300 150 81 0.125, 0.015625 3.594e06
CI-S5-QP81 - - 81 0.125, 0.015625 1.219e06 2.875e07
CI-S5-QP21 - - 21 0.5, 0.015625 3.219e05

Testing datasets
Ref-IBM-QP 732 606 641 0.015625, - 2.805e08 -
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4.4 TACKLING TEMPORAL COMPLEXITIES IN THE PERIODIC CASE

The sequential learning strategies described in the previous section are first evaluated

for the periodic flow case. As the flow-field is regular and repeats exactly in this case,

it would be possible to identify the underlying data-independent deficiencies of the

models. Specifically, two isolated training scenarios for the periodic case study have been

considered: one with temporal sparsity of the velocity data over a short time domain,

and the other with a long time domain but with temporally well resolved data. We wish

to determine the efficacy of the proposed sequential learning variants of MB-PINN

under each case. Although MB-PINN is used here as the body position and its velocity

information are known beforehand, these sequential learning methods can also be directly

adopted for MB-IBM-PINN as was proposed in section 2.5, in case temporal domain

complexities arise for hidden boundary estimation problems such as the one discussed in

Chapter 3 which is left for future work.

4.4.1 Importance of physics loss, and residual collocation points

For an accurate reconstruction of temporal signals, Nyquist criterion suggests that the

sampling rate should be at least twice the maximum frequency ( 𝑓𝑚𝑎𝑥) observed in the

system, that is, Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ≤ 𝑓ℎ/2 𝑓𝑚𝑎𝑥 , with 𝑓ℎ = 1/𝑇 being the plunging frequency.

Purely data-driven methods could fail when the temporal resolution does not adhere

to the Nyquist criterion. In the context of flow-field reconstruction, especially with

a moving body in the domain, temporal interpolation/reconstruction of the velocity

field under temporal sparsity could be challenging. The interpolation errors would

often be the highest in the vicinity of the moving body as seen earlier in Chapter 2

(see figure 2.20, and tables 2.8 and 2.9 from section 2.8). Hence, it is important to

determine if there are any advantages in using the physics informed baseline MB-PINN

(M0) model for temporal interpolation, over its purely data-driven standard feed-forward

neural network (MB-FNN) counterpart also studied in Chapter 2. To begin with,

MB-FNN would require a large amount of data to perform satisfactorily. Given that

PINNs are expected to work well under data-sparsity conditions, the need for a physics
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informed loss is demonstrated by comparing the spatio-temporal velocity reconstruction

through MB-FNN andM0 model of MB-PINN under different temporal sparsity levels

(Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ∈ [0.2, 0.25, 0.3, 0.4, 0.5]). In most cases, one can acquire the position and the

velocity of the body with high resolution through certain means, but it might be difficult

to obtain the flow-field data. Hence, frequency content of the flow from temporally

sparse data cannot be estimated accurately a priori and hence the Nyquist criterion

cannot be defined exactly for the PINN models. However, it is known that the vortex

shedding frequency would most often be equal to the plunging frequency (Majumdar

et al., 2020), and the drag force would be characterized by twice that frequency. Hence,

a proxy Nyquist criterion can still be defined based on twice the plunging frequency as,

Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ≤ 𝑓ℎ/2 𝑓𝑚𝑎𝑥 = 𝑓ℎ/4 𝑓ℎ = 0.25 such that 𝑓𝑚𝑎𝑥 = 2 𝑓ℎ. The reason for defining a

proxy Nyquist criterion stems from the need to define a relative metric for oversampling

or undersampling of the near-field or the far-field data. Since only the kinematics is

Figure 4.8: Comparison of standard MB-PINN (baseline, M0) with purely data-
driven MB-FNN for velocity reconstruction at different Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ∈
[0.2, 0.25, 0.3, 0.4, 0.5]; (a) relative errors over time for velocity
reconstruction, and, (b) comparison of a representative vorticity snapshot
obtained from (top) IBM ground truth, and (bottom) model predictions at
𝑡/𝑇 = 1.25, where, a significant improvement in the near-field is observed
with MB-PINN (M0) as opposed to MB-FNN for Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5.
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Table 4.4: Comparison of the accuracy of velocity component (𝑣) reconstructed for the
periodic case by linear interpolation (LI), purely data-driven feedforward
neural network (MB-FNN), and standard MB-PINN (M0) when trained with
varying levels of temporal sparsity without satisfying the Nyquist criterion
(Δ𝑡/𝑇 ≤ 1/(2 𝑓𝑚𝑎𝑥) = 0.25). The errors are evaluated over two plunging
cycles.

Model Δ𝑡𝐵𝑢𝑙𝑘/𝑇 Network size RMSE MAE 𝑅2 rRMSE(in %)
LI 0.5 - 5.17e-01 3.03e-01 -1.01e-01 104.96

MB-FNN 0.5 100 × 10 3.56e-02 1.87e-02 3.77e-01 69.87
M0 0.5 100 × 10 5.62e-02 2.38e-02 9.87e-01 11.07

known, and given the temporally sparse nature of the data, the frequency spectra of the

flow cannot be identified a priori during training. Hence, the only way was to make

use of the plunging frequency to define a Nyquist criterion acknowledging that the drag

frequency goes twice that of lift/vortex shedding. Note that the predictions are made at

a temporal resolution of Δ𝑡/𝑇 = 0.025 which is atleast 8 times finer depending on the

Δ𝑡𝐵𝑢𝑙𝑘/𝑇 mentioned above.

The relative reconstruction errors in time (figure 4.8(a)) for purely data driven MB-FNN

across the temporal sparsity levels were notably worse thanM0, trained with Δ𝑡𝐵𝑢𝑙𝑘 = 0.5

not satisfying the Nyquist criterion. Moreover, the near-field was distorted for the

MB-FNN interpolated vorticity contour at a test time stamp, whereas,M0 outperformed

in this regard (see figure 4.8(b)). This clearly shows that the physics informed approach

is capable of significantly improving the spatio-temporal interpolation in the limited data

scenario. A detailed comparison of the average error metrics of velocity reconstruction

has been presented in table 4.4 for Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5.

With the help of its physics-informed approach in M0, it is also possible to recover

pressure as a hidden variable (unlike MB-FNN). But the temporal resolution of the

residual collocation points (Δ𝑡𝑃ℎ𝑦/𝑇) could also play an important role in improving

the accuracy of pressure recovery as seen in figure 4.9. Notably, in figure 4.9 at very

coarse Δ𝑡𝑃ℎ𝑦/𝑇 ∈ [0.5, 0.2, 0.1], the errors were above 50% on average, indicating a
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Figure 4.9: Comparison of the time behavior of relative RMSE for pressure recovery with
MB-PINN (M0) models trained over two plunging periods for the periodic
case. Effect of different temporal resolutions of residual collocation points,
Δ𝑡𝑃ℎ𝑦/𝑇 ∈ [0.5, 0.2, 0.1, 0.05, 0.025, 0.0125, 0.00625] is shown. The data
snapshots are available at a temporal resolution of Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5. As
temporal resolution increases (Δ𝑡𝑃ℎ𝑦/𝑇 decreases), the pressure recovery
improves overall.

poor pressure recovery. Whereas, there was a significant improvement in the relative

error at Δ𝑡𝑃ℎ𝑦/𝑇 = 0.05, which then plateaued at Δ𝑡𝑃ℎ𝑦/𝑇 = 0.025 with insignificant

improvements at finer temporal resolutions. For practical reasons, having a coarser

temporal resolution for residual collocation points and bulk data points, is computationally

efficient. This is because, with coarser resolution the overall size of the entire dataset is

reduced. Thus, during training, given a fixed mini-batch size, the model can see more

number of epochs of the data at coarser resolutions. Therefore, a favorable trade-off

needs to be achieved between accuracy and computational efficiency while selecting the

temporal resolution. In this case, Δ𝑡𝑃ℎ𝑦 ∈ [0.0125, 0.025] was reasonable as indicated

in figure 4.9. For more information on the effect of temporal resolution of residual

collocation points, see tables 4.5 and 4.6 for the accuracy details.

Temporal resolution of residual collocation points

The accuracy details for velocity reconstruction and pressure recovery for baseline 𝑀0

models trained with different temporal resolution of residual collocation points Δ𝑡𝑃ℎ𝑦/𝑇

are presented in tables 4.5 and 4.6. Here, the bulk data is sampled at Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5. It
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is observed that the velocity reconstruction errors improve significantly up to Δ𝑡𝑃ℎ𝑦/𝑇 =

0.0125 beyond which the improvement is not significant. The significant improvement in

velocity reconstruction is met with only a slight degradation of pressure recovery. But

further increase in the temporal resolution of residual collocation points would make it

computationally expensive when training over large time domains.

Table 4.5: Comparison of accuracy details of 𝑦 velocity component (𝑣) reconstructed
by the standard MB-PINN when trained with a varying number of PDE
collocation points in time (Δ𝑡𝑃ℎ𝑦/𝑇). Here, the temporal sparsity of data
snapshots is such that Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5 not satisfying the Nyquist criteria
(Δ𝑡/𝑇 ≤ 1/(2 𝑓𝑚𝑎𝑥) = 0.25). The errors are evaluated over two plunging
cycles. The network is of depth 𝑙 = 10, and width 𝑛 = 100.

Δ𝑡𝑃ℎ𝑦/𝑇 RMSE MAE 𝑅2 rRMSE(in %)
Linear Interpolation

- 5.17e-01 3.03e-01 -1.01e-01 104.96
MB-FNN

- 3.56e-01 1.87e-01 3.77e-01 69.87
M0

0.5 2.18e-01 1.22e-01 7.68e-01 42.67
0.2 1.50e-01 6.51e-02 8.94e-01 29.82
0.1 1.37e-01 5.59e-02 9.11e-01 27.27
0.05 6.46e-02 2.69e-02 9.81e-01 12.72
0.025 5.62e-02 2.38e-02 9.87e-01 11.07
0.0125 4.32e-02 1.95e-02 9.91e-01 8.45
0.00625 4.21e-02 1.94e-02 9.92e-01 8.22

Table 4.6: Comparison of accuracy details of pressure (𝑝) recovered by the standard
MB-PINN when trained with a varying number of PDE collocation points
in time (Δ𝑡𝑃ℎ𝑦/𝑇). Here, the temporal sparsity of data snapshots is such that
Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5 not satisfying the Nyquist criteria (Δ𝑡/𝑇 ≤ 1/(2 𝑓𝑚𝑎𝑥) = 0.25).
The errors are evaluated over two plunging cycles. The network is of depth
𝑙 = 10, and width 𝑛 = 100.

Δ𝑡𝑃ℎ𝑦/𝑇 RMSE MAE 𝑅2 rRMSE(in %)
0.5 1.28 8.25e-01 5.77e-02 96.72
0.2 1.22 7.32e-01 1.53e-01 91.35
0.1 9.72e-01 5.45e-01 4.43e-01 73.77
0.05 3.79e-01 2.20e-01 8.95e-01 29.75
0.025 2.82e-01 1.77e-01 9.47e-01 21.74
0.0125 2.93e-01 1.82e-01 9.44e-01 22.55
0.00625 2.76e-01 1.70e-01 9.49e-01 21.17
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4.4.2 Efficacy of models under temporal sparsity

It is evident that with physics-informed loss, and appropriate temporal resolution of

residual collocation points, both spatio-temporal interpolation of velocity data, and

pressure recovery are much better than the pure data-driven counterpart. Recent works

of Penwarden et al. (2023); Mattey and Ghosh (2022); Wang et al. (2024) suggest

sequential learning methods result in improved performance due to gradual increase, or

reduced temporal domain size (see section 4.2 for an explanation on the classification

of the methods and the different ways in which they reduce the problem complexity) as

compared to the simple standard learning. These investigations mostly relied on the ability

to solve forward problems for some canonical PDEs. For most practical applications,

traditional physics based solvers are often triumphant in forward problems, owing to their

computational efficiency. It is only for inverse problems PINNs are powerful, owing to

their flexiblity and ability to work with limited data. In addition, in most cases, some form

of observational/simulation data are available albeit not of desired level of spatio-temporal

resolution and quality. This could be due to computational/memory constraints, which

inhibit experimentalists and CFD engineers alike to deal with truncated spatial domains

and coarse temporal resolutions. When data becomes limited in space-time, PINNs could

prove to be useful for pressure recovery as a hidden variable. However, the standard

learning basedM0 can be hard to train on temporally sparse data, collected over long

time domains especially for moving body flow-fields. In such a scenario, it is important

to study the efficacy of sequential learning over standard learning methods. For this

purpose, the baseline, Class I (M1), and Class II (M2) models were first evaluated under

temporal sparsity for velocity reconstruction and pressure recovery over a short time

domain 𝑡/𝑇 ∈ [0, 2] (two plunging time periods); this was with Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5 that did

not meet the Nyquist criterion (Δ𝑡𝐵𝑢𝑙𝑘/𝑇 < 0.25).

Here in table 4.7, the accuracy details for pressure recovery usingM0 models of different

sizes ( (100 × 10), (100 × 5), and (50 × 5) were chosen as potential candidates) across

different temporal sparsity levels is presented. Clearly, as long as the temporal resolution
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Figure 4.10: Relative RMSE over different times for (top-middle) reconstructed velocity,
and (bottom) recovered pressure fields compared for different standard
and sequential learning model variants for the periodic case. Solid lines
represent shallow models with 𝑙 = 5 hidden layers, dashed lines represent
deeper models with 𝑙 = 10 layers.

satisfies Nyquist criteria, the pressure recovery errors are lover than 15% for the 100

x 10 network. Importantly, it was also observed that in the case of a forward problem

(Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = ∞, with velocity data available only at the initial time stamp 𝑡/𝑇 = 0),

the pressure recovery drastically suffers even over a time domain of two plunging time

periods. Forward problems involving moving boundaries need special attention in terms

of initialization, training, architecture, loss formulation, and architecture. This requires

an in depth independent investigation which is out of the scope of the present work.

Clearly, among the network candidates, the network of size 50× 5 could not yield a good

pressure recovery which could be due to lack of model expressivity.

The relative errors in time (see figure 4.10) for the reconstructed velocity and recovered

pressure fields indicate the highest average errors for time stamps that are equidistant
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Table 4.7: Comparison of pressure recovery accuracy details of the standard MB-PINN
(M0) model when trained with varying levels of temporal sparsity. Here, in
the table (F) stands for forward problem when Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = ∞

Δ𝑡𝐵𝑢𝑙𝑘/𝑇 Network size RMSE MAE 𝑅2 rRMSE(in %)
0.2 100 × 10 1.372e-01 8.16e-02 9.861e-01 10.84
0.25 100 × 10 1.78e-01 1.07e-01 9.79e-01 13.86
0.3 100 × 10 2.22e-01 1.25e-01 9.68e-01 16.99
0.4 100 × 10 2.31e-01 1.48e-01 9.62e-01 18.05
0.5 100 × 10 2.82e-01 1.77e-01 9.47e-01 21.74
∞(F) 100 × 10 9.46e-01 6.84e-01 4.32e-01 73.70
0.2 100 × 5 2.88e-01 1.85e-01 9.48e-01 22.12
0.25 100 × 5 3.02e-01 1.90e-01 9.43e-01 23.4
0.3 100 × 5 4.19e-01 2.73e-01 8.69e-01 32.66
0.4 100 × 5 4.98e-01 3.27e-01 8.36e-01 38.32
0.5 100 × 5 7.22e-01 4.87e-01 6.95e-01 54.71
∞(F) 100 × 5 1.39 1.06 -1.85e-01 107.49
0.2 50 × 5 5.25e-01 3.66e-01 8.38e-01 39.79
0.25 50 × 5 5.66e-01 3.93e-01 8.09e-01 43.15
0.3 50 × 5 6.99e-01 4.87e-01 6.93e-01 53.45
0.4 50 × 5 8.56e-01 5.97e-01 5.59e-01 64.84
0.5 50 × 5 1.05 7.41e-01 3.72e-01 79.07
∞(F) 50 × 5 1.66 1.31 -6.66e-01 127.04
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from the previous and next available data snapshots. It is evident that by design, in

class I methods, the errors accumulate over the later time stamps (M1𝑇𝑀), or, over the

earlier time stamps (M1𝑇𝑀+𝐵𝐶), respectively which is undesirable. In such cases class II

models, by design, are triumphant over the standard MB-PINN. Since the kinematics is

periodic and the time domain decomposition is such that initial position for both time

segments align exactly, transfer learning was seen to be beneficial over the variants that

see the problem complexity growing gradually.

Figure 4.11: Comparison of point-wise maximum value normalized absolute errors in
(top) velocity, and (bottom) pressure predictions and (middle) corresponding
vorticity contours obtained from standard and sequential learning MB-
PINN variants at representative test time stamps from first and last time
segments at Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5 for the periodic case,

The velocity, pressure and vorticity contours in figure 4.11 reveal that highest errors

are observed consistently in the near-field region surrounding the moving body, across

different model variants. Whereas, the far-field predictions are almost qualitatively
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indiscernible from the ground truth. Based on the averaged error metrics in tables 4.8

and 4.9, out of Class I and Class II models,M1𝑇𝑀+𝐵𝐶 , andM2𝑇𝐷+𝑇𝐿 were promising

for handling temporally sparse short time domain datasets. With the benefit of transfer

learning, class II variant (M2𝑇𝐷+𝑇𝐿) performed significantly better than M1𝑇𝑀+𝐵𝐶 ,

especially when the network size was smaller (𝑛 = 100 and 𝑙 = 5), which is a desirable

feature in terms of computational efficiency.

Table 4.8: Comparison of the accuracy of velocity component 𝑣 of the periodic case
reconstructed by linear interpolation (LI), and the standard, sequential, and
backward compatible MB-PINN models when trained with Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5
without satisfying the Nyquist criteria (Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ≤ 1/(2 𝑓𝑚𝑎𝑥) = 0.25). The
errors are evaluated over two plunging cycles.

Model Network size RMSE MAE 𝑅2 rRMSE(in %)
LI - 5.17e-01 3.03e-01 -1.01e-01 104.96

M0 100 × 5 1.02e-01 4.77e-02 9.53e-01 20.13
100 × 10 5.62e-02 2.38e-02 9.87e-01 11.07

M1𝑇𝑀
100 × 5 7.04e-02 3.29e-02 9.78e-01 13.84

100 × 10 5.73e-02 2.04e-02 9.85e-01 11.29

M1𝑇𝑀+𝐵𝐶
100 × 5 7.14e-02 3.25e-02 9.77e-01 14.02

100 × 10 4.30e-02 1.76e-02 9.91e-01 8.45

M2𝑇𝐷+𝑇𝐿
100 × 5 4.84e-02 2.09e-02 9.88e-01 9.49

100 × 10 4.23e-02 1.52e-02 9.91e-01 8.29

Table 4.9: Comparison of the pressure recovery accuracy of the standard, sequential,
and backward compatible MB-PINN models for the periodic case, The
models are trained with Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5 without satisfying the Nyquist criteria
(Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ≤ 1/(2 𝑓𝑚𝑎𝑥) = 0.25). The errors are evaluated over two plunging
cycles.

Model Network size RMSE MAE 𝑅2 rRMSE(in %)

M0 100 × 5 7.22e-01 4.87e-01 6.95e-01 54.71
100 × 10 2.82e-01 1.77e-01 9.47e-01 21.74

M1𝑇𝑀
100 × 5 4.89e-01 3.12e-01 8.57e-01 37.12

100 × 10 2.89e-01 1.57e-01 9.41e-01 22.11

M1𝑇𝑀+𝐵𝐶
100 × 5 4.63e-01 2.96e-01 8.72e-01 35.23

100 × 10 2.48e-01 1.48e-01 9.57e-01 19.21

M2𝑇𝐷+𝑇𝐿
100 × 5 3.19e-01 1.96e-01 9.28e-01 24.37

100 × 10 2.60e-01 1.42e-01 9.50e-01 20.19
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4.4.3 Efficacy of models when trained over a long time domain

The models were trained over a time domain encompassing 10 plunging time periods.

While there is sufficient temporal resolution, it is important to determine which variant

is suitable especially for pressure recovery when trained over long-time domain data.

Long-time domains might pose training difficulties to PINNs when there are strong

flow-field gradients and a moving boundary, it is expected that sequential training variants

will perform better as they reduce the problem complexity while keeping the models

expressive.

Figure 4.12: Comparison of snapshot-wise relative error in (a-b) velocity reconstruction
and (c) pressure recovery obtained for the standard and sequential learning
based MB-PINN models for the long time domain case study.

Sequential learning methods in the earlier subsections have so far been tested for sparsity,

however, it is equally important to note that practical applications require these methods

to be evaluated over long time domains. To isolate the effects of a long time domain usage,

class I and II model variants were evaluated with 𝑡/𝑇 ∈ [0, 10], and Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.05 for
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Figure 4.13: Comparison of (a) ground truth (top) 𝑦 velocity component 𝑣 pointwise
error, (mid) vorticity, and (bottom) pressure pointwise error contours for
predictions of (b) standard and (c-f) sequential learning based models
across two different time domain segments

the periodic case. The choice of Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ensured the Nyquist criteria was satisfied by a

large margin.

Figure 4.12 shows that the baseline M0, of size 𝑛 = 100 and 𝑙 = 10, struggled to

reconstruct the velocity, and even more so to recover pressure over this long time domain.

This was the case even when a five times larger network was considered (𝑛 = 225 vs

𝑛 = 100 hidden neurons with a fixed 𝑙 = 10 hidden layers.) This was a consequence of

the increased time domain size, which subsequently was not met with a similar increase

in model expressivity, requiring the problem to be broken into simpler parts and that the

model should not be too large. Sequential learning methods are promising since they

either increase the problem complexity gradually (Class I), or, reduce the problem and

model complexity through temporal domain decomposition (Class II).
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In the sparsity case study presented earlier, Class I model variants performed relatively

better than theM0models (see tables 4.8 and 4.9). But, the problem of error accumulation

still persisted in Class I models, which was more evident in the long time domain case.

This has been very clearly revealed in the relative error plots in figure 4.12. Here

M1𝑇𝑀 can be seen accumulating error over time, for the later segments, whileM1𝑇𝑀+𝐵𝐶

accumulating error over all the prior time segments. However, Class II models,M2𝑇𝐷 ,

M2𝑇𝐷+𝑇𝐿 , or the more computationally efficient M2𝑇𝐷+𝑇𝐿𝐿𝑅, performed better than

Class I andM0, overall. TheM2𝑇𝐷+𝑇𝐿𝐿𝑅 variant involved training the subsequent time

segments over only two learning rate decay stages, with the starting learning rate being

2𝑒 − 04 as opposed to 1𝑒 − 03 for the other variants. As a result,M2𝑇𝐷+𝑇𝐿𝐿𝑅 required

lower number of iterations (2/3×), while still performing comparably to M2𝑇𝐷+𝑇𝐿

indicating a good computational efficiency.

This is confirmed in further qualitative inspection of the point-wise errors in velocity,

vorticity and pressure as presented in figure 4.13. Quantitatively, the averaged error

metrics in tables 4.10 and 4.11 also reveal that class II models are significantly better in

performance.

Table 4.10: Long temporal domain: Comparison of accuracy details of reconstructed
velocity component (𝑣) by the standard, sequential, and backward compatible
MB-PINNs when trained over 10 plunging cycles for the periodic case. Here,
(Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = Δ𝑡𝑃ℎ𝑦/𝑇 = 1/20). The sequential and backward compatible
variants are trained over 5 segments of 2 plunging cycles each.

Model Network size RMSE MAE 𝑅2 rRMSE(in %)
M0 100 × 10 4.96e-02 2.5e-02 9.86e-01 9.86
M0 225 × 10 3.51e-02 1.68e-02 9.95e-01 6.97

M1𝑇𝑀 100 × 10 2.75e-02 1.42e-02 9.96e-01 5.49
M1𝑇𝑀+𝐵𝐶 100 × 10 3.73e-01 1.88e-02 9.93e-01 7.45

M2𝑇𝐷 100 × 10 8.39e-03 4.67e-03 9.99e-01 1.68
M2𝑇𝐷+𝑇𝐿 100 × 10 7.00e-03 3.87e-03 9.99e-01 1.41

M2𝑇𝐷+𝑇𝐿𝐿𝑅 100 × 10 7.59e-03 3.99e-03 9.99e-01 1.52

Overall, it was observed in the periodic flow case that M1𝑇𝑀 and M1𝑇𝑀+𝐵𝐶 are

conclusively less efficient, in case of temporal sparsity, or, training over long time domain.
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Table 4.11: Long temporal domain: Comparison of the accuracy of recovered pressure
(𝑝) by the standard, sequential, and backward compatible MB-PINNs when
trained over 10 plunging cycles for the periodic case. Here, (Δ𝑡𝐵𝑢𝑙𝑘/𝑇 =
Δ𝑡𝑃ℎ𝑦/𝑇 = 1/20). The sequential and backward compatible variants are
trained over 5 segments of 2 plunging cycles each.

Model Network size RMSE MAE 𝑅2 rRMSE(in %)
M0 100 × 10 4.79e-01 3.43e-01 8.66e-01 36.25
M0 225 × 10 3.09e-01 2.16e-01 9.41e-01 23.62

M1𝑇𝑀 100 × 10 2.31e-01 1.65e-01 9.59e-01 17.94
M1𝑇𝑀+𝐵𝐶 100 × 10 1.45e-01 8.14e-02 9.85e-01 11.39

M2𝑇𝐷 100 × 10 8.81e-03 5.58e-03 9.94e-01 7.05
M2𝑇𝐷+𝑇𝐿 100 × 10 8.36e-03 5.11e-02 9.95e-01 6.66

M2𝑇𝐷+𝑇𝐿𝐿𝑅 100 × 10 8.25e-03 4.99e-03 9.95e-01 6.60

This is because they train over a gradually increasing time domain. As a result, a larger

network might be required to accommodate the entire time domain, towards the end of

the training stage (when training over the last time segment). Here the major impediment

is the error accumulation problem of Class I models, which can be avoided with Class II

ones. Moreover, the transfer learning based variants of Class II allow the overall problem

size to be broken down, so that smaller networks could be trained to obtain a better

accuracy, compared toM0 or Class I models.

In both individual scenarios, the case of temporally sparse data, and the long time domain

data well resolved in time, the time domain decomposition based Class II models with

transfer learning (M2𝑇𝐷+𝑇𝐿 ,M2𝑇𝐷+𝑇𝐿𝐿𝑅) were successful. Specifically, theM2𝑇𝐷+𝑇𝐿𝐿𝑅

model was more computationally efficient.

In the next section, these models will be used to reconstruct a quasi-periodic flow case.

In addition, a simple but efficient preferential spatio-temporal sampling will also be

proposed to improve the reconstructions in a data-efficient manner.
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4.5 TACKLING QUASI-PERIODIC FLOW WITH PREFERENTIAL

SPATIO-TEMPORAL SAMPLING

Quasi-periodicity is encountered in certain kinematic regime in the context of unsteady

flows past flapping wings due to the aperiodic behaviour of the near-field vortex structures,

such regimes may enhance the aerdynamic load generation (Bose et al., 2017; Majumdar

et al., 2020, 2022). Enhanced load generation might also lead to a higher performance

efficiency (Majumdar et al., 2022), which could be significant in the design of bio-

mimetic devices. Quasi-periodic flow-field around a flapping body may involves minor

variations in the position/organization of the vortices though it may look seemingly

regular. However, one of the most important characteristics of the dynamics is the

presence of incommensurate frequencies (and there combinations) in the system during

quasi-periodicity. Thus, quasi-periodic flow serves as a good example of temporal

complexity that involves a rich temporal spectrum, to evaluate the sequential learning

based models proposed.

In the backdrop of our earlier discussion in section 4.4, for the quasi-periodic test case

onlyM2𝑇𝐷+𝑇𝐿 andM2𝑇𝐷+𝑇𝐿𝐿𝑅 was evaluated against theM0 model. For multi-scale

problems, earlier studies have suggested Fourier feature embeddings (Wang et al., 2021b),

however, when the rich frequency content cannot be estimated a priori with temporally

sparse data snapshots, such embeddings are not feasible without knowing the exact

frequency scales. Even when a sufficiently large frequency scale was chosen to initialize

the learnable Fourier feature layers, preliminary results indicated that the predictions

could not improve significantly. Hence, Fourier feature embeddings were not employed

in this study.

4.5.1 Importance of temporal resolution in the near-field

As mentioned previously, undersampling with the help of a vorticity cut-off was proposed

in Chapter 2 to improve data efficiency, while maintaining accuracy. This cut-off-

based undersampling gives uniform weight to all the grid points, with data where the
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absolute vorticity |𝜔 | is greater than a cut-off value |𝜔∗ |. For the quasi-periodic case

study, a cut-off value |𝜔∗ |= 0.1 was chosen and a baseline domain Ω𝑟
1 was chosen

Ω𝑟1 : [−1.5𝑐, 6.5𝑐] × [−2𝑐, 2𝑐] to cover two vortex couples in the wake. In this case the

domain is larger than the periodic case study, due to larger vortices involved (an effect of

lower Reynolds number and larger plunging amplitude ).

Figure 4.14: Comparison of relative error in time obtained for (top) 𝑥− velocity
component 𝑢, and (bottom) 𝑦− velocity component 𝑣, reconstruction
for Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.125. Unless otherwise specified, the networks consist of
10 hidden layers with 𝑛 = 100 neurons per hidden layer.

TheM0,M2𝑇𝐷+𝑇𝐿 , andM2𝑇𝐷+𝑇𝐿𝐿𝑅 models were trained over a long time domain for

different Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ∈ [0.125, 0.5], respectively. For Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.125, the relative RMSE

(rRMSE) over time (see figure 4.14) indicated that both M2𝑇𝐷+𝑇𝐿 , and M2𝑇𝐷+𝑇𝐿𝐿𝑅

are equivalent and infact better than the baseline M0 trained with different network

sizes. Recall that, as per the Nyquist sampling criterion, Δ𝑡𝐵𝑢𝑙𝑘/𝑇 ≤ 0.25. The rRMSE

worsened when this criterion was not satisfied (see table 4.12), with the best performance

at Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.125. A closer inspection of the contours in figure 4.15 reveals the
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Figure 4.15: Comparison of (a) ground truth 𝑦−velocity and pressure data with (b)
M2𝑇𝐷+𝑇𝐿𝐿𝑅 reconstruction at Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.125. The pointwise errors
in (c) are compared for M2𝑇𝐷+𝑇𝐿𝐿𝑅 cases with Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.125, 0.5,
respectively. Higher the sparsity the near-field reconstructions suffer the
most while the wake is still reasonably reconstructed due to smoothness of
the solution and no moving boundary in that region.

Table 4.12: Comparison of the accuracy of velocity component 𝑣 reconstructed by
standardMB-PINN and variants of seq-MB-PINNwhen trained with varying
levels of temporal sparsity over 10 plunging cycles (Quasi-periodic case)
considering the spatial domain Ω𝑟1 as previously described, and 𝜆𝐼𝐵 = 1.

Δ𝑡𝐵𝑢𝑙𝑘/𝑇 Network size RMSE MAE 𝑅2 rRMSE(in %)
M0

0.125 100 × 10 1.27e-01 7.33e-02 9.79e-01 14.03
0.125 225 × 10 7.72e-02 4.02e-02 9.92e-01 8.52

M2𝑇𝐷+𝑇𝐿
0.125 100 × 10 6.34e-02 3.13e-02 9.95e-01 7.02
0.5 100 × 5 2.14e-01 1.03e-01 9.38e-01 23.67

M2𝑇𝐷+𝑇𝐿𝐿𝑅
0.125 100 × 10 6.49e-02 3.09e-02 9.94e-01 7.18
0.5 100 × 5 2.21e-01 1.11e-01 9.33e-01 24.34

pointwise errors to be highest in the near-field region surrounding the moving boundary,

and significantly lower errors in the wake region for both Δ𝑡𝐵𝑢𝑙𝑘/𝑇 considered. This

points to the ability of sequentially trained MB-PINNs to reconstruct the wake even when

Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5 does not satisfy the Nyquist criteria. However, accurate reconstruction of

the velocity field and recovery of pressure in the near-field and moving body are crucial

for the computation of the aerodynamic loads.
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The near-field is affected possibly due to a relatively lower proportion of grid points in

this region compared to the wake region. This results in PINNs automatically getting

more updates from the wake region during training. Moreover, since the flow-field is

smoother in the wake region without discontinuity like the moving body, the far-field data

reconstruction and pressure recovery are more robust during temporal sparsity, long time

domains, and spatially sparse data. Further, the moving body region faces three competing

objectives in the form of physics, bulk data, and the no-slip-boundary-condition loss

components. Whereas, the wake region has only two competing objectives, the bulk-data

and the physics loss components, respectively. Thus, multiple competing objectives,

lack of sufficient data, and strong flow-field gradients make the training difficult in the

near-field region.

To tackle these challenges and improving the pressure recovery and subsequent load

reconstruction, a preferential spatio-temporal sampling strategy (PVS), in addition to

vorticity cut-off sampling has been proposed in the next section.

4.5.2 Preferential spatiotemporal sampling

To improve the overall velocity reconstruction and pressure recovery, the preferential

spatiotemporal sampling strategy (PVS) is proposed. In statistics, stratified sampling

involves sampling from a population of data stratified or partitioned into sub-populations.

The proposed PVS approach has similarities with such stratified sampling strategies.

Here, the whole domain is first stratified/partitioned into near-field and wake region

sub-domains, allowing flexibility to sample preferentially in space and time from the

respective sub-domains.

Here, bulk data points are first undersampled using the vorticity cut-off based sampling

technique previously described. Once obtained, one needs to keep the temporal resolution

for the near-field data points such that, Δ𝑡𝐵𝑢𝑙𝑘/𝑇 >= 1/2 𝑓𝑚𝑎𝑥 . On the other hand,

the far-field does not have to adhere to such strict resolution restriction and can be,
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Δ𝑡/𝑇 < 1/2 𝑓𝑚𝑎𝑥 . This is possible as PINNs are capable of recovering smoother features

even under high temporal sparsity as seen earlier.

Data points in the near-field were sampled in time with Δ𝑡𝑁𝐹
𝐵𝑢𝑙𝑘

= 0.125; in the wake, data

points were undersampled such that, Δ𝑡𝐹𝐹
𝐵𝑢𝑙𝑘

= 4 × Δ𝑡𝑁𝐹
𝐵𝑢𝑙𝑘

= 0.5. This indirectly could

give more weightage to the near-field data in time and space. As a result, the velocity

flow-field reconstruction and pressure recovery are expected to improve overall. It will

be later shown through experiments that increasing temporal sparsity in the near-field

can be quite detrimental, especially when the spectral content in the flow becomes richer.

To demonstrate the efficacy of PVS, three different domains and datasets have been

considered, Ω𝑟
1 : [−1.5𝑐, 6.5𝑐] × [−2𝑐, 2𝑐], Ω𝑟

2 : [−1.5𝑐, 3.5𝑐] × [−2𝑐, 2𝑐], and Ω𝑟
3 :

[−1.5𝑐, 1.5𝑐] × [−2𝑐, 2𝑐]. Here, the domain size is decreased to study the importance of

Figure 4.16: Schematic comparing the vorticity-based sampling (b) and preferential
spatiotemporal sampling - combined with the vorticity-based sampling - in
the near and far-field regions (c).
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Table 4.13: Details of training dataset for vorticity cutoff (VS), and preferential spatio-
temporal (PVS) sampling over different domains Ω𝑟

1,Ω
𝑟
2, and Ω

𝑟
3 for the

quasi-periodic case considered. The training datasets are generated with
vorticity-based selective sampling ratio 𝑆Ω𝑧

= 5% with |𝜔∗𝑧 |= 0.1, the near-
field region (NF) being [−1.5𝑐, 1𝑐] in the x direction; Δ𝑡/𝑇𝑁𝐹

𝐵𝑢𝑙𝑘
= 0.125;

Δ𝑡/𝑇𝐹𝐹
𝐵𝑢𝑙𝑘

∈ 0.125, 0.5, depending on the far-field (FF) spatio-temporal
sampling.

Sampling Domain (Δ𝑡/𝑇)𝑁𝐹
𝐵𝑢𝑙𝑘

, (Δ𝑡/𝑇)𝐹𝐹
𝐵𝑢𝑙𝑘

𝑁𝐵𝑢𝑙𝑘 𝑁𝑃ℎ𝑦 𝑁𝑁𝐹
𝐵𝑢𝑙𝑘

/𝑁𝐵𝑢𝑙𝑘 (in %) 𝑁𝐼𝐵/𝑁𝐵𝑢𝑙𝑘 (in %)
Training datasets

VS Ω𝑟1 (0.125,0.125) 1.219𝑒06 2.875𝑒07 14.31 52.57
PVS Ω𝑟1 (0.125,0.5) 4.756𝑒05 2.875𝑒07 36.67 134.76
VS Ω𝑟2 (0.125,0.125) 5.805𝑒05 1.808𝑒07 30.05 110.42
PVS Ω𝑟2 (0.125,0.5) 2.904𝑒05 1.808𝑒07 60.05 220.78
VS Ω𝑟3 (0.125,0.125) 2.148𝑒05 1.077𝑒07 100.0 298.40

Figure 4.17: Comparison of relative errors in time for velocity reconstruction for
M2𝑇𝐷+𝑇𝐿𝐿𝑅 models trained with and without preferential sampling.
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the near-field over wake region. Figure 4.16 shows the schematic, and table 4.13 presents

more details of the datasets. Note that, Ω𝑟
1 was earlier chosen so as to keep at least two

vortex couples within the extent. Whereas, the horizontal (x-axis) extent of Ω𝑟2 is smaller

and same as that of the periodic case study but captures only a single vortex couple; Ω𝑟3
is only the near-field region encompassing the moving body. The wake/far-field regions

for Ω𝑟1 and Ω
𝑟
2 domains are, Ω

𝑟
1 −Ω

𝑟
3, and Ω

𝑟
2 −Ω

𝑟
3, respectively.

Figure 4.18: Comparison of, (a) ground truth IBM of velocity component (𝑣), and,
(b) point-wise errors in model reconstruction at a test time stamp of
𝑡/𝑇 = 4.4375. Corresponding vorticity snapshots are in the bottom row.

In addition to a relaxed L𝑃ℎ𝑦, weight coefficient 𝜆𝐼𝐵 of the L𝐼𝐵 was also relaxed. This

was to ease the training by relaxing the competition between the three objectives, L𝐼𝐵 on

the moving boundary, and L𝐵𝑢𝑙𝑘 ,L𝑃ℎ𝑦 near the body. Relative velocity reconstruction

errors in figure 4.17 and the average error metrics in table 4.14 show the remarkable

power of combining the preferential spatio-temporal vorticity based sampling (PVS)

along with the L𝐼𝐵 loss relaxation. The efficacy of this approach is even more evident
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from figure 4.18, where the point-wise velocity reconstruction errors are seen to come

down significantly as the domain size reduces along with PVS and 𝜆𝐼𝐵 relaxation. Note

that in the case of Ω𝑟3, the near-field region alone suffices for good velocity reconstruction

as indicated by the vorticity contours.

Table 4.14: Comparison of the accuracy of velocity component (𝑣) reconstructed by
the standard MB-PINN and variants of seq-MB-PINN when trained with
varying levels of temporal sparsity over 10 plunging cycles (Quasi-periodic
case) Unless otherwise specified, Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.125 in case of vorticity cut
off sampling (VS).

Domain 𝜆𝐼𝐵 Sampling Network size RMSE MAE 𝑅2 rRMSE(in %)
M2𝑇𝐷+𝑇𝐿

Ω𝑟1 1 Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5, VS 100 × 5 2.14e-01 1.03e-01 9.38e-01 23.67
Ω𝑟1 1 VS 100 × 10 6.34e-02 3.13e-02 9.95e-01 7.02
Ω𝑟2 1 VS 100 × 10 5.43e-02 2.72e-02 9.96e-01 6.00
Ω𝑟3 1 VS 100 × 10 5.8e-01 2.85e-02 9.951e-01 6.58
Ω𝑟1 1 PVS 100 × 5 5.23e-01 2.69e-02 9.964e-01 5.79
Ω𝑟2 1 PVS 100 × 10 5.35e-02 2.86e-02 9.963e-01 5.92
Ω𝑟2 0.001 VS 100 × 10 3.5e-02 1.49e-02 9.984e-01 3.88
Ω𝑟2 0.001 PVS 100 × 10 3.35e-02 1.62e-02 9.986e-01 3.7

M2𝑇𝐷+𝑇𝐿𝐿𝑅
Ω𝑟1 1 Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.5, VS 100 × 5 2.21e-01 1.11e-01 9.33e-01 24.34
Ω𝑟1 1 VS 100 × 10 6.49e-02 3.09e-02 9.94e-01 7.18
Ω𝑟2 1 VS 100 × 10 5.33e-02 2.55e-02 9.962e-01 5.9
Ω𝑟3 1 VS 100 × 10 5.71e-02 2.76e-02 9.952e-01 6.47
Ω𝑟1 1 PVS 100 × 5 5.86e-02 3.28e-02 9.956e-01 6.47
Ω𝑟2 1 PVS 100 × 10 5.15e-02 2.5e-02 9.965e-01 5.7
Ω𝑟2 0.001 VS 100 × 10 3.74e-02 1.57e-02 9.982e-01 4.15
Ω𝑟2 0.001 PVS 100 × 10 3.6e-02 1.55e-02 9.984e-01 3.99
Ω𝑟3 0.001 VS 100 × 10 3.23e-02 1.17e-02 9.986e-01 3.66
Ω𝑟3 0 VS 100 × 10 3.57e-02 1.25e-02 9.983e-01 4.05

In quasi periodic flows, the dynamical behavior obtained across solvers would largely

remain the same, though small local differences can exist due to differences in the

underlying numerical schemes. This was also discussed in Majumdar et al. (2020),

where minor differences were observed in the time histories of aerodynamic load

coefficients obtained from IBM and ALE solvers, as the solutions evolved over time.

As a result, the pressure recovered by PINN models trained on IBM data could still

demonstrate high point-wise errors, when compared with other solvers (say an ALE

solver).

To further demonstrate this, the pressure predictions of M2𝑇𝐷+𝑇𝐿𝐿𝑅 models trained
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with and without preferential sampling were compared with ALE pressure data in the

same spirit as in section 4.4. The aforementioned discrepancy between solvers is clearly

Figure 4.19: Comparison of pressure contours of (a) ALE and (b)M2𝑇𝐷+𝑇𝐿𝐿𝑅 model
predictions at a representative test time stamp 𝑡/𝑇 = 4.4375, and
(c) corresponding pointwise maximum-value normalized absolute error
contours. In (b-c) Top row corresponds to the best M2𝑇𝐷+𝑇𝐿𝐿𝑅 model
trained on Ω𝑟

2 domain with preferential sampling and 𝜆𝐼𝐵 = 0.001. In the
bottom row, the predictions correspond toM2𝑇𝐷+𝑇𝐿𝐿𝑅 model trained on
Ω𝑟1 domain with just vorticity cutoff sampling and 𝜆𝐼𝐵 = 1.

inferred from the high pointwise errors wherever vortices are present in the flow (see

figure 4.19) even for the best model obtained using preferential sampling and L𝐼𝐵

weighting. Given that pressure is a hidden variable, it is still necessary to determine

whether the pressure recovered from PINNs are reasonable.

Although pressure is not directly available from the IBM results, the aerodynamic loads

can be computed in the IBM routine using the momentum forcing term and temporal

derivative terms of the momentum conservation equations (Majumdar et al., 2020). Since

computation of 𝐶𝐿 directly depends on the pressure distribution on the moving body, it

can serve as a good metric to indirectly determine the accuracy of the pressure recovery.

Here, 𝐶𝐷 is not chosen for quantitative validation of the time history because it can be

quite sensitive to LEV and TEV reconstruction inaccuracies. The magnitude differences
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in 𝐶𝐿 and 𝐶𝐷 can also be factor, with the PINNs models reconstructing the higher

magnitude values better. Hence, errors in pressure recovery at the leading and trailing

edges, and𝐶𝐿 -𝐶𝐷 magnitude differences could directly affect their reconstruction which

have not been reported in recent works (Zhu et al., 2024; Calicchia et al., 2023; Wang

et al., 2025) for flows past moving bodies. This requires a deeper investigation into

physics-based data normalization techniques which can improve 𝐶𝐿 and especially 𝐶𝐷

reconstructions irrespective of their magnitude differences, however, this is currently out

of scope for the present study. In the rest of the discussion, 𝐶𝐿 obtained from IBM and

reconstructed from the PINN model have been quantitatively compared to evaluate the

performance of pressure recovery (see table 4.15 for the accuracy details and figure 4.20

for 𝐶𝐿 reconstruction plots for select cases). For a qualitative validation, the shape of the

𝐶𝐿 − 𝐶𝐷 phase portraits has been considered in figure 4.21. Additionally, the Fourier

spectrum of the 𝐶𝐷 time histories have been considered to validate the dynamics of the

flow (see figure 4.22).

Figure 4.20: Comparison of (top) IBM ground truth and M2𝑇𝐷+𝑇𝐿𝐿𝑅 reconstructed
𝐶𝐿 time histories represented by black and red color lines, respectively,
(a-d) across different bulk data sampling approaches and 𝜆𝐼𝐵 values; and
(bottom) corresponding relative mean absolute errors in time. Unless
otherwise specified, 𝜆𝐼𝐵 = 0.001

Note in table 4.15 that, improving the structure of the time series comes at the cost of

under prediction of the𝐶𝑃𝑒𝑎𝑘
𝐿

. Further training/fine tuning of the models can improve this.

But notably, the errors have certainly dropped by relaxing the L𝐼𝐵. The effect of 𝜆𝐼𝐵 = 0
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Table 4.15: Comparison of accuracy of loads reconstructed by the seq-MB-PINN
(TL and TLLR) for the quasi-periodic case, The models are trained with
varying 𝜆𝐼𝐵 at a fixed Δ𝑡𝐵𝑢𝑙𝑘/𝑇 = 0.125(1/8)) satisfying the Nyquist criteria
(Δ𝑡/𝑇 ≤ 1/(2 𝑓𝑚𝑎𝑥) = 0.25). The sub-networks are of depth, 𝑙 = 10, and
width, 𝑛 = 100 trained over 5 segments of 2 plunging periods each. Here,
true 𝐶̂𝑃𝑒𝑎𝑘

𝐿
= 14.043

Domain 𝜆𝐼𝐵 Sampling 𝐶𝑃𝑒𝑎𝑘
𝐿

𝐶𝑃𝑒𝑎𝑘
𝐿
−𝐶̂𝑃𝑒𝑎𝑘

𝐿

𝐶̂𝑃𝑒𝑎𝑘
𝐿

MAE
|𝐶̂𝐿 |𝐿∞

(in %) MAE
|𝐶̂𝐿 |𝐿1

(in %)
TL

Ω𝑟1 1 Δ𝑡𝐵𝑢𝑙𝑘 = 0.5, VS 5.98 59.89 52.17 76.13
Ω𝑟1 1 VS 10.91 22.32 25.04 36.54
Ω𝑟2 1 VS 11.40 18.80 17.30 25.25
Ω𝑟3 1 VS 12.21 13.04 13.58 19.83
Ω𝑟1 1 PVS 10.65 25.54 22.07 32.21
Ω𝑟2 1 PVS 12.27 12.61 15.59 22.76
Ω𝑟2 0.001 VS 13.28 5.41 5.54 8.086
Ω𝑟2 0.001 PVS 13.37 4.80 4.48 6.54

TLLR
Ω𝑟1 1 Δ𝑡𝐵𝑢𝑙𝑘 = 0.5, VS 8.19 41.67 46.23 67.47
Ω𝑟1 1 VS 9.83 30.50 25.66 37.46
Ω𝑟2 1 VS 11.64 17.12 17.80 25.25
Ω𝑟3 1 VS 10.44 25.59 18.91 22.76
Ω𝑟1 1 PVS 11.95 14.87 18.79 27.42
Ω𝑟2 1 PVS 12.31 12.18 15.46 22.56
Ω𝑟2 0.001 VS 13.33 5.01 5.33 7.77
Ω𝑟2 0.001 PVS 13.41 4.52 3.81 5.56
Ω𝑟3 0.001 VS 13.60 3.14 3.44 5.03
Ω𝑟3 0.0 VS 13.63 2.94 3.09 4.51
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is such that the errors in load reconstruction become higher in the first subdomain which

drop over subsequent domains. With a slight non-zero weighting, such as 𝜆𝐼𝐵 = 0.001,

the overall errors in all segments remain low as compared to a case when 𝜆𝐼𝐵 = 1

(see figure 4.20). Qualitatively, the 𝐶𝐿 − 𝐶𝐷 phase-portraits in figure 4.21 also show a

distinct improvement when L𝐼𝐵 relaxation is coupled with preferential spatio-temporal

sampling. This deduction is especially useful in the scenario when one needs to train

MB-PINNs without any information of the moving body velocity. In this case, one would

have to discard the predictions in the first subdomain and consider the results from the

subsequent subdomains where transfer learning has come into effect. However, if one

has the moving body velocity information a priori, then enforcing it through L𝐼𝐵 with a

reasonably low 𝜆𝐼𝐵 proves to be beneficial in load reconstruction over the entire time

domain considered. Comparison of the frequency spectra from the reconstructed and

IBM ground truth𝐶𝐷 in figure 4.22 indicates a good recovery of the rich temporal spectra

by theM2𝑇𝐷+𝑇𝐿𝐿𝑅 models compared toM0. Here,M2𝑇𝐷+𝑇𝐿𝐿𝑅 is able to capture the

peak locations (right frequencies), whileM0 fails to do so. This is possible because time

domain decomposition simplifies the problem and makes it easy for the model to train on

a relatively smaller subdomain.

Figure 4.21: Qualitative of comparison of 𝐶𝐿 − 𝐶𝐷 phase portraits reconstructed from
(a) IBM ground truth data, and (b-e) predictions of M2𝑇𝐷+𝑇𝐿𝐿𝑅 models
across different bulk data sampling approaches and L𝐼𝐵 values.

Overall, under a fixed training budget, Class II models, especially, sequential learning

using time domain decomposition with transfer learning are performant in dealing
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with different temporal domain complexities. Moreover, it is beneficial to combine

preferential spatio-temporal sampling, and relaxation of L𝐼𝐵 loss component, in addition

to physics loss relaxation significantly, to improve the overall pressure recovery and load

reconstruction for the quasi-periodic case.

Figure 4.22: Comparison of Fourier spectrum of 𝐶𝐷 for (a) M0 model trained with
𝑛 = 225 hidden neurons, 𝜆𝐼𝐵 = 1 with vorticity cutoff sampling (VS),
and (b-c) M2𝑇𝐷+𝑇𝐿𝐿𝑅 models trained with different 𝜆𝐼𝐵 over Ω𝑟

2 with
preferential sampling (PVS).

4.6 SUMMARY AND CONCLUSIONS

The investigations in this chapter highlight the limitations of traditional PINNs for

long-time integration of unsteady flow and flow-structure interaction problems, and

demonstrates the benefits of decomposition-based strategies for addressing error

accumulation and complex quasi-periodic dynamics. The earlier developed moving

boundary-enabled PINN (MB-PINN) formulation (see section 2.5) under the immersed

boundary aware (IBA) framework has been utilized for velocity reconstruction and

pressure recovery.

Key difficulties for PINNs in long-time integration include temporal sparsity, long

temporal domains and rich spectral content. In order to tackle these temporal domain

complexities in the context of moving bodies using MB-PINN, two sequential learning

strategies have been explored: - time marching with gradual increase in time domain size,

and time domain decomposition with an overall reduced problem size. While the former
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strategy struggles with error accumulation over long time domains, the latter approach

combined with transfer learning effectively reduces error propagation and computational

complexity. For the present problem of incompressible unsteady flows past a flapping

airfoil exhibiting periodic and quasi-periodic dynamics, the time decomposition approach

with preferential spatio-temporal sampling successfully improves both accuracy and

efficiency for the pressure recovery and aerodynamic load reconstruction. Note that

quasi-periodic dynamics brings with it rich temporal spectra which cannot be determined

from temporally sparse data beforehand. This poses a serious challenge for the PINN

models, and hence a proxy Nyquist criterion was defined to have safeguards while

training the model to obtain satisfactory results. Sequential learning with time domain

decomposition approach simplified the problem and a good reconstruction of the rich

temporal spectra was obtained. The models were able to capture the right frequencies

while the standard PINN model failed to do so. However, these methods are not yet

directly applicable for strongly aperiodic, such as chaotic flows, due to the underlying

neural networks’ spectral bias, also the flow-field trajectories being vastly different under

small variations in the initial condition.

When flow-field data is available—even if only sparsely—the time domain should be

partitioned into subdomains that span one or two plunging time periods. Over-partitioning

into smaller subdomains would necessitate training an excessive number of sub-networks,

thereby increasing computational expenses and heightening the risk of over-fitting.

In this study the models trained operated only on a single parametric instance, however,

in future, operator learning techniques can be adopted to handle multiple parametric

instances, or different input conditions such as gusty inflows. This would be motivating

towards building parametric surrogates for unsteady flow control. Also, themodels need to

become viable for training on more complex and realistic 3D flows, which requires further

research on multiple fronts: the underlying neural network architecture, optimization of

collocation points sampling, time-adaptive labeled data sampling, adaptive loss balancing
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and optimization techniques which can accelerate loss convergence and training. The

present study also holds promise for experimentalists, where PIV measurements of planar

velocity fields can be utilized to recover hidden quantities in the same flavor as in the

very recent works of Volk et al. (2025); Wang et al. (2025), and infer the underlying load

generation mechanisms.
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CHAPTER 5

OVERALL CONCLUSIONS AND FUTURE WORK

5.1 SUMMARY AND CONCLUSIONS

In the present work,while highlighting the gaps in earlier and contemporary literature in

Chapter 1, the need for a unified, mesh-agnostic, immersed boundary–aware surrogate

modeling framework using physics-informed neural networks (PINNs) was established

for unsteady flows past moving bodies. The immersed boundary–aware (IBA) framework

developed in Chapter 2 addressed this need by adopting an inertial frame of reference for

the spatial domain and a body non-conformal setting inspired by the immersed boundary

method. Two principal PINN formulations were proposed: the moving-boundary PINN

(MB-PINN), which operates solely in the fluid region leveraging the Navier-stokes

equations, and the moving-boundary immersed-boundary–based PINN (MB-IBM-PINN)

leveraging the IBM formulation, which operates in both the fluid and solid regions. A

non-intrusive pressure recovery task—treated as a hidden variable inference problem

from coarse/sparse velocity measurements—was selected to assess the capability of

the proposed formulations. Using a novel multi-part physics loss weighting, it was

demonstrated that the MB-PINN and MB-IBM-PINN are equivalent for the pressure

recovery problem when the MB-IBM-PINN is trained with data and collocation points

restricted to the fluid region. The introduction of physics loss relaxation further proved

to be an effective strategy to enhance loss convergence and the overall near-field velocity

and pressure predictions under a fixed training budget. A novel physics based vorticity-

cutoff sampling technique was implemented which reduced the requirement of overall

data points while still maintaining good accuracy levels. These results collectively

demonstrated that an immersed-boundary–aware PINN framework reconstructs velocity

while recovering physically consistent pressure fields in unsteady flow–body interactions

with good accuracy. Notably, of the two formulations, MB-PINN was favorable for



scenarios where the moving body shape, position and velocity are known apriori, where

as MB-IBM-PINN would be suitable for scenarios where such information might not be

available. The flow-field datasets were generated using an in-house GPU accelerated

(see Appendix A for more details on the OpenACC based GPU acceleration strategy)

discrete forcing IBM based unsteady flow solver.

To deepen the understanding of MB-PINN training behavior in moving-body problems,

an additional investigation was carried out. A novel zonal splitting methodology and

gradient-statistics–based metrics were proposed to analyse spatial imbalances in the loss

component contributions across three regions: the near-field surrounding the moving

body, the wake, and the outer far-field. Three trained models were considered for

evaluation: a baseline MB-PINN without any loss relaxation of physics based sampling,

an optimal MB-PINN trained with physics loss relaxation alone, and a MB-PINN model

trained with both physics loss relaxation and physics-based sampling. In the first and

third case, the contributions are highest from the near-field for both physics and bulk

data losses. However, for the second case, the contribution for data loss still remains to

be near-field, whereas the contribution from near-field dips and wake region contributes

more to the physics loss component. Importantly, the vorticity-based under-sampling

alleviated vanishing gradient issues, validating the utility of selective physics-based

sampling. These insights provided a generalizable diagnostic framework for quantifying

imbalanced contributions from spatial (or input) subdomains explaining the results

observed in Chapters 2 and 3. It is important to note that this diagnostic approach is

agnostic to neural network architecture and can thus be applied to both physics-based and

purely data-driven models in future to discern which subdomains play an active role in

training. This analysis can contribute towards further design of adaptive loss-weighting

strategies and more balanced optimization procedures in the context of unsteady flows

past moving bodies.

The potential of the IBA framework was also demonstrated for other relevant inverse
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problems under different data availability scenarios in the context of unsteady flows

past moving bodies in Chapter 3. A specific problem of interest was whether the PINN

models are capable of recovering near-field pressure, body position, velocity and shape

in the absence of such information (See sections 3.2 and 3.3). It was shown that in such

scenarios where body position, velocity and configuration are not known, MB-PINN is

not applicable as one cannot distinguish between fluid and solid regions in the spatial

domain. Whereas, the IBM based formulation MB-IBM-PINN was found to be most

suitable because the IBM formulation allows handling both fluid and solid regions

together using a single set of governing equations. For this problem especially, the

momentum forcing and source/sink terms were considered as hidden variables in addition

to pressure. The obtained predictions for momentum forcing terms were used as masks to

filter out the fluid and solid region. In another case study, super-resolution based pressure

recovery was considered (see section 3.4) where velocity data obtained from coarse

simulations was used to train the MB-PINN model. Once trained, the model was tested

on the fine resolution grid. While the models performed only slightly better than linear

interpolation, it is important to note that simultaneous super-resolution and pressure

recovery is a challenging problem. It was hypothesized that for true super-resolution

and accurate pressure recovery on high-resolution grids, the physics constraints must be

more stringently satisfied—an aspect highly sensitive to hyperparameter settings, data

sparsity, and sampling strategies. To overcome these limitations, adaptive and transfer

learning–based approaches were identified as promising future pathways. This would

greatly benefit the unsteady aerodynamics community as coarse simulations would suffice

to obtain reliable high resolution predictions. It was also clearly shown in section 3.5 that

the PINN models are not feasible for the forward problem simply due to the requirement

of very small time steps which can drastically increase the training time. Hence, it is

opined that CFD simulations are always a better option for forward problems especially

if well-posed as compared to PINNs. Recent advancements in architecture, adaptive

activation functions, sampling, loss weighting, domain decomposition and optimization
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algorithms could possibly benefit the forward problem (see review papers of Karniadakis

et al. (2021); Shukla et al. (2022); Patel et al. (2024); Toscano et al. (2025)). However,

it is still left to investigate whether these approaches would result in faster training

convergence and whether they can converge to a solution under ill-posed conditions

such as a truncated spatial domain without exact boundary conditions for pressure as

considered in the example in section 3.5.

It is important to recognize that complexities can not just arise in problem setups as

above, but even in the temporal domain of unsteady flow-field datasets. In the context of

unsteady flows past moving bodies, temporal domain complexities are of focus in this

thesis. The datasets could become temporally sparse, or have been collected over long

time domains to correctly characterize the flow-field dynamics, and the flow-field might

may contain rich temporal spectra due to aperiodic flow dynamics. Note that although

the plunging kinematics can be periodic, the resultant flow-field need not. To tackle these

temporal domain complexities, sequential learning strategies were explored in Chapter 4.

Along with the baseline MB-PINN from earlier studies in Chapters 2 and 3, two classes

of sequential learning strategies were developed under the Immersed boundary aware

framework: Class I - time marching and Class II - time domain decomposition. These

strategies were first evaluated for a periodic case study (see section 4.4). The analysis

showed that physics loss plays a crucial role under temporal sparsity—significantly

improving temporal interpolation and aiding in pressure recovery. While both Class

I and Class II models performed satisfactorily for short-duration temporally sparse

datasets, Class II models consistently outperformed Class I for long time domains, even

when the flow was periodic. The primary reason is the error accumulation inherent in

Class I approaches due to progressive time-domain expansion, whereas Class II models

mitigate this by leveraging domain decomposition and independent sub-networks for

each temporal segment. Under a fixed training budget, Class II models thus emerged as

the most accurate and computationally efficient option.
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To further evaluate the robustness of the proposed Class II framework, a quasi-periodic

case study was undertaken (see section 4.5) where the flow-field exhibits richer temporal

spectra. In discrete-forcing IBM formulations, aerodynamic loads are typically computed

as the volume integral of the momentum forcing terms and the total derivative terms

on the left-hand side of the momentum conservation equation (Majumdar et al., 2020).

Pressure fields recovered from PINN-based reconstructions of IBM velocity data were

used to estimate aerodynamic loads, which were subsequently validated against IBM

simulation results. It is worth noting that, even in experimental studies, direct pressure

measurements are difficult; instead, aerodynamic loads or surface pressures are typically

obtained using load cells or piezoelectric sensors embedded in the test section.

For the quasi-periodic case, despite the periodic plunging motion, the near-field

flow—particularly dominated by the leading-edge vortex (LEV)—introduces strong

aperiodicity (Bose and Sarkar). In this region, three competing loss components coexist:

bulk data loss, physics loss, and no-slip boundary condition loss. While these did not

interfere significantly in the periodic case, their interaction in the quasi-periodic regime

severely degraded pressure recovery, even under relaxed physics loss weighting. A joint

relaxation of both the physics and no-slip boundary condition loss components markedly

improved pressure reconstruction, as reflected in the recovered lift coefficients.

Observing that the near-field contributed most actively to the training, while the far-field

tolerated higher temporal sparsity, a preferential spatio-temporal sampling strategy was

developed—building upon the earlier vorticity cutoff sampling technique. This enhanced

sampling approach demonstrated that for accurate load reconstruction, the temporal

resolution of the near-field velocity data must satisfy a Nyquist-like criterion based on

the plunging frequency. Moreover, the results revealed that near-field velocity data alone

could suffice for reliable load estimation; however, incorporating wake data extending up

to approximately 2.5 chord lengths downstream yielded optimal reconstruction accuracy.

These findings collectively underscore the strength of the IBA framework—particularly

when equipped with vorticity cutoff and preferential sampling strategies—in handling
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complex unsteady flow phenomena with rich temporal dynamics.

The IBA framework is mesh agnostic, and capable of handling moving boundaries in a

body non-conformal setting from an inertial frame of reference. This core capability is

crucial towards handling multiple moving bodies, or deforming structures without having

to carry out case specific computational domain transformations which could impede

the transferability of the developed models to other cases. Through various examples,

it was demonstrated that IBA framework has strong capabilities in addressing hidden

variable recovery problems and shows promising potential in complex hidden boundary

estimation tasks relevant to the unsteady aerodynamics community. The proposed

framework uniquely integrates physics-informed learning, physics loss relaxation, and

preferential sampling strategies, enabling data-efficient model training. Based on the

studies carried out so far, in order to obtain the best results under a fixed training

budget and with minimal computational overheads, the combination of physics loss

and no-slip boundary condition loss relaxation, combined physics based preferential

spatio-temporal and vorticity cutoff sampling, and sequential learning are recommended.

As part of ongoing work, this framework is being extended to tackle the hidden boundary

estimation problem, highlighting the versatility and potential of the IBA framework as a

generalizable surrogate modeling paradigm for inverse problems in unsteady flows past

moving bodies.

5.2 SALIENT CONTRIBUTIONS

The salient contributions of the present thesis are discussed below, and also summaries

in light of earlier and contemporary work are presented in table 5.1.

• Development of a mesh agnostic immersed boundary aware framework using
physics informed neural networks for surrogate modeling of unsteady flows past
moving bodies in a body non-conformal setting from an inertial frame of reference.
Two PINN formulations were developed under this framework: MB-PINN which
operates in the fluid region alone leveraging the Navier-Stokes equation, and the
MB-IBM-PINN which leverages the IBM formulation operating in both fluid and
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solid regions.

• Introduction of a novel multi-part or subdomain based loss weighting strategy
to relatively explain the equivalence between two PINN formulations MB-PINN
and MB-IBM-PINN. It was conclusively found that MB-PINN and MB-IBM-
PINN are equivalent when the solid region points are discarded from training
MB-IBM-PINN.

• It was evidently shown that MB-PINN is suitable under scenarios where body
position and velocity are known. Whereas MB-IBM-PINN formulation is more
useful when such body position and velocity information are not available.

• Demonstration of a novel hidden boundary estimation proof of concept, where the
MB-IBM-PINN does not just recover pressure from velocity data but in addition
estimate body position, velocity and shape. Albeit under the assumption of the
rigid body translation, the MB-IBM-PINN holds promise for such scenarios but
requires more advanced object detection algorithms which is part of a continuing
work.

• Established the potential and limitations of the IBA framework for super-resolution
and forward problems where the bulk velocity data is either of low-fidelity or not
available at all.

• Development of a novel physics-based vorticity cutoff sampling and an extended
version using preferential spatio-temporal sampling strategies allow training of
models in a data efficient manner while also maintaining remarkable accuracy
levels.

• Introduction of time domain decomposition based sequential learning coupled with
transfer learning under the IBA framework to tackle temporal domain complexities
arising in unsteady flow datasets such as (1) temporal sparsity, (2) long time
domain, and (3) rich temporal spectra due to quasi-periodicity.

• Conclusive demonstration of the importance of physics loss under temporal sparsity
of unsteady flow-field data. It was shown that pure data-driven models suffer in
velocity data reconstruction while totally incapable of pressure recovery when
pressure is not used at training. Employing a physics loss was shown to significantly
improve temporal interpolation which is critical for reconstruction of unsteady
flow-fields past moving bodies under temporal sparsity of data.

5.3 LIMITATIONS AND FUTURE SCOPE

During the course of the present study, a few contemporary works such as Huang et al.

(2022); Zhu et al. (2023, 2024); Calicchia et al. (2023) along similar lines had been
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Study Method Key contribution Test case
Raissi et al.

(2019b)
PINN PINN for hidden

variable recovery
in a body attached
frame of reference

Two dimensional
flow past vibrating

cylinder

Wang and
Perdikaris (2021)

PINNs Two sub-networks.
One for the fluid
and the other for
the moving
interface.

Stefan PDEs

Buhendwa et al.
(2021)

PINNs Volume of fluid
based PINN was
proposed

Two phase
incompressible

flow
Tang et al. (2022) TL-PINNs Transfer learning

was adopted to
reconstruct flow
past a two

dimensional fixed
cylinder

Two dimensional
fixed cylinder

Huang et al. (2022) IB-PINN IBM based PINN
for time

independent BVP

Fixed cylinder
steady flow

Yang et al. (2023b) FDM-PINN Fictitious domain
PINN for forward
problems

Linear elliptic and
parabolic steady
and unsteady PDEs

Zhu et al. (2023) PINN Demonstrated the
effectiveness of
PINNs for dynamic
interface problems

Steady state
fluid-solid

interaction without
deformation of the

structure
Chapter 2 MB-PINN/

MB-IBM-PINN
Immersed

boundary aware
framework,
multi-part loss

weighting, vorticity
cutoff sampling

Two dimensional
plunging foil
system

Appendix B MB-PINN Zonal splitting
approach and
relative gradient
statical analysis for
analyzing input
subdomain level
contributions to
training.

Two dimensional
plunging foil
system

Zhu et al. (2024) PINN Moving boundary
problems including

flow-field
reconstruction,
pressure recovery
and forward
problem (very

short time domain).

Two and Three
dimensional
moving body
forward and

inverse problems

Chapter 4 MB-PINN and
sequential learning

variants

Extension of the
IBA framework to
handle different
temporal domain
complexities.
Preferential
spatio-temporal
sampling also
proposed.

Two dimensional
plunging foil
system

Table 5.1: Summary of author contributions including the present work.
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published. Huang et al. (2022) proposed IB-PINN motivated by IBM, and demonstrated

a forward problem use case with steady state fixed cylinder. However, the importance

and role of solid region grid points was not investigated which was found to play a crucial

role in determining the trainability of MB-IBM-PINN and its performance in pressure

recovery (Chapter 2). In an other study, Calicchia et al. (2023) demonstrated the ability

of the simple Navier Stokes based PINNs akin to MB-PINN to recover pressure from PIV

obtained planar velocity measurements for swimming fish. Zhu et al. (2024) explored

a PINN framework similar to MB-PINNs for forward and inverse problems involving

single and multiple moving bodies in 2D and 3D showing the extended potential of

what the proposed IBA framework could achieve when handling experimental data or

3D simulation data. Given how experimental data can be noisy, some earlier works on

PINNS Raissi et al. (2020, 2019b,a); Wong et al. (2022) have discussed the robustness

of PINNs under noise showing how physics loss acts as a regularizer during training

allowing the deep neural network to learn key patterns within the data in spite of the noise

as compared to pure data-driven neural network training. This adds potential promise

to the IBA framework in its extensibility to noisy experimental data. In the present

study, 2D incompressible flow past a plunging foil was considered as an example only to

establish the capability of the IBA framework. Since the contemporary works showed the

possibility of handling 3D problems, it would be worthwhile to consider more complex

scenarios involving 3D periodic and aperiodic flows past multiple moving and deforming

bodies such as a school of fish or cascading array of flapping foils/ vibrating cylinders.

However, for the best performance, extensive investigations into the effectiveness of

more recently proposed neural network architectures, loss formulations, optimization

strategies, adaptive loss weighting, sampling, and activation functions would be required

to ensure minimal human intervention (Karniadakis et al., 2021; Shukla et al., 2022;

Toscano et al., 2025; Jagtap et al., 2022; McClenny and Braga-Neto, 2023).

It is important to note that in most practical scenarios, one might operate under a fixed

time budget. Hence, as a practitioner, these methods need to be tailored keeping that in
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mind. Note that the quasi-periodic case was considered in this study owing to its load

enhancing characteristics discussed in literature (Lewin and Haj-Hariri, 2003; Majumdar

et al., 2020; Bose et al., 2019). In the case of multiple moving bodies, deforming

structures, and three dimensional flow, the temporal spectra could be much richer. Hence,

suitable care might have to be taken while employing the sequential learning methods.

In case of strongly aperiodic or chaotic flows, it might be prudent to develop stochastic

or generative physics based deep learning models based on the score function based

diffusion algorithm (Yang et al., 2023a). This is because the flow-fields may vary

solver to solver, and with varying spatio-temporal resolution within a solver. Hence,

instead of reconstructing a single realization of the flow-field, capturing the flow-field

statistics using generative models would be more beneficial for querying applications

as in typical climate modeling applications (Mardani et al., 2024; Sundar et al., 2025).

Moreover, chaotic flows require very long time domain integration. Hence sample

efficient generative physics based models would be of interest here. Diffusion models are

good candidates for this purpose.

High-fidelity CFD remains the gold standard for forward prediction in well posed

settings where complete governing equations, initial-boundary conditions, and domain

information are available. However, applicability of CFD becomes severely constrained in

scenarios involving incomplete, sparse, or noisy data, or when certain physical quantities

are not measured or stored. In contrast, the immersed boundary–aware (IBA) framework

offers a complementary capability by enabling physics-consistent inference under such

constraints. By embedding governing equations within a learning framework, IBA can

reconstruct flowfields from partial observations, recover hidden variables such as pressure,

and infer missing boundary information directly from data without requiring a fully

specified problem setup. Moreover, operating on a fixed Eulerian grid, the framework

avoids the complexities of mesh generation and domain transformation for moving or

deforming bodies. As a result, IBA is particularly valuable in experimental settings,

storage-limited simulations, and inverse problems, where CFD alone cannot be directly
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applied or would require prohibitively expensive re-simulation. An important direction

for future work is to extend the IBA framework towards identifying model discrepancies or

unresolved physics from partial observations. In many practical scenarios—particularly

in experimental settings or under coarse numerical resolution—the governing equations

used may not fully capture all relevant physical effects, such as unresolved turbulence,

structural coupling, or modeling assumptions. While conventional CFD assumes the

governing equations to be exact, physics-informed frameworks offer the possibility to

relax this assumption. In this context, the governing equations may be augmented with a

learnable residual term, enabling the model to infer effective forcing or correction terms

consistent with both data and known physics (Ahmed et al., 2021; Pawar et al., 2020;

Raissi and Karniadakis, 2018). Such an approach would allow the IBA framework to

identify regions in space and time where the assumed physics is inadequate, thereby

providing insight into latent flow mechanisms or modeling errors. To ensure physical

interpretability and avoid overfitting, appropriate regularization strategies—such as

sparsity-promoting constraints (Bao and Gildin, 2017; Hoefler et al., 2021; Huang et al.,

2026) or smoothness priors (Duhme et al., 2026; Zhou and Wu, 2020)—would need to

be incorporated. Additionally, the physics-based sampling strategies proposed in the

present work, such as vorticity-guided sampling, could play a key role in localizing

such discrepancies to dynamically important regions of the flow. This extension would

position the IBA framework not only as a surrogate modeling tool, but also as a diagnostic

framework for understanding and improving governing models in complex unsteady

flows.

An other potential extension of the now well validated IBA framework would be to

consider parametric input as in the domain of Operator learning (Kovachki et al., 2024;

Karniadakis et al., 2021). For this purpose, the IBA framework can be very easily extended

to incorporate physics informed deep operator networks (DeepONets) (Goswami et al.,

2023) or fourier neural operators (FNO) (Li et al., 2021) as backbones. Although

pointwise and continuous time-space models were considered in this study, one could
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also consider building parametric surrogates using convolutional neural networks or

transformer models whichmight not be grid agnostic. In this regard, the recently proposed

universal physics transformer (UPT) (Alkin et al., 2025) which is grid agnostic can be

used for moving body flows. Over just the last two years, many foundational models with

emergent zero-shot capabilities have been developed for text based image generation

(Stable Diffusion (Rombach et al., 2022)), zero-few shot generalisable large language

model (the popular GPT-3 (Brown et al., 2020)), and more recently a foundation model

for the Earth system - Aurora (Bodnar et al., 2024). With more open source scientific

data sets available recently, such as ’The Well’ (Ohana et al., 2025), and the fundamental

technology for foundational models being mostly relying on the transformer architecture

developed first in the seminal work by Vaswani et al. (2023), IBA framework based

foundational models can be developed for unsteady flows past moving bodies. However, it

is important to keep in mind that foundational models are often expensive to train simply

due to a large number of GPUs required (>O(100)), and huge datasets in TBs (Ohana

et al., 2025). Hence, being prudent, significant and simultaneous attention needs to be

given towards developing high-quality datasets and resource efficient training of such

models. While the capabilities and potential of the IBA framework using PINNs were

demonstrated for two-dimensional unsteady flows, in future, given the advancements in

architectures, training strategies, sampling strategies, and generative diffusion models, the

IBA framework sets nothing but a cautious baseline to extend beyond two-dimensional

flows and handle multiple-moving bodies, turbulent and three-dimensional flows which

come with high data-level and modeling complexity with multiple spatio-temporal scales.
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APPENDIX A

GPU ACCELERATION OF UNSTEADY FLOW
SOLVER

A.1 INTRODUCTION

Recently, Majumdar et al. (2020) developed a discrete forcing type IBM (Kim et al.,

2001; Kim and Choi, 2019) solver to simulate and capture dynamical transitions in

unsteady flow past a sinusoidally plunging rigid elliptic foil in the low reynolds number

incompressible laminar flow regime. This solver was later parallelized by Shah et al.

(2019) using OpenMP, a compiler directive based shared memory parallel programming

framework, where a speed up of three times over the serial solver was reported. Although

parallelization on CPUs using OpenMP allows for reduction in turn around time, these

linear algebra routines can be accelerated further and significantly by offloading the

computations on to GPUs(Xue and Roy). This is because, GPUs with their large

number of processor cores and high throughput capacity promise massive performance

enhancement of parallelisable linear algebra routines.

Typically, there exist three pathways to port a code to GPU: (i) performance tuned

architecture specific third party libraries - CuSPARSE and CuBLAS (Naumov, 2011)

to name a few, (ii) compiler directive frameworks - OpenACC (Chandrasekaran and

Juckeland, 2017; Farber, 2016), and (iii) architecture specific parallel programming

language extensions such as CUDA (Hoshino et al., 2013) and OpenCL (Sugawara

et al., 2013). Of these pathways, compiler directive frameworks ensure minimum code

intrusion and ease of parallelization cutting down the development time (Li et al., 2016)

as compared to full fledged parallel programming extensions like CUDA. The present

work involves parallelization and performance enhancement of an in-house unsteady flow

solver by offloading computationally intensive routines onto the GPU using OpenACC



framework. The Chapter outline is as follows: a discussion on the validation case setup

and IBM solver is presented in section A.1. In section A.2, baseline solvers chosen for

validation, the code parallelization strategy and code development cycle are discussed.

Performance analysis of the GPU ported solver in the context of overall speedup and

input scaling is presented and compared with that of the baseline solvers in section A.3.

Finally in section A.4, conclusions and future work are discussed.

To validate the GPU ported solver, the plunging foil system in Eqs. 2.1 and 2.2 is

considered (see Section 2.2 for more details). The flow equations (Eqs. (2.5) and (2.6))

are solved using finite volume based semi-implicit fractional step method (Choi and

Moin, 1994) with the primitive variables being arranged in a staggered grid. Second

order spatial and temporal discretizations are achieved using Adams-Bashforth and

Crank-Nicolson schemes respectively. Pressure and velocity correction equations are

iteratively solved using modified Gauss-Seidel successive over relaxation method with

red-black tagging as used by Shah et al.Shah et al. (2019). A detailed description of the

IBM algorithm used in the present study is presented in Majumdar et al. (2020). The

computational domain considered is same as in Chapter 2.

A.2 PARALLELIZATION STRATEGY AND IMPLEMENTATION

A.2.1 Earlier work and baseline solvers

Two earlier versions of the in-house solver written in the C++ language are considered

for validation and speedup analysis. These are, a serial implementation as in Majumdar

et al. (2020), and an OpenMP based parallel implementation as in Shah et al. (2019),

henceforth referred as SOL0 and SOL1, respectively. SOL1 uses an improved Gauss-

Seidel successive over relaxation algorithm with red-black tagging of the mesh points

to solve the pressure and velocity correction equations in order to avoid race condition

and data dependency. Owing to interspersed parallel and sequential regions, a fork-join

based parallelism was adopted by Shah et al. (2019). As a result, a speedup of almost
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three times over SOL0 was reported. The simulations using SOL1 were executed on 16

CPU threads. However, the turn around time was still high. Hence, there was a pertinent

need to accelerate the solver by offloading already parallel or parallelisable computations

to the GPU. In the current work, using the OpenACC framework, a GPU compatible

solver henceforth referred as SOL2 is obtained.

A.2.2 System configuration

Development and testing were first carried out on a local system with an Intel i7 10th Gen

processor with 6 processor cores and 12 threads, 16Gb Memory and a NVIDIA RTX

2060 Max Q GPU card with 1920 CUDA cores and 6GB memory. All the validation

cases were however run on AQUA super cluster hosted at the P.G Senapathy Computing

Centre for Computing resource in IIT Madras. With a multithreaded 20 core Xeon Gold

6248 processor that has a clock speed of 2.6GHz, AQUA’s GPU nodes consist of 2

NVIDIA Tesla V100 GPU cards each with 5120 CUDA cores and 32GB GPU memory.

A.2.3 Software stack

Throughout the present work, NVIDIA’s high performance computing software

development kernel (HPC-SDK) version - 20.7 has been used both on the local system

and AQUA super cluster. Amongst a variety of libraries and tools in HPC-SDK 20.7,

Nsight-Systems and Nsight-Compute were used here for code profiling and NVTX for

code annotation. Portable Batch System (PBS) was used for job scheduling on the

cluster.

A.2.4 GPU implementation

The iterative code development cycle adopted in the present work using OpenACC to

develop SOL2 typically involves four steps: (i) analysis and profiling of the code for

parallelisable hot-spots, (ii) parallelization of the identified code hotspots, (iii) testing

and validation of the modification, and (iv) further optimization of the parallelized loops.

Since OpenMP and OpenACC are both compiler directive based parallel programming
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frameworks, the GPU implementation involved very minimal source code intrusions as

shown in the schematic in figure A.1.

Once the code sections are ported using appropirate OpenACC pragmas, the compiler

automatically decides how to offload the code sections onto the GPU at the time of

compilation. The implicit decisions made by the compiler can be inferred from the

compiler trace. Further optimizations can also be made from the suggestions and feedback

offered by the compiler trace. This is one reason why OpenACC has a quick learning

curve and cuts down the code development time (Chandrasekaran and Juckeland, 2017).

The code development cycle described earlier was followed for each code block in the

parallelisable regions iteratively until a satisfactory performance was achieved. Details

of the incremental GPU implementation are presented below.

Figure A.1: Schematics representing the minimal code changes when
using OpenMP and OpenACC

Analysis

Using Nsight-systems, the serial CPU solver SOL0 was initially profiled on the local

system in which the functions: (i) flagging/classification of solid and fluid points, (ii)

iterative solvers for pressure and velocity corrections were identified to be the most time

consuming regions followed by the code block involving (iii) body-force interpolation

function as seen in figure A.2 and table A.1. The remaining regions of the code are

executed serially and consume very little time as compared to the parallelisable sections.

As a preliminary analysis, the theoretical speedup 𝑆𝑡ℎ𝑒𝑜𝑟𝑦 possible through parallelization
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Table A.1: Sequential CPU time for the functions identified to be parallelisable hot spots

Function Computational time per time step (in seconds)

P iterative solver 3.835
Fluid/solid flagging 2.5515
U-V iterative solver 0.5518
Body force interpolation 0.0758

of code regions over the serial execution is given by the Amdahl’s law, such that Amdahl

(1967)

𝑆𝑡ℎ𝑒𝑜𝑟𝑦 =
1

(1 − 𝑝) + 𝑝/𝑛
, (A.1)

where, 𝑛 is the number of processor cores and 𝑝 = 𝑇𝑝𝑎𝑟/𝑇𝑤𝑎𝑙𝑙 is the parallel portion of

the code in terms of wall time taken for execution of the code respectively. Here, 𝑇𝑠𝑒𝑟

and 𝑇𝑝𝑎𝑟 are time taken by serial and parallel sections of the code, respectively. Whereas,

total wall time of the code, 𝑇𝑤𝑎𝑙𝑙 is given by, 𝑇𝑤𝑎𝑙𝑙 = 𝑇𝑠𝑒𝑟 + 𝑇𝑝𝑎𝑟 . In an ideal scenario,

with effective parallelization of the parallel portion, the total wall time 𝑇𝑤𝑎𝑙𝑙 comes

down closer to 𝑇𝑠𝑒𝑟 , with 𝑇𝑝𝑎𝑟 << 𝑇𝑠𝑒𝑟 . In the present study, potentially parallelisable

regions in SOL0 comprise 99.8% of the total wall time when executed serially and

hence, 𝑝 = 𝑇𝑝𝑎𝑟/𝑇𝑤𝑎𝑙𝑙 = 0.998. Thus, the maximum speedup possible in the limit of

extremely large number of processor cores (i.e 𝑛 → ∞, therefore 𝑝/𝑛 → 0) would be

𝑆𝑡ℎ𝑒𝑜𝑟𝑦 = 1/((1 − 0.998) + 0) = 500 times the sequential code. However, the theoretical

speedup is not always achievable owing to various factors such as finite number of

processor cores, hardware latency, data transfers between CPU and GPU, synchronization

of threads and lower processor clock speed of GPUs as compared to CPU. Hence, the

obtained speedup is much lesser. But, the effects of these factors can by minimized by

profiling the code to identify the code hot spots needing optimization and appropriate

OpenACC pragmas can be added.

Parallelization of loops

The parallelisable code blocks are often characterised by for loops. In the OpenMP

203



implementation SOL1, the directive parallel for along with clauses default(shared)

for data sharing of shared variables and schedule(dynamic) for balancing the workload

distrbution on the CPU threads were used for the hotspot regions earlier noted in figure

A.2 and in Shah et al. (2019). In the GPU implementation, OpenACC directives such as

kernels or parallel for can be added one by one before each potentially parallelisable

code block /for loop/statement in the hotspots identified earlier (see Section A.2.4). The

kernels directive is more flexible than the parallel for directive as it lets the compiler

decide which regions within the scope of the construct are parallelisable and the compiler

trace sheds more light on the specific optimizations and degrees of parallelism that can

be brought in. To parallelize for loops with backward data dependencies, temporary

variables can be allocated to swap and update the values. Although this would increase

the memory requirement, it is offset by the improvement in speedup. Also, to avoid race

conditions, selected variables in the scope of the code block that are offloaded onto GPU

need to be appropriately privatised using the private(variable list) clause.

In the GPU implementation SOL2, classification/flagging of solid-fluid points function

was first ported to GPU and then the pressure/velocity correction solver functions were

ported using appropriate OpenACC directives and clauses. As mentioned in section

A.2.4, body force interpolation procedure was also parallelized and offloaded onto the

GPU in SOL2.

Optimization of loops

Following the feedback from compiler trace, appropriate directives/clauses were further

added for optimization. Specifically, routine and seq directives were added wherever

there were sequential user defined functions that needed to be executed on the GPU

to avoid unnecessary data transfers between CPU and the GPU. Also, care was taken

to ensure that these offloaded sequential operations are not computationally intensive.

Additionally, collapse and reduction clauses were added for vectorization and to avoid

race condition through simultaneous read and write operations respectively. Further
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optimizations such as explicit mapping of for loops to the GPU threads and other

intricate data management constructs can also be implemented (for more details, refer to

Chandrasekaran and Juckeland (2017); Xue and Roy). However, in the present study,

the code development cycle was stopped when a satisfactory speedup was obtained for

SOL2, and the intricate optimizations were left for future work.

Figure A.2: Nsight-systems profiler output for the NVTX
annotated serial version of the IBM solver for a single
time marching step.

Data management

Data management is crucial in OpenACC implementation as CPUs and GPUs have

different memory architectures. Because of this, variables are first allocated on the

CPU and then copied to GPU where computations are then carried out. This leads to

multiple data transfers between CPU and GPU which gets limited by latency overheads

and the memory bandwidth of GPU, thereby impeding the solver performance. This

can be avoided by minimising data transfers using OpenACC’s data management

directive (Chandrasekaran and Juckeland, 2017) appended with appropriate copyin,
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copyout or copy clauses. This drastically improves the performance because all

computations can be carried out at once when the required data for all of them are hosted

on the GPU at the time of execution. In the present study, all the variables were copied

to the GPU at the beginning of evey time marching step of the solver. This is because file

write operations that need to be carried out at the end of every few time steps take place

only on the CPU. Hence, data transfers although significantly minimized, were necessary

at the beginning and end of every time step for SOL2 as seen in figure A.3.

Figure A.3: Final Nsight-systems profiler outputs for the NVTX
annotated OpenACC version of the IBM solver for a
single time marching step.

A.3 RESULTS AND DISCUSSION

A.3.1 Validation studies

A Reynolds number, 𝑅𝑒 = 500, non-dimensional plunging velocity 𝑘 ℎ̄ = 1.0 with 𝑘 = 2𝜋

and ℎ̄ = 0.16 are chosen for validation. The aerodynamic force coefficient time histories

obtained from the simulations were compared with that of the baseline solvers SOL0,

SOL1 and the work of Khalid et al. (2018) in figure A.4. The results are in good
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agreement with each other for SOL0, SOL1 and SOL2 solvers with almost no deviations,

and also corroborate well with the results of Khalid et al. (2018). The small discrepancies

observed in the aerodynamic coefficients between the present numerical studies and

the literature (Khalid et al., 2018), especially in drag coefficient (see figure A.4(b)), is

attributed to underlying differences in the numerical method used in Khalid et al. (2018)

and Majumdar et al. (2020).

A.3.2 Performance analysis

Speedup characterization

Cases for each solver setting are run thrice to obtain the average wall times for SOL0,

SOL1 and SOL2. In order to characterise the speedup of the parallel solvers SOL1

and SOL2, the wall times of SOL0 is considered as reference. The speedup 𝑆 can be

calculated using the wall times as follows

𝑆𝑆𝑂𝐿𝑖 = 𝑇𝑆𝑂𝐿0/𝑇𝑆𝑂𝐿𝑖 for i = 1,2 (A.2)

The relative speedup obtained by SOL2 over SOL1 is calculated as follows

𝑆𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 = 𝑆𝑆𝑂𝐿2/𝑆𝑆𝑂𝐿1 (A.3)

Additionally, the evolution of average speedup of SOL2 over SOL0 with the increasing

number of time steps is considered for the first 10, 100, 1000 and 10000 time steps

respectively (see figure A.5(a)). On considering the overall speedup for the first 1000

time steps alone, it is observed that a significant reduction in turn around times (see table

A.2) is achieved that results in almost a speedup of the order 𝑂(102) and 𝑂(10) over

SOL0 and SOL1, respectively.

Input scaling performance

Along with speedup, given the massive number of GPU cores, it is important that scaling

of speedup with respect to increasing mesh levels of the computation domain is studied.

To this effect, three levels of mesh were considered, M1, M2 and M3 with 6, 12 and 18
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(a)

(b)

Figure A.4: Plots comparing the (a) lift and (b) drag coefficient time histories for serial,
OpenMP, OpenACC implementations with the results of Khalid et al.Khalid
et al. (2018) for a sinusoidally plunging rigid elliptic foil.
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Mesh Levels M1 (6L) M2 (12L) M3 (18L)

Solver version

SOL0 13140s 24663s 39994s

SOL1 4232s 8175s 11953s

SOL2 244.4s 378s 368.3s

Table A.2: Average wall time for serial CPU, OpenMP and OpenACC GPU solvers
executed for the first 1000 time steps

lakh grid cells respectively. In figure A.5(a), as number of time steps are increased, a

flattening trend is observed in the case of meshes M1 and M2 but in the case of M3,

the speedup scales linearly with time upto 1000 time steps and then dips suddenly. The

significant difference in speedup pattern for the mesh M3 compared to M1 and M2 is

attributed to the uncertainty in job allocation on the GPU nodes of AQUA cluster. The

jobs pertaining to M1 and M2 were often run on one GPU node while those of M3 ran

on other GPU node with multiple concurrent jobs running simultaneously.

The overall and relative speedup obtained for SOL2 over SOL1 and SOL0 for the first

1000 time steps are presented for the three mesh levels in A.5(b). The OpenACC based

solver scales almost linearly with increasing mesh size compared to the sequential and

OpenMP versions. This indicates effective utilization of GPU cores with increasing

mesh size. This is in contrast to the OpenMP version of the solver where speedup over

serial code is almost constant across mesh levels.

A.4 CONCLUSION

In order to reduce the turn around time of an IBM based unsteady flow solver, OpenACC

was chosen as the GPU porting pathway owing to its similarity with OpenMP, minimal

code intrusion and development time. Computationally intensive parallel routines
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(a)

(b)

Figure A.5: (a) Evolution of speedup as a function of timestep for the GPU ported
IBM solver at various mesh levels, and (b) bar graph depicting the relative
speedup of OpenACC version obtained over serial and openMP versions at
different mesh levels and for the first 1000 time steps

were offloaded onto the GPU with minimal data transfers using appropriate directives

and clauses provided in the OpenACC framework by adopting an incremental code

development cycle. Finally, significant speedups upto the order𝑂(10) and𝑂(102) over the

OpenMP and serial solver versions were obtained, respectively. Improved performance

of the GPU ported solver is a result of (i) parallelized code regions that were otherwise

executed sequentially in the openMP version, (ii) optimized code blocks / for loops /

functions with specifc directives and clauses ensuring no data dependency, data conflicts
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and race condition, and (iii) minimized data transfers between CPU and GPU. With

increasing mesh size, the speedup of OpenACC version scaled almost linearly owing

to the effective utilization of the GPU cores as compared to the constant speedup of

OpenMP version of the code. The parallelization strategy followed in the present work

has been extended to other in-house IBM based non-linear fluid structure interaction

solvers developed (Shah et al., 2021, 2024a,b; Chatterjee et al., 2024) #TODO: add

new citations of the other solvers developed. .
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APPENDIX B

UNDERSTANDING THE TRAINING OF PINNS FOR
UNSTEADY FLOW PAST A PLUNGING FOIL

B.1 INTRODUCTION

Physics-informed neural networks have become promising for their use in solving

complex inverse problems such as hidden physics recovery, data-driven equations

discovery, uncertainty quantification, Plain vanilla PINNs (Raissi et al., 2019a) are

however difficult to train when the systems exhibit strong spatiotemporal gradients.

Hence, recently, authors have proposed different strategies to train PINNs better, such as

adaptive sampling, modified architectures, static and dynamic loss weighting.

Surrogate modeling of unsteady flow past moving boundaries such as flapping wings

become challenging if the underlying high-fidelity simulation data used for such an

endeavour is obtained using the immersed boundary method (Peskin, 2002; Balajewicz

and Farhat, 2014). This is because, IBM uses a fixed Eulerian background grid for the

fluid, whereas the solid boundary is described by a set of Lagrangian markers. At any

time instant, there exist eulerian grid cells bounded by the solid boundary which consists

of fictitious flow field data.

Flows past flapping wings are often characterized by strong flow-field gradients which

makes it challenging for PINNs to train. Hence, in this thesis, an Immersed boundary

aware framework based on PINNs inspired by the IBM was proposed (see Chapter 2 and

also see Sundar et al. (2024)). Specifically within IBA framework, a moving boundary

enabled PINNs (MB-PINNs) (Sundar et al., 2024) formulation utilized a fixed Eulerian

grid for the fluid domain discarding the solid region points at any given time, and the

no-slip boundary condition was enforced directly on the Lagrangian markers unlike in



discrete forcing IBM (Majumdar et al., 2020) where a sequence of interpolation steps is

required to enforce boundary conditions. A combination of global physics loss relaxation

and vorticity cutoff based under sampling was shown in Chapter 2 to improve data

efficiency while maintaining good accuracy in velocity reconstruction and simultaneous

pressure recovery as a hidden variable.

Since loss component weighting improves the loss balancing globally as reported by

Wang et al. (2021a), it would be worthwhile to investigate if there exist local imbalances

in the spatial domains of interest. This would also in a way determine which spatial

region drives the training. One way of understanding how PINNs train is to look into

the layer-wise loss component gradients as in Wang et al. (2021a) to understand the

effect of competing objectives on the training. While these gradients are often visualized

for an entire full batch setting, it is not visualized however in a localized context to

understand the contributions from respective spatiotemporal zones. Visualizing the

layer-wise gradients obtained for the loss components over specific spatiotemporal zones

would highlight any imbalances in the gradient updates and also validate the need for

localized weighting strategies further like in the self-adaptive weighting or residual-based

attention approaches (Xiang et al., 2022; Anagnostopoulos et al., 2024).

Hence, the objectives of the current study are to investigate how loss contributions spatially

are affected by physics loss relaxation combined with a physics-based undersampling,

and devise metrics to quantify which spatial zone drives the training of the network. As

an example, the flow past a plunging airfoil at a low Reynolds number is considered

following Chapter 2. From Chapter 2, three MB-PINN cases are considered: one being

a baseline without any loss weighting or under-sampling, and the other two with loss

relaxation and undersampling.

The outline of this chapter is as follows. The methodology of MB-PINNs and

understanding the loss component gradients is revisited in section B.2. The numerical
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experiments and results are discussed in section B.3 and finally the conclusions are

presented in section B.4.

B.2 METHODOLOGY

In this section, the problem setup, MB-PINN formulation, zonal splitting of loss

component gradients, and metrics to quantify the zonal imbalances and determine the

spatial zone driving the training will be discussed.

B.2.1 Problem setup

In the present study, the plunging foil example from Section 2.2 with 𝑅𝑒 = 500, 𝑘 = 2𝜋

and ℎ𝑎 = 0.16 is chosen aligning with Khalid et al. (2018) for gradient-based analysis of

the MB-PINN models. The training data has been generated using the discrete forcing

IBM-based unsteady flow solver (Majumdar et al., 2020) where, additional momentum

forcing ( 𝒇 ) and source/sink (𝑞) terms are added to Eqs. (2.3) and (2.4), respectively to

satisfy the no-slip boundary condition (see Eqs. (2.5 and (2.6) for the modified governing

equations solved in IBM.).

B.2.2 Moving boundary enabled PINNs (MB-PINNs)

Inspired by the immersed boundary method, an immersed boundary aware framework

using PINNs for surrogate modeling of unsteady flows past moving boundaries was

explored in Chapter 2. A truncated spatial domain excluding solid region points Ω𝑟
𝑓
was

chosen as shown in figure 2.1 to train the moving boundary enabled PINN(MB-PINN)

models. It was shown in Chapter 2 that the MB-PINN (see figure B.1) was efficacious

against solving velocity reconstruction and simultaneous pressure recovery given IBM

data. A feed forward neural network with Swish activation as a backbone was used in

Chapter 2 to map the spatio-temporal coordinates to the corresponding velocity and
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pressure predictions. The loss function L can be written as follows

L = 𝜆𝐵𝑢𝑙𝑘L𝐵𝑢𝑙𝑘 + 𝜆𝐵𝐶L𝐵𝐶 + 𝜆𝐼𝐶L𝐼𝐶

+𝜆𝐼𝐵L𝐼𝐵 + 𝜆𝑃ℎ𝑦L𝑃ℎ𝑦 .
(B.1)

Here, L# with the subscripts # = {Bulk, BC, IC, IB, Phy} denote the loss contributions

from mean squared errors in interior bulk velocity data, boundary condition, initial

conditions, no-slip boundary condition on the immersed boundary and the physics

constraints, respectively and 𝜆# denotes the corresponding loss weights. Here, the

boundary conditions include Dirichlet values at the inlet, upper and lower boundaries of

the truncated computational domain Ω𝑟
𝑓
(see figure 2.1).

Throughout the study, 𝜆𝐵𝑢𝑙𝑘 = 𝜆𝐵𝐶 = 𝜆𝐼𝐶 = 𝜆𝐼𝐵 = 1, and the physics loss alone is relaxed.

In addition to physics loss relaxation, a vorticity cutoff based sampling was proposed

in Section 2.8 (also see Sundar et al. (2024)). Here, a vorticity cutoff |𝜔∗𝑧 |, is chosen

and all those fluid data points retained such that |𝜔𝑧 |≥ |𝜔∗𝑧 |. Then based on a percentage

sampling ratio 𝑆𝜔𝑧
=
𝑁
𝑠𝑎𝑚𝑝𝑙𝑒

|𝜔𝑧 |< |𝜔∗𝑧 |

𝑁 |𝜔𝑧 |< |𝜔∗𝑧 |
× 100, the remaining fluid points are undersampled.

Considering 𝐾𝑀𝐵 mini batches of the data, the network weights and biases together

represented by 𝜃 are updated using the back propagated loss component gradients as

follows

𝜽𝑖+1 = 𝜽𝑖 − 𝜂𝑖
1

𝑁𝑀𝐵

(𝑖+1)𝑁𝑀𝐵∑︁
𝑖′=𝑖𝑁𝑀𝐵+1

(
𝜆𝐵𝑢𝑙𝑘∇𝜽L𝑖

′

𝐵𝑢𝑙𝑘

+ 𝜆𝐵𝐶∇𝜽L𝑖
′

𝐵𝐶 + 𝜆𝐼𝐵∇𝜽L𝑖
′

𝐼𝐵

+ 𝜆𝐼𝐶∇𝜽L𝑖
′

𝐼𝐶 + 𝜆𝑃ℎ𝑦∇𝜽L𝑖
′

𝑃ℎ𝑦

)
, (B.2)

where 𝜂𝑖 is the learning rate corresponding to 𝑖𝑡ℎ iteration and each epoch corresponds

to 𝐾𝑀𝐵 = 𝑁𝑡𝑟𝑎𝑖𝑛/𝑁𝑀𝐵 iterations. Here, the MB-PINN models were trained using the

stochastic gradient descent based optimization algorithm ADAM (Kingma and Ba, 2017).

Unless otherwise specified, a mini-batch size of 𝑁𝑀𝐵 = 1500 was chosen with a learning
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rate step decay 𝑙𝑟 = [1𝑒 − 03, 53 − 04, 1𝑒 − 04] where each learning rate step consisted

of 5e05 training iterations.

The loss components L𝐼𝐵,L𝐵𝐶 don’t depend on the interior spatial coordinates, and L𝐼𝐶

considers a data snapshot only at 𝑡/𝑇 = 0. They play an important role in ensuring the

hidden variables are recovered appropriately (Buhendwa et al., 2021; Lucor et al., 2022).

However, L𝐵𝑢𝑙𝑘 and L𝑃ℎ𝑦 are computed from spatial coordinates interior to Ω𝑟𝑓 . Given

that spatially, there are zones where strong, weak or no vortices exist, it would thus be

interesting to investigate the contributions from different spatial regions internally in the

domain.

Figure B.1:MB-PINN schematic (Image adapted from Sundar et al. (2024).)

B.2.3 Zonal splitting of layer-wise gradients

While global loss weighting improves training and achieves global loss component

balancing, that might not be the case locally. This could be due to varied contributions

from each spatial region leading to different effective learning rates in each spatial

region. To analyse this, once the MB-PINNs are trained or even at any intermediate

learning stage, the layer-wise gradients can be computed overall for samples over

the entire domain and for points sampled from select spatial zones. In the present

study, three spatial zones are defined (see figure B.2), namely, the moving body zone (

𝑍1 ⊂ Ω𝑟
𝑓
such that −1 < 𝑥 < 1 and −0.5 < 𝑦 < 0.5 ), the wake zone (𝑍2 ⊂ Ω𝑟

𝑓
such that

1 < 𝑥 and −0.5 < 𝑦 < 0.5 ), and the outer zone ( 𝑍3 ⊂ Ω𝑟
𝑓
such that 𝑍3 = Ω𝑟

𝑓
−𝑍1∪𝑍2).
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Note that the overall spatial domain is Ω𝑟
𝑓
which is Ω𝑟 = [−1𝑐, 3.5𝑐] × [−1𝑐, 1𝑐]) minus

the solid region points at any time 𝑡 ∈ [0, 2]. Also note that, zonal splitting is not carried

out in temporal domain.

Given training velocity data 𝒖̂ at these spatial coordinates across all time, the components

L𝐵𝑢𝑙𝑘 and L𝑃ℎ𝑦 in Eq. B.1 can hence be split into contributions from respective

spatial-zones as follows

L𝐵𝑢𝑙𝑘 =
1

𝑁𝑀𝐵

( 3∑︁
𝑖=1

( 𝑁𝑍𝑖∑︁
𝑗=1
∥𝒖 𝑗 − 𝒖̂ 𝑗 ∥2

))
(B.3)

=
( 3∑︁
𝑖=1

(
𝑁𝑍𝑖

𝑁𝑀𝐵

𝑁𝑍𝑖∑︁
𝑗=1

∥𝒖 𝑗 − 𝒖̂ 𝑗 ∥2
𝑁𝑍𝑖

))
(B.4)

=
( 3∑︁
𝑖=1

(
𝑝𝑍𝑖

𝑁𝑍𝑖∑︁
𝑗=1

∥𝒖 𝑗 − 𝒖̂ 𝑗 ∥2
𝑁𝑍𝑖

))
(B.5)

=
( 3∑︁
𝑖=1

(
𝑝𝑍𝑖L𝑍𝑖𝐵𝑢𝑙𝑘

))
(B.6)

It is seen that L𝐵𝑢𝑙𝑘 is a weighted sum of zonal mean squared errors where 𝑝𝑍𝑖 for

𝑖 = 1, 2, 3 is the proportion of sample points from zone 𝑍𝑖 with respect to the overall

mini-batch sample. Similarly, L𝑃ℎ𝑦 can be split into respective contributions from the

spatial zones as follows

L𝑃ℎ𝑦 =
( 3∑︁
𝑖=1

(
𝑝𝑍𝑖

𝑁𝑍𝑖∑︁
𝑗=1

∥𝒓(𝒖 𝑗 )∥
𝑁𝑍𝑖

))
(B.7)

The above expressions can be simplified as

L∗ =
( 3∑︁
𝑖=1

(
𝑝𝑍𝑖L𝑍𝑖∗

))
(B.8)

for ∗ = {Bulk, Phy}. Now the gradient vector ∇𝜃L∗ required to be computed at every

training iteration to update the network parameters can be further expressed in terms of

the zonal contributions as

∇𝜃L∗ =
( 3∑︁
𝑖=1

(
𝑝𝑍𝑖∇𝜃L𝑍𝑖∗

))
. (B.9)
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The above zonal splitting further indicates that in addition to loss component weighting,

the data and collocation points sampling can modify the contributions from spatial

zones or even spatio-temporal zones of interest. Hence, the zonal contributions can’t

be investigated independent of the sample proportions as the overall loss gradient is the

weighted sum of the gradients obtained over each zone.

Figure B.2: Spatial grids of (a) CI and (b) CI-S5 data sets and the corresponding (c-d)
zonal splitting of the grids into Z1- moving body, Z2 - wake and Z3 - outer
zones, respectively

B.2.4 Metrics to diagnose zonal imbalances

Visualising and comparing the distribution of layerwise loss component gradients often

sheds light on the extent of balance between the components (Wang et al., 2021a) globally

or locally. In addition, as seen previously, since gradient updates also depend on the

proportion of zone specific coordinates with respect to the overall sample 𝑝𝑍#, this has

to be weighed in while quantifying the relative contributions from each spatial zone. To
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quantify which zone drives the training for components L∗ with ∗ = {Bulk, Phy}, the

following zonal proportion weighted relative gradient statistics based metrics are thus

computed

𝜇𝑍𝑖∗ = 𝑝𝑍𝑖
|∇𝜃L𝑍𝑖∗ |
|∇𝜃L∗ |

(B.10)

𝜎𝑍𝑖∗ = 𝑝𝑍𝑖
std{|∇𝜃L𝑍𝑖∗ |}
std{|∇𝜃L∗ |}

. (B.11)

Once MB-PINNs are trained, the mean and standard deviation of the gradient magnitudes

|∇𝜃L∗ |, std{|∇𝜃L∗ |} are computed over the network parameters for a mini-batch sample

from the entire spatio-temporal domain and also for samples from respective spatial zones.

The metrics 𝜇𝑍𝑖∗ , 𝜎𝑍𝑖∗ for 𝑖 = {𝑍1, 𝑍2, 𝑍3}, and ∗ = {Bulk, Phy} are then computed.

B.3 RESULTS AND DISCUSSION

In the present study, three MB-PINN test cases from Chapter 2 are considered for

analysis; a model without any physics loss relaxation or under sampling (case 1), a

model with physics loss relaxation alone (case 2), and a model with both physics loss

relaxation and vorticity cutoff based undersampling (case 3). The true and predicted

velocity x-component, associated point-wise errors, and vorticity contours for these

cases are presented in figure B.3 where the errors are prominent in zone 𝑍1 and 𝑍2

for case 1 but they almost vanish for cases 2 and 3 (see Figs. B.3(c-e)). The accuracy

details are also presented in table B.3. To further understand which spatial zones in

the flow contribute to the training and determine if there exist spatial imbalances, the

loss component wise gradient distributions are analysed. The metrics 𝜇𝑍𝑖∗ and 𝜎𝑍𝑖∗ for

𝑖 = 1, 2, 3 and ∗ = {Bulk, Phy} described in Eqs. (B.10) and (B.11) are presented in

table B.4 for all the test cases discussed below.

B.3.1 Case 1: Baseline

It is observed that the first and last layer gradient distributions overall (see Figs. B.4(a)and

B.4(d)) indicate an imbalance in contributions more prominent in the first layer. The

220



Figure B.3: Comparison of (a-b) true and (c-e) MB-PINN predicted velocity 𝑥-
component, corresponding point-wise maximum value normalized absolute
errors and vorticity contours at 𝑡/𝑇 = 1.0.
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Table B.1: Training and testing data set resolutionwithin the truncated domain considered
in this study. Ref-IBM and Ref-ALE are the high resolution testing data-sets
generated using a IBM and an ALE solver, respectively. Further details about
the ’Ref-*’ data-sets can be found in Section 2.6.1 and also see Sundar et al.
(2024).

Data sets 𝑁𝑥 𝑁𝑦 𝑁𝑡 Δ𝑡/𝑇 (𝑁𝑥 × 𝑁𝑦 × 𝑁𝑡)
CI 270 120 41 0.05 1.3284e06
CI-S5 - - - 0.05 2.648e05
Ref-IBM 651 500 81 0.025 2.6365e07
Ref-ALE - - 81 0.025 4.05e06

Table B.2: Training data-sets and associated proportion 𝑝𝑍𝑖 of data points from each
spatial zone 𝑍𝑖 with 𝑖 = 1, 2, and 3 for a mini-batch sample at1𝑒06 iterations.

Data set 𝑁𝐵𝑢𝑙𝑘 𝑝𝑍1 𝑝𝑍2 𝑝𝑍3
CI 1.2915e06 2.175e-01 2.857e-01 4.967e-01
CI-S5 2.6481e05 2.936e-01 5.841e-01 1.223e-01

Table B.3: Accuracy of MB-PINN for different relaxation coefficients evaluated on
Ref-IBM and Ref-ALE datasets. Best performing models are highlighted in
bold-faced fonts.

Test case 𝜆 𝑓 𝑙𝑢𝑖𝑑 𝑆𝜔𝑧
(in %) aMAE arRMSE (in %)

Case 1 1 100 1.37e-01 22.96
Case 2 0.001 100 2.07e-02 3.22
Case 3 0.01 5 2.25e-02 3.22

∇𝜃𝐿𝑃ℎ𝑦 distributions across all zones are at least one order higher than that of ∇𝜃𝐿𝐵𝑢𝑙𝑘

(see Figs. B.5(a)and B.5(d) and Figs. B.6(a)and B.6(d), respectively). Although the

gradients have a higher 𝜇 and 𝜎 (subscripts dropped for simplicity) in 𝑍1 (see table B.4)

the gradients for the overall domain Ω 𝑓 still receive significant contributions from 𝑍2

and 𝑍3 (see figure B.5(a) and B.5(d)) since 𝑝𝑍1 < 𝑝𝑍2 < 𝑝𝑍3.

B.3.2 Case 2: With physics loss relaxation

With global physics loss relaxation, the MB-PINN model trained on the CI dataset was

reported to be optimal for 𝜆𝑃ℎ𝑦 = 0.001. It is seen that the gradient magnitudes are much

lower than that of the baseline case indicating some sort of vanishing gradient problem
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(see Figs. B.4(b)and B.4(e)). Even though the gradient magnitudes are very low, the loss

component gradients are relatively well balanced across all the zones unlike in case 1 (see

Figs. B.5(b)and B.5(e), and Figs. B.6(b)and B.6(e), respectively). Here, as seen in the

table B.4, ∇𝜃L𝐵𝑢𝑙𝑘 is dominated by contributions from 𝑍2, while ∇𝜃L𝑃ℎ𝑦 receives most

of its contributions from 𝑍1. In spite of the good accuracy, it is seen that the gradients

almost vanish in the last layer as opposed to the first layer.

B.3.3 Case 3: With global physics loss relaxation and vorticity cutoff based under

sampling

Combining the physics loss relaxation with a physics based vorticity cutoff sampling was

identified as a useful strategy in Chapter 2 (also see Sundar et al. (2024)) to reduce the

data requirement while still obtaining similar accuracy as in case 2 (see table B.3). It is

observed that in case 3 the magnitudes of ∇𝜃L𝐵𝑢𝑙𝑘 and ∇𝜃L𝑃ℎ𝑦 are higher and they don’t

vanish unlike in case 2 (see Figs. B.4(c) and B.4(f)). In a way, since vorticity cutoff based

under sampling retains more data points only in those regions with strong gradients, it

is possible that this prevents the gradients from vanishing. Unlike Case 1 and Case 2,

due to selective under sampling, 𝑝𝑍3 < 𝑝𝑍1 < 𝑝𝑍2 which in turn affects the gradient

back propagation. As a result, in table B.4 it is seen that ∇𝜃L𝐵𝑢𝑙𝑘 and ∇𝜃L𝑃ℎ𝑦 are both

dominated by contributions from 𝑍1 followed by that from 𝑍2. The first and last layer

gradient distributions as well indicate that across all zones, the gradients are balanced

with 𝑍1 driving the training as seen by the gradient distributions on Ω 𝑓 following 𝑍1.

B.4 CONCLUSIONS

In this Chapter, to understand the training of MB-PINNs for flow past a plunging

foil, a novel zonal splitting methodology and gradient statistics-based metrics were

proposed to analyze spatial imbalances in loss component contributions. Three zones

consisting of the moving body, the wake and the outer far-field were considered. Three

test cases from earlier Chapter 2 were considered for analysis with and without physics
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Figure B.4: First layer (top row) and last layer (bottom row) ∇𝜃L𝐵𝑢𝑙𝑘 and ∇𝜃L𝑃ℎ𝑦
distributions obtained after 1𝑒06 training iterations for (a,d) Case 1: 𝜆𝑃ℎ𝑦 = 1,
(b,e) Case 2: 𝜆𝑃ℎ𝑦 = 0.001 and 𝑆𝜔𝑧

= 100% and (c,f) Case 3: 𝜆𝑃ℎ𝑦 = 0.01
and 𝑆𝜔𝑧

= 5%.



Figure B.5: First layer ∇𝜃L𝐵𝑢𝑙𝑘 (top row) and ∇𝜃L𝑃ℎ𝑦 (bottom row) distributions
obtained after 1𝑒06 training iterations for (a,d) Case 1: 𝜆𝑃ℎ𝑦 = 1, (b,e)
Case 2: 𝜆𝑃ℎ𝑦 = 0.001 and 𝑆𝜔𝑧

= 100% and (c,f) Case 3: 𝜆𝑃ℎ𝑦 = 0.01 and
𝑆𝜔𝑧

= 5%.



Figure B.6: Comparison of last layer ∇𝜃L𝐵𝑢𝑙𝑘 (top row) and ∇𝜃L𝑃ℎ𝑦 (bottom row)
distributions obtained after 1𝑒06 training iterations for (a,d) Case 1: 𝜆𝑃ℎ𝑦 = 1,
(b,e) Case 2: 𝜆𝑃ℎ𝑦 = 0.001 and 𝑆𝜔𝑧

= 100% and (c,f) Case 3: 𝜆𝑃ℎ𝑦 = 0.01
and 𝑆𝜔𝑧

= 5%.



Table B.4: Zonal relative gradient statistics across test cases. Dominant zones are
highlighted in bold.

Zone 𝜇𝑍#
𝐵𝑢𝑙𝑘

𝜎𝑍#
𝐵𝑢𝑙𝑘

𝜇𝑍#
𝑃ℎ𝑦

𝜎𝑍#
𝑃ℎ𝑦

Case 1: 𝜆𝑃ℎ𝑦 = 1
Z1 7.932e-01 7.466e-01 1.256 2.153
Z2 2.179e-01 2.669e-01 1.292e-01 1.368e-01
Z3 2.292e-01 2.459e-01 6.503e-02 5.801e-02

Case 2: 𝜆𝑃ℎ𝑦 = 0.001
Z1 3.207e-01 4.769e-01 5.565e-01 5.608e-01
Z2 7.552e-01 8.477e-01 6.906e-02 5.608e-02
Z3 1.297e-01 1.676e-01 9.610e-3 5.823e-03

Case 3: 𝜆𝑃ℎ𝑦 = 0.01, 𝑆𝜔𝑧
= 5%

Z1 7.054e-01 1.194 4.929 7.555
Z2 4.872e-01 4.392e-01 1.359e-01 1.073e-01
Z3 7.959e-03 5.917e-03 1.432e-03 7.506e-04

loss relaxation and vorticity cutoff based under-sampling. The analysis confirmed the

existence of zonal imbalances and also determined which zone dictated training. In

the test case with the relaxation of the physics loss alone, the wake zone dominated

the gradient updates coming from the loss of data. Whereas, the moving body zone

dominated the updates from physics loss. However, for the test case with both physics

loss relaxation and physics-based undersampling, the moving body zone dominated the

gradient updates for both the loss components. It was also observed that a vorticity cutoff

based under-sampling alleviates the problem of vanishing gradients as opposed to the

case of no under-sampling, further validating the importance of selective physics-based

sampling. It is envisioned that quantifying the imbalanced contribution from spatial

or even more generally input subdomains would enable the design of effective loss

component weighting strategies. This approach can be extended effectively for other

problems as well to evaluate imbalances in contributions from the input sub-domains

of interest. Moreover, being agnostic to the model architecture, this approach can be

applied to physics-based or even purely data-driven methods to determine which input

subdomain plays a relatively active role in training.
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